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DISCLAIMER

The content (text, image, and graphics) used in this slide are
adopted from many sources for academic purposes. Broadly,
the sources have been given due credit appropriately. However,
there is a chance of missing out some original primary sources.
The authors of this material do not claim any copyright of such
material.



Maximum Likelihood Estimation

Observe X1, Xo,..., X,, drawn IID from f(z;6) for some “true” 6 = 6,

Likelihood function L,(6) = H f(Xs;0)

Log-Likelihood function 1,(0) = log(L.(6)) = > _log(f(Xi;0))

i=1

Maximum Likelihood Estimator (MLE) é\M LE = arg max L, (0)



MLE: Learning Gaussian Parameters

e MLE: . 1 —
MMLE — ﬁ ;xz
i 1 —
o2 MLE = — Z(% — ﬁMLE)
i=1

e MLE for the variance of a Gaussian is biased
) 2
E[O'QMLE] 75 o

e Unbiased variance estimator:
—~ 1

~ 2
02unbiased = TL E ('737, — /«LMLE)



Maximum Likelihood Estimation

ML “algorithms” we’ve learned so far:

e Maximum Likelihood Estimation (MLE)
* Fit a Bernoulli distribution (coin flips)
 Fit a Gaussian distribution (y, o)

* Now: fit a linear predictor x — y, where y is a continuous
variable



Maximum Likelihood Estimation

Observe X1, X5, ..., X,, drawn IID from f(z;60) for some “true” 6 = 6,

Likelihood function L,(§) = Hf(Xi;Q) # prob of dataset given

pabet model parameters

Log-Likelihood function [,(0) =log(L,(0)) = Zlog(f(Xi; 6))

1=1

Maximum Likelihood Estimator (MLE) §M L = argmax L, (0)
0

The MLE is a “recipe” that begins with a model for data f (x; 0)



Maximum Likelihood Estimation

Observe X1, X5, ..., X,, drawn IID from f(z;60) for some “true” 6 = 6,

Likelihood function L,(§) = Hf(Xi;H) # prob of dataset given
Pl model parameters
Log-Likelihood function /[,(0) = log(L Zlog

Maximum Likelihood Estimator (MLE) QMLE = arg max L,, (6)
0

The MLE is a “recipe” that begins with a model for data f (x; 0)

 We will use the same recipe as last time, to fit Linear
Regression with MLE

« What part do we need to change?



The Regression Problem, 1-dimensional

Given past sales data on zillow.com, predict: ~ # Goal: learn p(y|x)

# now we have label y

Yy = House sale price from
# previously we just had x

X = {# sq. ft.}
Training Data:

8 n r; €R
{(wzayz) i=1 1w €ER

Sale Price "

# square feet



The Regression Problem, 1-dimensional

Given past sales data on zillow.com, predict: ~ # Goal: learn p(y|x)

Yy = House sale price from # now we have label 'y
X = {# sq. ft.} # previously we just had x

Training Data: z; €R
{(flfz,yz) ?zl y; €ER

Hypothesis/Model: linear

Sale Price

Yi = T; W+ €; € it N(0,0?)

w € R slope of line

\ # square feet
(no intercept for now to

make the math easier)



Fit a Function to Our Data, 1-d

Given past sales data on zillow.com, predict: ~ # Goal: learn p(y|x)

y = House sale price from # now we have label 'y
X = {# sq. ft.} # previously we just had x

Training Data: z; €R
{(flfz,yz) ?zl y; €ER

Hypothesis/Model: linear

Sale Price

Yi = T; W+ €; € it N(0,0?)

w € R slope of line

\ # square feet
(no intercept fornowto - Why the noise?

make the math easier)



Fit a Function to Our Data, 1-d

Given past sales data on zillow.com, predict: ~ # Goal: learn p(y|x)

Yy = House sale price from

X = {# sq. ft.}

Sale Price

[
best linear fit "/:
[}

# square feet

# now we have label y
# previously we just had x

Training Data: z; €R
{(wzay’L) ?:1 y; € R

Hypothesis/Model: linear

Yi = T; W+ € | € it N(0,0?)




The Regression Problem, d-dim

Given past sales data on zillow.com, predict: ~ # Goal: learn p(y|x)

Yy = House sale price from

X = {# sq. ft., # baths, date of sale, etc.} xeR

d

200

Sale price
100

0

-100
-200

214

#bat 12 -2 -1 0 1 2
Mms # square feet

Training Datg: z; €R

{(wzayz) i=1 1w €ER
Hypothesis/Model: linear

Yi = T; W+ € | € ik N(0,0?)




The Regression Problem, d-dim

Given past sales data on zillow.com, predict: ~ # Goal: learn p(y|x)

Yy = House sale price from

X = {# sq. ft., # baths, date of sale, etc.} x € Rd
ol - Training Datg: z; €R
Sale price s o) dels ¢ -~ {(’CE’L) yZ) i=1 Y; € R
T 0 Hypothesis/Model: linear
-100 .1.d.
Y = xw+ 6 | e "X N(0,02)
= ; -200
_2?1-\0.\ x e R
Poathpl 2 2 -1 0 12 0= [T
Mms # square tee ye P 1 % d e Rd
scalar

dx 1



The Regression Problem, d-dim

Given past sales data on zillow.com, predict: ~ # Goal: learn p(y|x)

Yy = House sale price from

X = {# sq. ft., # baths, date of sale, etc.} x € Rd
ol - Training Datg: z; €R
Sale price ol s g -~ {(wzy yz) 1=1 Yi € R
: .:.'-.-..-' ' 0 Hypothesis/Model: linear

-100 .1.d.
Vi = xw+ € | ¢ X N(0,07)
-200

_10

#bathrOOIrni - _;#squa(;efeetl 2 pylz,w,o) = -/V(xTWa 0'2)

# go back to formula sheet,

retrieve PDF of Gaussian...



The Regression Problem, d-dim

Given past sales data on zillow.com, predict: ~ # Goal: learn p(y|x)

Yy = House sale price from

X = {# sq. ft., # baths, date of sale, etc.} x € Rd

. Training Data: .
200 n v
Sale price S ; {(wz, yz) i=1 y: € R

100

0 Hypothesis/Model: linear

-100 .1.d.
Y = xw+ 6 | e "X N(0,02)
-200

_10

#bathr"Olrni - _}#squa(;efeetl 2 pylz,w,o) = -/V(xTWa 0'2)

L —(—eTw)?/20




Maximizing Log-likelihood

Training Data:
g mn o = R p(y‘wivo-) —
{(xzayz) i=1 i €eR

Likelihood:  P(D|w, o) = [ [ p(yili, w, o)
=1

1
vV 2mo?

e_(y_agTw)Q/Qo-z



Maximizing Log-likelihood

Training Data: z; €R

{(sz,yz) ?’:1 yi € R p(y|lz,w, o)

Likelihood:  P(D|w, o) = | [ p(yilai, w,0) =
1=1

1
vV 2mo?

8—(y—xTw)2/20'2



Maximizing Log-likelihood
Training Data:

x; € R plylx, w, —
{(xzayZ) ’7&1:1 y; € R ( ‘ U)

Likelihood:  P(D|w, o) = | [ p(yilai, w,0) =] |
1=1 1=1

# Yay, we have a new likelihood!
Now, how do we find MLE?

1
vV 2mo?

e—(y—slcTw)Q/ch2

T 2 2
7



Maximizing Log-likelihood

Training Data: 1 —(y—z T w)? /202
n LUZ'ER p(y‘wiao-) — e Y
{(sz,yz) =1 i €R V2mo?

(y,,,—a: w) /20

Likelihood:  P(D|w,0) = [ p(yilzi, w,0) = H
1l Pl

: 27’(‘0’2

- |
Maximize (wrtw): log P(D|w, o) = log
(Dw, o) [[ —

# first manipulate log likelihood to make it easier to work with

o (i) w)? /20> )# take log



Maximizing Log-likelihood

Training Data: 1 T w2 /202
x; € R p(y‘xyw’o-) — e (y—x w)” /20
{(wwy’L) - =1 1w €ER V2mo?

(y,,,—a: w) /20

Likelihood:  P(D|w,0) = [ p(yilzi, w,0) = H
1l Pl

: 2%02

VQWJ

# first manipulate log likelinood to make it easier to work with

Maximize (wrtw): log P(D|w, o) = log (H —(yi—z] w)? /207 )# take log
1=1

_ 3 1 I (y; — ijW)z # what is log of product?
. 2 08 exp( — ) logAB =logA + logB

\/ 2162 262
i o |




Maximizing Log-likelihood

. “ 1 T, \2 /5.2 \# take log
Maximize (wrtw): log P(D|w, o) = log e~ (Wi—z; w)™ /20
( ) £[1 V27mo?

# first manipulate log likelinood to make it easier to work with

2
= g log exp( - i = W) )]

i=1 \/ 27a? 20°



Maximizing Log-li<e|ihood

27‘(’0’

Maximize (wrtw): log P(D|w, ) = log (H —z] w)? /20> )# take log

# first manipulate log likelinood to make it easier to work with

2
= E log ! exp( - i = W) )]

i-1 \/ 2752 202 # pull out terms that don't
depend on |
n - X-TW 2
- nlog(——) - 3 A1
\/ 27mo? =1 20



Maximizing Log-li<e|ihood

Maximize (wrtw): log P(D|w, o) = log (H —(yi—z] w)? /207 )# take log

27‘(’0’

# first manipulate log likelinood to make it easier to work with

t 2 102 202 # pull out terms that don’t
depend on |
- 1 N (y - xTw)’ # we’re going to max wrt w, so
= nlog( — )- El 202 # get rid of terms that don’t
o depend on w



Maximizing Log-li<e|ihood

Maximize (wrtw): log P(D|w, o) = log (H —(yi—z] w)? /207 )# take log

27‘(’0’

# first manipulate log likelinood to make it easier to work with

2
= E log[ ! exp( - bi- XiTW) )]

i-1 \/ 2762 202 # pull out terms that don't
depend on |
- 1 N (y - xTw)’ # we’re going to max wrt w, so
= nlog( D2 )- El 252 # get rid of terms that don't
o depend on w
argmax _ g (v - xTw)° # We found our simplified LL!

# Maximizing a negative?



Maximizing Log-likelihood

Training Data: 1 —(y—2 T w)? /202
7’L LUZ'ER p(y‘wiao-) — €
{(sz,yz) =1 i €R V2mo?

Likelihood:  P(DJw, o) = Hp(yz_m’w,a) _ H 1 o~ (i—w] w)? /20
- ]

1

Maximize (wrtw): log P(D|w, o) = log (

3
?
|
8
=
g
o
~
\]
q
V]
N—

n

~ : T, \2
WMLE = argmin E (yi — x; w)

=1
Minimizing Mean Squared Error (MSE)




Maximizing Log-likelihood -
Minimizing Mean Squared Error (MSE)

n
~ : T \2
WM LE = arg n%n E (yz —r; w)
i=1

Wow, minimizing squared error seems like a reasonable thing

to do to fit a predictor!
* When noise is Gaussian, maximizing likelihood of our linear model is
equivalent to minimizing the sum of squared errors. We get this from
cranking through the math.



Maximizing Log-likelihood -
Minimizing Mean Squared Error (MSE)

n
~ : T \2
WM LE = arg rrgn E (?Jz —r; w)
i=1

Wow, minimizing squared error seems like a reasonable thing

to do to fit a predictor!

* When noise is Gaussian, maximizing likelihood of our linear model is
equivalent to minimizing the sum of squared errors. We get this from
cranking through the math.

* However, if we had chosen a different noise distribution, we’d get a
different estimator. E.g. Laplacian noise -> minimize absolute error



Maximizing Log-likelihood -
Minimizing Mean Squared Error (MSE)

n
~ : T \2
WM LE = arg f%n E (?Jz —r; w)
i=1

Wow, minimizing squared error seems like a reasonable thing

to do to fit a predictor!

* When noise is Gaussian, maximizing likelihood of our linear model is
equivalent to minimizing the sum of squared errors. We get this from
cranking through the math.
* However, if we had chosen a different noise distribution, we’d get a
different estimator. E.g. Laplacian noise -> minimize absolute error
 Which one is better depends on assumptions about our data. Gaussian has no
long tails, mean squared error incurs high penalty for outliers. @



Maximizing Log-likelihood

n
~ : T. A2
WM LE = arg HEH E (yi —x; w)
i=1

# So how do we actually optimize this /
fit our model?



Maximizing Log-likelihood

n
~ : T. A2
WM LE = arg HEH E (yi —x; w)
i=1

# So how do we actually optimize this /
fit our model?

Set gradient=0, solve for w



Maximizing Log-likelihood

# So how do we actually optimize this /

R & - fit our model?
WMp LE = arg1nin , — &L; W )
B ;(’yz i ) Set gradient=0, solve for w
S
e 1Y)
# Recall: W € RS V(X)) = Lf(x)
n , owy
T .
sz(yi_xi W) = -
i=1 # Gradient wrt w is a vector of partial derivatives




Maximizing Log-likelihood
# So how do we actually optimize this /
n fit our model?
WrLE = arg H}EH Z(yz - Q%T’UU)Q

— Set gradient=0, solve for w

et

aWO

. d =
# Recal: W€ R Vi f(X) = awilf(x)

n ,
Vw Z (y, - -xiTW) i |

=1 # Gradient wrt w is a vector of partial derivatives

= Y 20y, —x/w)' V,,(; = x'w) #Chainrule v, f(x)? = 2f(x) - Vyy f (X

i=1



Maximizing Log-likelihood

# So how do we actually optimize this /
n

fit our model?

R : T, 22
w = arg min , — ;W
MLE & w ;(’yz i W) Set gradient=0, solve for w
< f(x)
aW()
# Recall: W € RY Vw0 = [ 2 ¢
n 2 8W1
Vw Z (yz o xiTW) B | B

=1 # Gradient wrt w is a vector of partial derivatives

= Y 20y, —x/w)' V,,(; = x'w) #Chainrule v, f(x)? = 2f(x) - Vyy f (X

i=1

n
T # “Matrix Cookbook” identities
= ). 20— x'w)(— x)

= Vi XTw = X


https://www.math.uwaterloo.ca/~hwolkowi/matrixcookbook.pdf

Maximizing Log-likelihood

Set gradient=0, solve for w

L L L T —
Tu 2 (- 6w = 320y - w)(- x) = 0
= =l %1 1x1 dx1 dx1
dx1

# check dimensions!

0 € RY



Maximizing Log-likelihood

Set gradient=0, solve for w

n n
Tw 2 0= XW) = 520y - xIw)( - x) = 0

=1 %1 1x1 d

x1 dx1

dx1
= 2 [ - yiXi + XWX
i=1

]=0

# check dimensions!

0 € RY



Maximizing Log-likelihood

Set gradient=0, solve for w

n I 2
T (- W) =

3 2(y; - XTw)( - x) = 0

# check dimensions!

d
1x1 1x1 dx1 dx1 0eRr

dx1

2 X[ - yiXi + Xjwxi] = 0

=1

# Now for some tricks

T, —
X'W=a # scalar
2 [-xyi+Xxwl=0 " "7,
=1 av=yva



Maximizing Log-likelihood
Set gradient=0, solve for w

n 2 n # check dimensions!
Vwié(Yi—XiTW) = 3 2(yi - xiw)(-x) = 0 3 dl |
- - 1x1 1x1 dx1 dx1 €R
dx1
= 2 3[ - yiXi + X{wx{] = 0

=1

# Now for some tricks
T

_ _ X'W=a # scalar
=23 [-xyi+%xwl=0 “_7,
=1 av=yva
# Reminder n N
X™x = inner product or > XiVi = (X XiT) W # How can we isolate w?
dot product 1x1 i=1 i=1

xxT = outer product dxd



Maximizing Log-likelihood
Set gradient=0, solve for w

n 2 n # check dimensions!
Vwié(Yi—XiTW) = 3 2(yi - xiw)(-x) = 0 3 dl |
- - 1x1 1x1 dx1 dx1 €R
dx1
= 2 3[ - yiXi + X{wx{] = 0

=1

# Now for some tricks
T

=23 [-xy+hxwj=0 X NMTA - Fecaw
=1 av=va
# Reminder n n ! |
X™x = inner product or > XiVi = [ X XiT]W # How can we isolate w?
dot product 1x1 = =1 g x g # Take the inverse!

xxT = outer product dxd

A matrix



Maximizing Log-likelihood

Set gradient=0, solve for w
-1

n n T
2 XiYi= XX fw
I=1 I=1 g x4

A matrix

—1
n 1l
Py = r
MLE XX X; Vi

# How can we isolate w?

# Take the inverse!

# The equation for fitting our model
parameters w to our data



Maximizing Log-likelihood

Set gradient=0, solve for w
-1

n n :
_ T ?
gl Xi Vi = [_Z Xi Xi' Jw # How can we isolate w~
. =l dxd # Take the inverse!
A matrix
n _l M
A o T # The equation for fitting our model
WMLE = Z XiXi Z XiYi arameters w to our data
P
i=1 i=1

e What constraints does taking the inverse place on our data?
e Matrix must be invertible
en>=d
e For this model we can analytically derive how to find the optimal weights.
e Will not always be true for more complex models. @



Maximizing Log-likelihood

T
. : T \2
WpLE = argmin E (y; —x; w)

7—=1

Set gradient=0, solve for w

n —1 n

A~ L T

WMLE = E Lr;T; E LilYi
1=1 1=1




Regression Problem in Matrix Notation

n
~ : LRY
WMLE = arg muﬁﬂ E (yi —x; w)
i=1



Regression Problem in Matrix Notation

n

WMLE = argmu%n E (y;
i=1

y:

T

—:Ez-’w

Y1

Yn

)2

dx 1
dx 1

dx 1

d : # of features
n : # of examples/datapoints

x € R4



Regression Problem in Matrix Notation

Tn
~ : T 72
WMLE = arg mtsn Z(?Jz —; w)
i=1
Y1
| Yn
- e A
#Previously... y; = x; w + ¢
Yi X v Ei
- +
1 xd

dx1

dx 1
dx 1

dx 1

d : # of features
n : # of examples/datapoints

x € R4



Regression Problem in Matrix Notation

n

~ : T, A2
W) LE = arg min Z(y’ —x; W)
w
=1
Y1 | (211 d X 1 d:#of features
y = . X — dx 1 n : # of examples/datapoints
. - d
| Yn | el |ax1 XER
# Previously... y,; = x;w + €; # Now: y = Xw + €
Vi X; w € y X € R4 w €
= ‘Wl | [0 - .

1l xd

n X1 nXxd X 1
dxln @

dx1



Regression Problem in Matrix Notation

n

] : T, 32
WM LE = arg min Z(yz —z; w)
Y 1
1=
1 | _:,UT_ d X1 d:#offeatures
Y1 1
y=|": X — - dx1 n : # of examples/datapoints
d
| Yn | 2T |gx1 XER

#Now: y=Xw+e

# More identities: £, norm: ||z||, = \/ ZLI 1'2 =Vz'z

Let z,= (y;— X' W) Then

s = argmin ||y — Xwl[3

= arg min(y — Xw)? (y — Xw)



Regression Problem in Matrix Notation
r,s = arg min ||y — Xw||3

= argmin(y — Xw)? (y — Xw)
w

# As before, first simplify the function to make it easier to work with



Regression Problem in Matrix Notation
r,s = arg min ||y — Xw||3
= arg n}lijn(y — Xw)?(y — Xw)

# As before, first simplify the function to make it easier to work with

: T i i T # More identities:
=argmin y'y—y' Xw—(Xw) y+ (Xw) (Xw)
N (ABC)" = CTBTAT



Regression Problem in Matrix Notation
s = argmin ||y — Xwl[3
= arg n}ii)n(y — Xw)" (y — Xw)

# As before, first simplify the function to make it easier to work with

- T i i 4 # More identities:
=argmin y'y—y Xw—(Xw) y+ (Xw) (Xw)
i ' (ABC)T = CTBTAT

— arg min % y XM’ _(,]:T XTJ’ +w!IXTXw # Minimizing wrt w

IXn nXd dx1 1Xd dxn nXxl # Check dimensions
1x1 1x1



Regression Problem in Matrix Notation
s = argmin [ly — Xwl[;

= arg min(y — Xw)" (y — Xw)
# As before, ?‘l;rst simplify the function to make it easier to work with

- T i i 4 # More identities:
=argmin y'y—y Xw—(Xw) y+ (Xw) (Xw)
i ' (ABC)T = CTBTAT

= arg min % Y £ X {\3:7 XTJ’ s WTXTXW # Minimizing wrt w
IXn nxd dx1 1Xd dxn nx] # Check dimensions

1:%¢1 1x1

SER—>s=gs'



Regression Problem in Matrix Notation
s = argmin ||y — Xwl[3

= arg min(y — Xw)? (y — Xw)

# As before, first simplify the function to make it easier to work with

= arg min ¥y =y X = 00y + 000 ) ¢SS

— arg min f/y y XM’ ‘(MZT XTJ’ A wTXTXw # Minimizing wrt w
IXn nXd dx1 1xXd dxn nx]1 # Check dimensions

1:%¢1 1x1

— ol
= arg min —YTXW—yTXw+wTXTXW SER—->S=S5

w



Regression Problem in Matrix Notation
s = argmin [ly — Xuwl[3

= arg min(y — Xw)? (y — Xw)

# As before, first simplify the function to make it easier to work with

= arg min ¥y =y X = 00y + 000 ) ¢SS

— arg min y/Vy v Xw ‘(MZT XTy)+ wTXTXw # Minimizing wrt w

IXn nXd dx1 1xd dxn nX1 # Check dimensions

1x1 1x1

— ol

= arg min — y' Xw — y" Xw + wI X" Xw SER—S=S
w

. # Pretty simple!

= arg min — 2y’ Xw + w X7 Xw

w

# So now what?



Regression Problem in Matrix Notation
s = argmin ||y — Xwl[3

= argmin(y — Xw)? (y — Xw) = arg min — 23T Xw + wiXT Xw

w

# Take derivative, set to 0!



Regression Problem in Matrix Notation
s = argmin ||y — Xwl[3

= argmin(y — Xw)? (y — Xw) = arg min — 23T Xw + wiXT Xw

w

V[ - 29T Xw + wIXTXw] =0 # Take derivative, set to O!



Regression Problem in Matrix Notation

s = argmin |ly — Xuw|3

— arg min(y — Xw)T(y — Xw) = arg min — 2yTXw + wIXT Xw

w

V[ - 29T Xw + wIXTXw] =0 # Take derivative, set to O!
(B) (C)

# Useful matrix gradient identities
(A)Vy XTW = X
T —_ AT
(B)Vy X' Aw = A" X
(C) VywT Aw = (A+ ATD)w
# Quadratic form

If Ais symmetric (A= AT),
Then VW' Aw = 2Aw

# Symmetric: (XTX)T = XTX



Regression Problem in Matrix Notation

s = argmin [ly — Xuwl[3

— arg min(y — Xw)T(y — Xw) = arg min — 2yTXw + wIXT Xw

w

V[ - 29T Xw + wIXTXw] =0 # Take derivative, set to O!
(B) (C)

# Useful matrix gradient identities
(A)Vy XTW = X
= _/Z&Ty %TXW =0 (B) Vi XT Aw = AT x
(C) VywT Aw = (A+ ATD)w
# Quadratic form

If Ais symmetric (A= AT),
Then VW' Aw = 2Aw

# Symmetric: (XTX)T = XTX



Regression Problem in Matrix Notation

s = argmin [ly — Xuwl[3

— arg min(y — Xw)T(y — Xw) = arg min — 2yTXw + wIXT Xw

w

V[ - 29T Xw + wIXTXw] =0 # Take derivative, set to O!
(B) (C)

# Useful matrix gradient identities
(A)Vy XTW = X
= _/Z&Ty %TXW =0 (B) Vi XT Aw = AT x
(C) VywT Aw = (A+ ATD)w
# Quadratic form

If Ais symmetric (A= AT),
Then VW' Aw = 2Aw

# Symmetric: (XTX)T = XTX

X" Xw = X"y



Regression Problem in Matrix Notation

s = argmin [ly — Xuwl[3

— arg min(y — Xw)T(y — Xw) = arg min — 2yTXw + wIXT Xw

w

V[ - 29T Xw + wIXTXw] =0 # Take derivative, set to O!
(B) (C)

# Useful matrix gradient identities

(A)Vy XTW = X
— T T —
——/2& y-l%& Xw=20 (B)VWXTAW=ATX

(C) VywT Aw = (A+ ATD)w
# Quadratic form
If Ais symme}ric (A=A,
-1 =

# Symmetric: (XTX)T = XTX

X" Xw = X"y




Regression Problem in Matrix Notation

n

~ : T
WMLE = arg m?jﬂ Z(yz — &L W
i=1 o
Y1
y=|:
| Yn

d X
d

1
X 1

dx 1

d : # of features
n : # of examples/datapoints

x € R4

# More identities: £, norm: ||z||, = 1/ 71 2 —4/7T

Wrs = argmin |ly — Xuw||3

— arg min(y — Xw)! (y — Xw)

WrLs = WMLE = (XTX)_l X'y

# “Ordinary Least Squares”



Regression Problem in Matrix Notation

Wrg = argmui)n |y — Xw||g

T~ \—1~T
— (X X) X'y y
What about an offset? b
N X
y; = xiTW +b # Prediction for a single point
2
N\
(y,- - y,-) # Still want to minimize squared error



Regression Problem in Matrix Notation

Wrg = argmui)n |y — Xw||g

T~ \—1~T
::()( )() X'y y
What about an offset? b
N X
y; = xiTW +b # Prediction for a single point
2
N\
(y,- - y,-) # Still want to minimize squared error

n

. & . 2
D5, brs = argmin »  (y; — (27 w +))
7=
:argmingy—(Xw—l—lb)H% beR

Y

nxl



Dealing with an Offset
Wrs,bs = arg min ||y — (Xw + 10)|[5
XTX?jU\LS —l—/b\LSXTl = XTy
ITX’&}LS —|—EL5’1T1 _ lTy # Could think of this as system of equations...
XTx xT| |w| _ [X'y
17x 171 | |0 17y




Dealing with an Offset

@rs,brs = arg 1;1011{)1 ly — (Xw + 1b)||3

XTXﬁJ\LS —I—/I)\LSXTl = XTy
~ = # Could think of thi f i
ITXwLS _|_ bLS’]_T]_ _ ]_Ty ould think of this as systemo equations
xTx XxT1| |w X"y
17x 171||P 17y

Computes the exact solution

. . w
to a system of linear equations = np.linalg.solve() # There’s a better way...
in the matrix form b

(o)



Dealing with an Offset

Wrs,brs = arg 1;1011{)1 ly — (Xw +10)|[3

XTX{(}LS -I-/I;LsxT]_ = XTy
1" Xw s +brs1'1 =11y

|l + Scalare R




Dealing with an Offset

Wrs,brs = arg %1151 ly — (Xw +10)|[3

XTXQ/DLS -I-?)\LsxT]_ = XTy
1" Xw s +brs1'1 =11y

l + Scalare R

P<
|
|

X 1




Dealing with an Offset

@rs,brs = arg %1151 ly — (Xw + 1b)||3

XTX”L/DLS —I-?)\LngT]_ = XTy
1" Xw s +brs1'1 =11y

- X
l + Scalare R
- )
Xi
~T

1

= b Vi= X
A ] ~
y=X'@&

A or o —lg
C()MLE — (XTX) XTy

# Same equation on modified input matrix
containing all 1s feature '



Dealing with an Offset
Wps,brs = arg rin ly — (Xw + 1b)][5
XTX”L/U\LS + bLSXTl = XTy
1" Xw s +brs1'1 =11y
# It's good practice to pre-process your features to have a mean of zero

If X71 =0 (i.e., if each feature is mean-zero) then

Drg = (X X) ' XTy

BLS = %Zyz
i=1



Make Predictions
s = (XTX)" X"y

1 mn
brs = E Z Yi
=1
A new house is about to be listed. What should it sell for?

A~ T N -
ynew — xnewwLS _I_ bLS



Make Predictions
s = (XTX)" X"y

1 T

A new house is about to be listed. What should it sell for?

brs

A~ T N -
yneW — ‘/L.newwLS _I_ bLS

# How to normalize features to have mean 0?

# So what do | need to do to Xxnew to be able to make a prediction?



Make Predictions
s = (XTX)" X"y

1 T

A new house is about to be listed. What should it sell for?

brs

A~ T N -
ynew — xnewwLS _I_ bLS

# How to normalize features to have mean 0?

For each feature, calculate the mean of the training data and
subtract it from each data point

# So what do | need to do to Xxnew to be able to make a prediction?



Make Predictions
s = (XTX)" X"y

1 T

A new house is about to be listed. What should it sell for?

brs

A~ T N -
ynew — xnewwLS _I_ bLS

# How to normalize features to have mean 0?

For each feature, calculate the mean of the training data and
subtract it from each data point

# So what do | need to do to Xxnew to be able to make a prediction?
Subtract the mean of the training data for each feature



Process

= Decide on a model for the likelihood function f(x; w)

= Find the function which fits the data best

= Choose a loss function- least squares
= Pick the function which minimizes loss on data

= Use function to make prediction on new examples



Recap: Linear Regression

labely f(x) = 400X

f(x) = 100,000 + 200X

input X
In general hlgh -dimensions, we fit a linear model with intercept
viewlx+b, orequwalently v, =wlx,+b+¢
with model parameters (w € R% b € R) that minimizes fz loss

L(w,b) = Z(yl-—(waﬁb))z 4 MSE

error ¢




Regression in 1-dimension

X1 Y1
X

Data: X = :2 y- 3:’2 label y
Xn Yn

Linear model with parameter (b, w,): —

« Vi=b+wx

© o

(@]
oooo
input X



Quadratic Regression in 1-dimension

X1 Y1
X
Data: X = :2 Ly 3:/2 label y
Xn Yn
Linear model with parameter (b, w)): —
« Vi=b+wx

w
Quadratic model with parameter (b, w = [ 1] ):

Wy input x
e Vi=b 4w x+wx; [ [ b
w!
X A T 1
h(x;)) = | i = h(x;) W
x? :

# Still linear regression, but on quadratic features
# Linear layer fit to non-linear features @



Polynomial Regression in 1-dimension

X1 Y1
X

Data: X = :2 , Y= ):/2
Xn Yn

Linear model with parameter (b, w)):

« Vi=b+wx

Quadratic model with parameter (b, w = [

. §i=b+w1xi+w2x1.2

.

Degree-p polynomial model with p parameters h(x;) = Xj 5= h( xi)T
e Yi=b+wix+w,xi+ ... +w,xP

label y

_—

# Still linear regression, but on quadratic features
# Linear layer fit to non-linear features @



Polynomial Regression in 1-dimension

X1 Y1
X
Data: X = :2 y- 3:’2 label y
Xn Yn
Linear model with parameter (b, w)): —
« Vi=b+wx

w
Quadratic model with parameter (b, w = [ 1] ):

Wy input X
¢« Vi=b+wix+wyx [ [ b |
. w
Degree-p polynomial model with p parameters h(x;) = X Q = h( x,-)T :
e Fi=b+wix+wy x4 . +w x! 2 e
Inner Product ! | : _
Wi
General p-features with parameterw = | : |: 3)\1- = (W, h(x,-)) where i : R —» R?
Wp Basis Punction/v @



Regression in 1-dimension

. Landscape of Models

Basis Function Models

yi = (w, h(x))

\ \_

Polynomial Models

_/}\/.": <Wa [LXI'?X??"‘?X?—D

™
Quadratic Models
j\/i — <Wa “}X;,Xﬂ>
(_
Linear Models (original feature space)
j\/; = <W, [1)(,‘”
Constant Models
Yi = Wo
. _/

J

\

Basis Functions © Polynomials © Quadratics D Linear D Constants



Regression in 1-dimension

label y ) /

_—

input X

Which line gives us the best fit?
* Green & purple?

 Orange?

* Red?



Regression in 1-dimension

label y

_—

input X

Which line gives us the best fit?
» Green & purple? Can’t capture variance. Underfitting

 Orange?
* Red?

Can’t capture variance. Underfitting
Just right?
Could we take it too far?



Regression in 1-dimension

Which line gives us the best fit?
» Green & purple? Can’t capture variance. Underfitting

 Orange? Can’t capture variance. Underfitting
* Red? Just right?
* Blue?

Fits random fluctuations / measurement errors @
in training dataset. Overfitting. O



Regression in 1-dimension

X1 Y1
Data: X = )52 , Y= ):/2 labely
Xp Yn
Wy —
General p-features with parameter w = :
W, /

e 3. =(w,h(x)) where h : R - R”
Note: h can be arbitrary non-linear functions!

i
h(x) = |log(x), x2 sin(x), \/}]

The model is linear in the new feature space,
but it's nonlinear in the original feature space.

input X



Regression in 1-dimension

X1 Y1
Sata X = X, - 3:/2 label y
X Yn
Wy —
General p-features with parameter w =
Wp s input x
« ¥, =(w,h(x;)) where h : R — R? Discussion:

Note: h can be arbitrary non-linear functions!

=
h(x) = |log(x), x?, sin(x), \/;]

The model is linear in the new feature space,
but it's nonlinear in the original feature space.

* When would you use sin(x)?

 How should I transform the house
feature: zip code?



Regression in 1-dimension

X1 Y1
Data: X = "2 , Y= )./2 fabely
X Yn
Wy —
General p-features with parameter w =
Wp s input x
« ¥, =(w,h(x;)) where h : R — R? Discussion:

Note: h can be arbitrary non-linear functions!

!
h(x) = |log(x), x?, sin(x), \/;]

The model is linear in the new feature space,
but it's nonlinear in the original feature space.

* When would you use sin(x)?
# Cyclic data e.g. weather

 How should I transform the house
feature: zip code?

# Lat/ long

This is the art of feature
engineering

(o)



Regression in 1-dimension

X1 Y1
X y label y
Data: X = :2 , Y= :2
Xn Yn
wil — |
1
General p-features with parameter w = :
wp s input x

« ¥, =(w,h(x;)) where h : R — R?

How do we learn w?



Regression in 1-dimension

X1 Y1
Data: X = )52 , Y= ):/2
Xq Yn
Wi
General p-features with parameterw = | :
Wp

« ¥, =(w,h(x;)) where h : R — R?

How do we learn w?

— = h(x)" - -
H = : e R™P

——h(x)" ——

label y

s input x

W = argmin ||[Hw — y||3
w

For a new test point x, predict
y =(w,h(x))

Wi = (HTH) 'H"y
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