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QuantumComputingand

Information Srijit Bhattacharje
~

⑨ spacecases ,Operators

2-d examples :-

Standard basis

10) = (6)
"'meare

Representing

(1) = (i)
Classical bits :-50, 13

anyoneof these
Quantum bit 11) or 10)

orBubit linear combination

of these
I
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Exit
-

Suppose I=Y
Astate rector

Represent It] as a qubit

if (4) = alo) + all)

find a , b.

147- 10) + (1)
a = E i b= -

103 , 117 forms a basis Cortonoual
2010 = 1 show ! <111) = 1

(011) = 0 : a= <01N)
b = 2114)
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Show 10) <01 + 11) (11:

#= (i)

Projecting onto state 10)

10) <01NY

= 201010)
I

=> = 10)

similarly 11) (114) =
=E1)

1 1

If A = # = (10 (0
then 147 Ear always be writtena

a Linearsuperposition of 10)
and 117

which are the base of A=

3
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(
%

) (b) = (b)
projecting

Ep 10) = 10) into 1)

Let = (i)
= (i)(&

↓
observable
as
= St =

() = 1

IX = IT)

eigenvalue = 1

ITY is an eigenstate<NIN) =E 8 !↓ Normalized
S
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8 = + check !

What are the eigenstates of
M

8 ? (0) ->I =

=>
det 18 - xi) = 0

= X = 11

x = +- [
=

)(y) = 1%)
=) - x = i joice= y

3 =7
e. - (1)m()

x= i

y= - 1

- = -I
Linear
parator

2. V, (i or()
↑

(ii)(i) = (:) = (b) +
: (i)

-(i) (i) =
= (b) + 1(i)

new bases

5
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10) : (i) and /ig:17 forms a basis

<0 , 10 ,7 = 21 - i)(i)) = 2

they are not normalized !

10) : (2) - nonormalrectors

1) = (i) X 11) (81 +1
<10 = E

= I check!

11 (1 = !( !)
- ") =(i)

( (1 : = (i) (i) = &(i)

Adding two terms yields I.
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= In=
Projector

iv) = an (n) Check!
n= 1

<%, 14) = a = (
-:)(

=-( - i) (2)
= i

(14) = ac = = (
-
: 1)(i)

=O

~ I] is already an eigeatate

of no P(a) = 1 = lit

7
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It = (6)
= (+**

& has two eigenvalues : -
Band-1 .

with eigenvectors (j)
and (i)

147 = [an len] Twenteigenve
!"

-
W
->·

=ei - De

= 10) - E)

P(G) = KOINTE
P(ac = 1(114)= *

8
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IP] is expressed as a linear

superposition of the egenstate

of
Exa : Check for En = (%)

EXC :- Show v=(ii) "
* defined later

G unitary matrix ,

i

. e.

u+V =1
2

Also E2 = <Xu in-
n= 1

Pn = 14n] (Yr(

# Matrix element of :
Aij = (i) Alj]

li) , (i) are basis Vectors
.

9
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* Linear operatorsen
If A is an operator that mape a

Vector pace V to Wand satisfy
2i) ↓EV and Le X

A (a10]] = < Alv]

and Ald) EW

in ↑ (Cl,> + <2102)) = &, Alv] + GrAIve)

Then A is called a linear operate

jointof operator

< 1818) = (14)
*

Check
-

IPY = (i) ) (i)

147 = (i) = 2 -yEl
R. H .S . [7↑P
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Kernel, Rank etc.

(Extra Study)

Let 5= (ii)
Ker (5) : = [UCV : Judy

... ) -

J = ( ...
111

write in vow reduced form ?-

2= - - 4t (0) '
j Ri= Re-R,
-

000 RER2-Ri 1 yt
(ii)I

u= (4)
2 -

Ip

https://goodnotes.com/


ES

Null space of J

CV[5] = (2)
Vank (J) : 1

Nullity (5) =
dim of Ker (5)

-2

rank (5) + Nullity (5) = din)

~
# Trace of A Fij = CilAls)
Tr= ii

12
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Show: To (AB) = Tr (BA)

(AB),j= (i) ABIj)

TrAB = [(ilAB(i)
use completeners relation

E j
(i) Alj >ZilB1i)

=

S

[ < ilii) < : /Ali

ijj

= [( : /BA)i) = Tr BA

j

# Unitary operator : u
+
u = uut=1

transformations thatbreserves
the norm of states/bare

(i)e)=Uli) ii):(i) utuliy =fili)
13
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# Eigenvalues of a Hermitian
operator are real.

Proofi-Let A be a Hermitian

operator and lad is 1, ... n

are its egenketh (normalized

lai) = ailai) (1)

also
, Elaj) = aj(aj] (2)

(2) => (a) t = ag
*
(aj)

= Cajl
: (ai))ai) = aj

*

(ajai)

and <ai)Flai) = ai <as lai)
taking difference and setting

= j weget ai = a;*

~ (ai - a;*) <ailai) = 0 and

(ailai) =↓

14
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Proof : - eigenstates of
distinct

eigenvalues and orthogonal
-

(ai
=ajt)(a; (ai) = 0

for i Ij

he get ai ej

10 [aj/ai) = o

* All observables are Hermitian operators.

#Unitary operater explicit construction !-
->baseket

let
,

W le > = If& -> anotherbasis

U V=1
,

- - n

V & lek > < f())
is unitary

=

+ =[17)(el
K

vtr = [1+* es/e
*>45 I

K, l - -

= [1 +(4><4 = 1
15
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Stern-Gerlach Experiment
-

Classiediction
LExEra Reading)

↑Oven

Magnet

Ag atoms heated in an over

In homogenous magnetic field
is produced throughmagnetic
pole pieces. The 55 c of Ay
han a magnetic moment. Ag
atom possesses a net Mag .

moment

- -
-

u = 15 unS

mec
↑ e-spin any mometer

If the may field B in
in zdirectio

Fz= Mz -Bz-
2z

16
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Unlike classical particle ER

e-/Ay atoms coming out of

theSa oparatus splite
into

Classi
two parbs . cally

Sz up all values

and down of Mz

Set and Sz- between

Tel and-1l
Observed values of Sz could have

airenemerically equal
been possible .

to11-> Planin constant
&

Space Quantization'
e spin is quantized.

Sat

"At
Over Sut

Oven Set--3
17
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Analogy with polarization of light
ER

- No light

filter 7-filter

E = Es 22 Con(kz - WY Electric

field.
E= Bo T Con(kz -wt)

#Fi-
-filter x'filter

(45
°angle
witha)

EoCon(z-2b) =Excos()+ (1]
(J = kt-wf

-

Fo' Lostz-of) = Fo-Cs() +<]

18
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ER
So

(Sait) = /zit) + /zi-

/Sui- = /Stit +Eli -]

For By ; 1) states we don' have

any optim
with real co-efficients !!

otherwise they are identical

(Sy,1) states can be constructed

in analogy with
a circularly

polarized light where
↓ cos(kz ]]E = Ecos) +
2

Re(E) = E ei
Es iCz-wa)

E = E
:(kt-wH

So Kit) = ↳1stit] Szi-
19
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Uncertainty
~

Patio :-

IfA is Hermitian
,
it has real

eigenvalues
For an anti-Hermitian operator
MBit ; the eigenvalues are

burly imaginary.

Proof :- (normalized)
let / bi> s are eigenkets

of /bi) = bi 1 bi) 2)

( = <bil Est =(bilbi
*

[b: /
+
/bi) =(bilbilbi)

23)

(1) = (bil/bi) = bi <bilbi)
24)

-

= =

+
(3) +4) 7 0 = (bi

*
+ bi)

=>-bi*
-

#

1) bi is purely imaginary.
20
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Expectationof an Operator :-

(i) = <1 * 1x State ket 16)
The system is described by 167.

(E) =<) lai)(ail))
T= 1 ↳

eigenzet of
A

a
*

Ideally the I Iai 1
:1) /2

expectation
ofan operator
in obtained = I a: Plais

- probability
of finding

by preparing i ↳ eigenvalue A in the
n'identical copies a

state (ai) .

ofthe system
,

measured
value

Ex ! - measurement
In)-> lai) it

one measures the observableA

29
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A beam of silver atonExtrareadiota
the oven having an arbitraryrpin orientation

w.r. t. a SGZ aparatus may change
into either /Seit) or 1zi ->

state .

We often denote these
state as

It] and 1-7

z = [+<01
-> ( -1]

Represent 1) = (b) and I
: (9)

Show It <+ 1 + 1-) (t = A

Lusing Jz = [ai (vi)Cail Spectral
i

3 decomposition
and 52 (1) = = 1)

10

z = ( 0 - 1 &
22

https://goodnotes.com/
Mobile User



(Suit)= 1) 11)

(Syst = It 11-

Find Ju and By
M

Expectation of $2 in state Los01+)
+Sinol-7

i
.
e. 25): EK+con]

- Ek-isinoM

= Con20

#Schwarz inequality- 12) , 187tA

(a) [P1B)K>
-

Proof take 1/ /D+X11)/17, 0

= (1 + x
*

<P1)((*> + 4/13/2,0

[B12]
--Choosex = -

[B(A) 23
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D =
- (1)

dispersion of <*)] : (E)
-

-L]

Commutator of operator
-

For Matrice
XY = TX ar

operator .

XY -YXE Ex,Y]

Let
, Only = 14)

↓

any leat.

031) = 18)

then C.S. inequality gives

LLE <LOS KOs) i

29
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Now,

oO = IEE, 03] + - 20 ,A3]
↓

anti-commentator
As+BA

[is] = [ - (E)
,

- <*]

= [*,]
-1

[ ,]
=

= (5 - 11)
+

(AB)t-

= it't_tst ↳ = BtAt
M

= BA - "As

= - E,] -> Anti
Hermitian

GoB] = [A- <EL ,
is - <*3

= [1 ,5] Hermitian

- 2) -2)
- LooBL = < [A ,B]]+ ILSE ,OBs]

25
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~ KOOKE ,5

+1 , 253)[

1 C. S. )

<(E)> (205)> * I
,527T

Check
-

u = 5n(buit) <Smith +UnitBuit)
= [Sui)(buit)-knit<suiry
=[

- ! (1+ ) (t) - (t)-1

- 1-) (H + 1+2 -)
= E((+ (- 1 + 1 -7())

26
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[n] in It) state

[5n) = -(+ (5x1
+>

= x0 = 0

[sa)=
-

- Salt) = Elt
(t) But =E

~

[+ 1 Sulty = t
T

~

· ([5u- (5))= in=
27
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Eg: [x , b] = in
W

(UI)(*ba)**K
#

CouJLOb 7/

= brop I

28
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* Completeness Relation &-

- complexefficient
nX

14 = [Cr(ak) "From
Quantumy

k= 1 postulate
Superposition of
eigenstates ofan

operator .

It] =[CarIi] law]
k

= [lam><ar14]

#au
↓ Spectral decomposition I-

: Any Hermitian Operator
A

has an outhonormal set of eigenkets .

These kets form a basis ,

* I = [lak) <amI spectral
# I am lam)(am) -> decomposition

29
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~

jection Operator example

① 1.7= (i) : sen = En (i)
express (N) = (3) in terms of

P
,

and Pr .

② Spectral Theorem

show that it = : Pi
↓
projector

then
"

=
P :

# If A is an operator that make (12.7 , 1927,...

- len]] banin rectors to (1f12 , 152] , ... n))
Vectors.

Then As matrix representation
M

is 1- A =[15:7 <eil
i= 1

③ Find the matrix o that make 10% to

↓ (10) + 11) and 117 to (10) - 113)
.

E
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