
Positive Operators
-

Anperator A is positive
semidefinite if for every letMy

10/A1v> 0 (otmpositive)operator/

# If 10) is an eigenvector
of A

with an eigenvaluex

</ Aloy = xll01*,o

So
,
all the as must

be

positive/ Zero

# eigenvalues ofa positive operator
are positive.
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-decomposition of an operator

IfA is non-singular then for WunitarI

Right Left
* = uJ = kW

-Where J = At

und K= an positive
operators-

- and K are Hermitian

I has a spectral decomposition

J = [i : /ji) (sil
i

with I: DO .

Let /ii) = 14:)

And u5/ji) =Ujilsi)S

= ji Vi)
19:]

32
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utlei) : D
=

lji)
-

ji ji

lei)-> normalized

I
Leile; ) = - > :(i)

j ; jj

= ij i = Gij
Sijj

G11 :> Ye outhonormal

basis let (e:) = risi]

ther

vJ/ji) = ji Uli)

=/T: = /ji)

- A = uJ ; it= jtjt
= jut

At = Ju
+
U5 =J E

--- FFFAE and

33
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Ex:- Find polar decomposition of

A = (
-)

An .

At
=

(i) v= a+b

J = (j)=

A = uj U = Aj
+

&

5= [=)
v = (a - j (

39
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For any
Hermitian matrix A there

Can bea U unitary ,
no that

*

rAU = Ad
- diagonal

Singular Value Decomposition
-

For A mxn

A = uz vt

U- unitary m XM ; V is wisenof nxn

2 is my a matrix whose diagonal

entries are positive sami definite

#) A is real, U
,
w are arthogonal ,

Proof!- A = Si - polar decomposition

J is Hermitian and diagonalizable
a
non-negative

T =
Tzit

-> unitas

: A = S+25t define ST= V
-

A = vIrt bothunitar
T= V + Jet 35
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Show the product of two
unitary operators is

also

unitary ,

Diagonalization :-

Let an operator M can be represented

w. r . t. a basis & lui]] :=, .., n .

[ui/Mlug] = Mij

What is the operator M W. r. f. another

basis (vi) = Slui) ?

(vi) M(vi) - uils"MSMj)
Recall - MandM'
changeof banis

·
!. M = 5 MS ve similar

is doneby Unitary ar

operform
It S is constructed by theegenvector

of M i . e . if M has 19, , . - - (2n]

eigenvectors
then S = (194 (en)---les&

36
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Then M= StMS = 5 MS = Ma

is diagonal
Proof: Since Mlej) = X ; lej)

Majj => Xidij- no sum

Now
, Sij = leg

So
,

5 My = Xe ---Glend

Si (ies i .. in
In Se is Salis -.bulitI

-

= 3 , (e) 0 --- Xn(2)

SMd = Ms = Mc= 5MS

37
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Check
- at M = (M Mr )

les = (e)
(e) = (e)

: S = Lea (
(2)

· Ms =(MPmne
metre(M2 , e* +Maze M2 Mu

= Mie ,) @ M (2)
=X

, le ,) Excle)
= S #d

38
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A nxu Matrix is diagonalizable
iff the eigenvectors of

it spans

thespaceittheirte
Ex !-] Diagonalize the

matrix

=

i construct the
T = ] :i 1 Set . S'TS =Ta

2 Show that the zed rotation

Cono findmatrix R = ( 3-Sino cont

is diagmalizable... Diagonalize it .

39

https://goodnotes.com/


Expectation value of an operator example : -

Le#
,

H =E[ ! -i)
What is (0) H 10] ?

-

-> expectation
Col = ( 0) in state 10) .

&

' (10) Eli )(6)
=1 (10) (i)-

=+ 1 = A

If 15 = (i) then what is <H)?

<H) =(4/H(4)

= 2 - (- i)
Bt -

What is = +x
-

](y) 14)=10)-l2

<YITaIT)? =
-E ↓

39a
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Tensor Product
Two Halbert
- *

spaces

If At &A and BE Ar

↓ ↓
system system

then the compositesystem belongs in

HA As

Given two Vectorspace A and As

having orthonormal bases , [19.>,
... 16n7]

and Elbip,---- (bm)y, the
tensor

productspace.#A As is spanned by

E lan> @ 1 b .) = 1917 @ 1bzy ,
... . (9) @lbuil

-

I

laz) * 15 ,) , 192) * 1 b2], -- 192]@16m):

----(an> @ (bi) ,
--

, (an>@lbuly

tr rector+ (a) = (a) (a) e *A

and
, 1b> = (b) (b)Ys

40

https://goodnotes.com/


197 * 14) = lab)

cub

19/b2↑as by
lab) =

↳( -

um XI matrix
-

Jim

107(1) = 10) /1) = 1017)
(b)(i)

#)= a lo) + b117 ; 192)
= <10)+d(x)

(didn = ac1oo) + ba/il)

+ ad101) # b < 1107

Thi state (d . x2) is a direct product

o 11) and12) states .
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Not always an arbitrary two-qubit state

can be decomposed into one-qubit states.

If (4) =
1007 + 1117

- Bell
E State

this can't be decomposed into one-qubitstate!
Entangled state!

A general 2-qubit state
can be empressed as

superposition of basestates 100)
,
1017, D10

and 1117.
|t) = 2001003 + 201101) +Giol)

-> X,, 1 , 1)

with Kool+ 1x011 10 = 1

Ex Decompose + (100) - 1013 + 110) -113)
Aus :- # (03 + 113)

↓ /10) - 117)

Properties of Tensor product spaces
-

If 18 .2 EV 10) th

(V2 Ev
I

then (i (vi)+mu (w)
= < ,

(v , w) + anlow)

X

42
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Also
10) & (p , 10 .) +12/02)/

= B . 10WD + B-NW2

brodt
\uw(um)

= </u) <wi]

Linear operators
-

It < ((V) and BEL(W)

then (i) (u> (w))
-

= lu) & Blw)

Measuring 2-qubitsystem means measuring

I co-efficients· So a information. Measuring

n-qubit system has 24 information .Dimension

of Vectorspace is 2.

I (2) = <001007 +201101]+Goll0)
↑21117

then probability of measuring
both 103 ,03 is > Kook
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But probability of measuring
let qubit to be O is

Kool"+ 160112

Egl. Find &

(10) +1 (1)) 1-)

It : E (102 = 113)

- I 100) - Fo +E
25

- 111

What is the probability
that let qubit measured
in a 10) ? 12+ =

Eg:- (4) = t (100) + 111)) then

find X, z_ 14] ↳ Get no

lot entry

-
↓ (110X-101)B Ar. 2 action

[ 2nd entre

- =2/1 = (i) : -111) Elo) = Toy= 10)3
x]1) =(b) = 1) X , (0) =

(i)
: 117

49
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QtumGates WinglQubit)
Circuit diagrams
Pauli X

,
Y

, E gates

X = in = (ii) =-
(NOT gate)

Y = 5 = (i
-2) -1

z = e = (! ) EF
He Hatamard(i _i) tit

gata &

Phase gate = (i) -

# hate = (i) ()O

or -t
TGate

Operatione :- Eg: 10)-Et 11)
117-Ex-107 4J

https://goodnotes.com/

