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The content (text, image, and graphics) used in this slide are

adopted from many sources for academic purposes. Broadly,

the sources have been given due credit appropriately. However,

there is a chance of missing out some original primary sources.

The authors of this material do not claim any copyright of such

material.
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Maximum Likelihood Estimation
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MLE: Learning Gaussian Parameters

• MLE:

• MLE for the variance of a Gaussian is biased

• Unbiased variance estimator:
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ML “algorithms” we’ve learned so far:

• Maximum Likelihood Estimation (MLE)
• Fit a Bernoulli distribution (coin flips)
• Fit a Gaussian distribution (µ, σ)

Maximum Likelihood Estimation

• Now: fit a linear predictor x → y, where y is a continuous
variable
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Maximum Likelihood Estimation

The MLE is a “recipe” that begins with a model for data f (x; θ)
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The MLE is a “recipe” that begins with a model for data f (x; θ)

• We will use the same recipe as last time, to fit Linear 

Regression with MLE

• What part do we need to change?

Maximum Likelihood Estimation
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y = House sale price from

x = {# sq. ft.}

Sa
le

P
ri

ce

2000

# square feet

$1.1M

Given past sales data on zillow.com, predict: # Goal: learn p(y|x)

The Regression Problem, 1-dimensional

# now we have label y

# previously we just had x
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Given past sales data on zillow.com, predict: # Goal: learn p(y|x)

The Regression Problem, 1-dimensional

# now we have label y

# previously we just had x

(no intercept for now to

make the math easier)
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y = House sale price from

x = {# sq. ft.}

Sa
le

P
ri

ce

2000

# square feet

$1.1M

Given past sales data on zillow.com, predict: # Goal: learn p(y|x)

Fit a Function to Our Data, 1-d

# now we have label y

# previously we just had x

(no intercept for now to

make the math easier)

- why the noise?
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y = House sale price from

x = {# sq. ft.}

Given past sales data on zillow.com, predict: # Goal: learn p(y|x)

Fit a Function to Our Data, 1-d

# now we have label y

# previously we just had x

best linear fit

# square feet

Sa
le

P
ri

ce
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y = House sale price from

x = {# sq. ft., # baths, date of sale, etc.} x ∈ ℝ
d

Given past sales data on zillow.com, predict: # Goal: learn p(y|x)

The Regression Problem, d-dim
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y = House sale price from

x = {# sq. ft., # baths, date of sale, etc.} x ∈ ℝ
d

The Regression Problem, d-dim

13

Given past sales data on zillow.com, predict: # Goal: learn p(y|x)
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The Regression Problem, d-dim

y = House sale price from

x = {# sq. ft., # baths, date of sale, etc.} x ∈ ℝ
d

Given past sales data on zillow.com, predict: # Goal: learn p(y|x)

# go back to formula sheet, 
retrieve PDF of Gaussian…
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The Regression Problem, d-dim

y = House sale price from

x = {# sq. ft., # baths, date of sale, etc.} x ∈ ℝ
d

Given past sales data on zillow.com, predict: # Goal: learn p(y|x)
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Maximizing Log-likelihood

Likelihood:
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Maximizing Log-likelihood

Likelihood:



Likelihood:

# Yay, we have a new likelihood!

Now, how do we find MLE?
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Maximizing Log-likelihood



Likelihood:
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Maximizing Log-likelihood

Maximize (wrt w):

# first manipulate log likelihood to make it easier to work with



Likelihood:
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Maximizing Log-likelihood

Maximize (wrt w):

# first manipulate log likelihood to make it easier to work with

# what is log of product?

logAB =logA + logB



=
1

2πσ2

2
(yi − xTw)

2σ2
log exp( − i )
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Maximizing Log-likelihood

Maximize (wrt w):

# first manipulate log likelihood to make it easier to work with

∑
n

i=1



=
1

2πσ2

2
(yi − xTw)

2σ2
log exp( − i )

= nlog(
1

2πσ2
) − i

T
i(y − x w)

2

2σ2

# pull out terms that don’t 

depend on i

22

Maximizing Log-likelihood

Maximize (wrt w):

# first manipulate log likelihood to make it easier to work with

∑
n

i=1

∑
n

i=1



=
1

2πσ2

2
(yi − xTw)

2σ2
log exp( − i )

= nlog(
1

2πσ2
) − i

T
i(y − x w)

2

2σ2

# pull out terms that don’t 

depend on i

# we’re going to max wrt w, so

# get rid of terms that don’t 

depend on w
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Maximizing Log-likelihood

Maximize (wrt w):

# first manipulate log likelihood to make it easier to work with

∑
n

i=1

∑
n

i=1



=
1

2πσ2

2
(yi − xTw)

2σ2
log exp( − i )

= nlog(
1

2πσ2
) − i

T
i(y − x w)

2

2σ2

# pull out terms that don’t 

depend on i

# we’re going to max wrt w, so

# get rid of terms that don’t 

depend on w

− i
T
i(y − x w)

2

2σ2

# We found our simplified LL! 

# Maximizing a negative?

arg max
w
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Maximizing Log-likelihood

Maximize (wrt w):

# first manipulate log likelihood to make it easier to work with

∑
n

i=1

∑
n

i=1

∑
n

i=1



Likelihood:
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Maximizing Log-likelihood

Maximize (wrt w):

Minimizing Mean Squared Error (MSE)



Wow, minimizing squared error seems like a reasonable thing
to do to fit a predictor!

• When noise is Gaussian, maximizing likelihood of our linear model is
equivalent to minimizing the sum of squared errors. We get this from
cranking through the math.
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Maximizing Log-likelihood → 
Minimizing Mean Squared Error (MSE)



Wow, minimizing squared error seems like a reasonable thing
to do to fit a predictor!

• When noise is Gaussian, maximizing likelihood of our linear model is
equivalent to minimizing the sum of squared errors. We get this from
cranking through the math.

• However, if we had chosen a different noise distribution, we’d get a 
different estimator. E.g. Laplacian noise -> minimize absolute error
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Maximizing Log-likelihood → 
Minimizing Mean Squared Error (MSE)



Wow, minimizing squared error seems like a reasonable thing
to do to fit a predictor!

• When noise is Gaussian, maximizing likelihood of our linear model is
equivalent to minimizing the sum of squared errors. We get this from
cranking through the math.

• However, if we had chosen a different noise distribution, we’d get a 
different estimator. E.g. Laplacian noise -> minimize absolute error

• Which one is better depends on assumptions about our data. Gaussian has no
long tails, mean squared error incurs high penalty for outliers. 28

Maximizing Log-likelihood → 
Minimizing Mean Squared Error (MSE)



Set gradient=0, solve for w

# So how do we actually optimize this /
fit our model?

w ∈ ℝd
# Recall: ∇w f(x) =

∂w0

∂ f(x)

∂w1

∂ f(x)

⋮

# Chain rule ∇w f(x)2 = 2f(x) · ∇w f (x)

# “Matrix Cookbook” identities

∇w xTw = x
29

Maximizing Log-likelihood

# Gradient wrt w is a vector of partial derivatives



Set gradient=0, solve for w

# So how do we actually optimize this /
fit our model?

w ∈ ℝd
# Recall: ∇w f(x) =

∂w0

∂ f(x)

∂w1

∂ f(x)

⋮

# Chain rule ∇w f(x)2 = 2f(x) · ∇w f (x)

# “Matrix Cookbook” identities

∇w xTw = x
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Maximizing Log-likelihood

# Gradient wrt w is a vector of partial derivatives



Set gradient=0, solve for w

# So how do we actually optimize this /
fit our model?

w ∈ ℝd
# Recall: ∇w f(x) =

∂w0

∂ f(x)

∂w1

∂ f(x)

⋮

# Chain rule ∇w f(x)2 = 2f(x) · ∇w f (x)

# “Matrix Cookbook” identities

∇w xTw = x
31

Maximizing Log-likelihood

# Gradient wrt w is a vector of partial derivatives



Set gradient=0, solve for w

# So how do we actually optimize this /
fit our model?

w ∈ ℝd
# Recall: ∇w f(x) =

∂w0

∂ f(x)

∂w1

∂ f(x)

⋮

# Chain rule ∇w f(x)2 = 2f(x) · ∇w f (x)

# “Matrix Cookbook” identities

∇w xTw = x
32

Maximizing Log-likelihood

# Gradient wrt w is a vector of partial derivatives



Set gradient=0, solve for w

# So how do we actually optimize this /
fit our model?

w ∈ ℝd
# Recall: ∇w f(x) =

∂w0

∂ f(x)

∂w1

∂ f(x)

⋮

# “Matrix Cookbook” identities

∇w xTw = x 33

Maximizing Log-likelihood

# Gradient wrt w is a vector of partial derivatives

# Chain rule ∇w f(x)2 = 2f(x) · ∇w f (x)

https://www.math.uwaterloo.ca/~hwolkowi/matrixcookbook.pdf
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Maximizing Log-likelihood

∇ w
T
i(yi − x w

2

i) = 2(yi − xTw)( − xi) = 0
1 × 1 1 × 1 d × 1 d × 1

d × 1

# check dimensions!

0 ∈ ℝd
∑
n

i=1
∑
n

i=1

Set gradient=0, solve for w
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Maximizing Log-likelihood

i= 2 [ − yixi + xTwxi] = 0

∇ w
T
i(yi − x w

2

i) = 2(yi − xTw)( − xi) = 0
1 × 1 1 × 1 d × 1 d × 1

d × 1

# check dimensions!

0 ∈ ℝd
∑
n

i=1
∑
n

i=1

∑
n

i=1

Set gradient=0, solve for w



i= 2 [ − yixi + xTwxi] = 0

∇ w
T
i(yi − x w

2

i) = 2(yi − xTw)( − xi) = 0
1 × 1 1 × 1 d × 1 d × 1

d × 1

# check dimensions!

0 ∈ ℝd

# Now for some tricks

xTw = a 

a v = v a

# scalarT
= 2 [ − xi yi + xi xi w] = 0
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Maximizing Log-likelihood

∑
n

i=1
∑
n

i=1

∑
n

i=1

∑
n

i=1

Set gradient=0, solve for w



xi yi = ( xi xi
T) w # How can we isolate w?

# Reminder

xTx = inner product or 
dot product 1x1

xxT = outer product dxd 37

Maximizing Log-likelihood
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xi yi = ( xi xi
T) w # How can we isolate w?

# Reminder

xTx = inner product or 
dot product 1x1

xxT = outer product dxd 38

Maximizing Log-likelihood

i= 2 [ − yixi + xTwxi] = 0

∇ w
T
i(yi − x w

2

i) = 2(yi − xTw)( − xi) = 0
1 × 1 1 × 1 d × 1 d × 1

d × 1

# check dimensions!

0 ∈ ℝd

# Now for some tricks

xTw = a 

a v = v a

# scalarT
= 2 [ − xi yi + xi xi w] = 0

∑
n

i=1
∑
n

i=1

∑
n

i=1

∑
n

i=1

Set gradient=0, solve for w

∑
n

i=1
∑
n

i=1 # Take the inverse!

−1

d × d

A matrix



# The equation for fitting our model 
parameters w to our data
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Maximizing Log-likelihood

Set gradient=0, solve for w

xi yi = ( xi xi
T) w # How can we isolate w?∑

n

i=1
∑
n

i=1 # Take the inverse!

−1

d × d

A matrix



• What constraints does taking the inverse place on our data?
• Matrix must be invertible
• n >= d

• For this model we can analytically derive how to find the optimal weights. 
• Will not always be true for more complex models. 40

Maximizing Log-likelihood

Set gradient=0, solve for w

xi yi = ( xi xi
T) w # How can we isolate w?∑

n

i=1
∑
n

i=1 # Take the inverse!

−1

d × d

A matrix

# The equation for fitting our model 
parameters w to our data
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Maximizing Log-likelihood
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Regression Problem in Matrix Notation
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Regression Problem in Matrix Notation
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Regression Problem in Matrix Notation



45

Regression Problem in Matrix Notation
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Regression Problem in Matrix Notation



# As before, first simplify the function to make it easier to work with

# More identities:

(ABC)T = CT BT AT

# Minimizing wrt w

# Check dimensions

s ∈ ℝ → s = sT

# Pretty simple! 

# So now what?
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# More identities:
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# Check dimensions

s ∈ ℝ → s = sT

# Pretty simple! 

# So now what?
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Regression Problem in Matrix Notation
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Regression Problem in Matrix Notation

# Take derivative, set to 0!
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Regression Problem in Matrix Notation

# Take derivative, set to 0!
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Regression Problem in Matrix Notation

# Take derivative, set to 0!

# Useful matrix gradient identities

(A) ∇w xTw = x

(B) ∇w xT Aw = AT x

(C) ∇wwT Aw = (A + AT )w

# Quadratic form

If A is symmetric (A = AT), 

Then ∇wwT Aw = 2Aw

(XT X )
T

= XT X# Symmetric:
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Regression Problem in Matrix Notation

(XT X )
T

= XT X# Symmetric:

# Take derivative, set to 0!

# Useful matrix gradient identities

(A) ∇w xTw = x

(B) ∇w xT Aw = AT x

(C) ∇wwT Aw = (A + AT )w

# Quadratic form

If A is symmetric (A = AT), 

Then ∇wwT Aw = 2Aw
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Regression Problem in Matrix Notation

(XT X )
T

= XT X# Symmetric:

# Take derivative, set to 0!

# Useful matrix gradient identities

(A) ∇w xTw = x

(B) ∇w xT Aw = AT x
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Regression Problem in Matrix Notation

(XT X )
T

= XT X# Symmetric:

# Take derivative, set to 0!

# Useful matrix gradient identities

(A) ∇w xTw = x

(B) ∇w xT Aw = AT x

(C) ∇wwT Aw = (A + AT )w

# Quadratic form

If A is symmetric (A = AT), 

Then ∇wwT Aw = 2Aw
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Regression Problem in Matrix Notation

# “Ordinary Least Squares”



What about an offset?

y

b 

x

# Prediction for a single point

# Still want to minimize squared error

b ∈ ℝ

60

Regression Problem in Matrix Notation



What about an offset?

y

b 

x

# Prediction for a single point

# Still want to minimize squared error

b ∈ ℝ
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Regression Problem in Matrix Notation



# Could think of this as system of equations…

62

Dealing with an Offset



# Could think of this as system of equations…

# There’s a better way…
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Dealing with an Offset

Computes the exact solution 
to a system of linear equations 
in the matrix form
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Dealing with an Offset

# Same equation on modified input matrix 
containing all 1s feature
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Dealing with an Offset
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Dealing with an Offset

# Same equation on modified input matrix 
containing all 1s feature



# It’s good practice to pre-process your features to have a mean of zero
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Dealing with an Offset



A new house is about to be listed. What should it sell for?

68

Make Predictions



A new house is about to be listed. What should it sell for?

# How to normalize features to have mean 0?

For each feature, calculate the mean of the training data and

subtract it from each data point

# So what do I need to do to xnew to be able to make a prediction?

Subtract the mean of the training data for each feature
69
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A new house is about to be listed. What should it sell for?

# How to normalize features to have mean 0?

For each feature, calculate the mean of the training data and

subtract it from each data point

# So what do I need to do to xnew to be able to make a prediction?

Subtract the mean of the training data for each feature
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Make Predictions



A new house is about to be listed. What should it sell for?

# How to normalize features to have mean 0?

For each feature, calculate the mean of the training data and

subtract it from each data point

# So what do I need to do to xnew to be able to make a prediction?

Subtract the mean of the training data for each feature
71

Make Predictions



▪ Decide on a model for the likelihood function f (x; w)

▪ Find the function which fits the data best
▪ Choose a loss function- least squares
▪ Pick the function which minimizes loss on data

▪ Use function to make prediction on new examples

72

Process



label y

input x

Recap: Linear Regression

f(x) = 100,000 + 200 x

f(x) = 400x
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Data: X =

x1 

x2

⋮
x

, y =

y1 

y2

⋮
yn n

input x

label y

Regression in 1-dimension
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Data: X =

x1 

x2

⋮
x

, y =

y1 

y2

⋮
yn n

input x

label y

Quadratic Regression in 1-dimension

# Still linear regression, but on quadratic features

# Linear layer fit to non-linear features 75



Data: X =

x1 

x2

⋮
x

, y =

y1 

y2

⋮
yn n

input x

label y

Polynomial Regression in 1-dimension

# Still linear regression, but on quadratic features

# Linear layer fit to non-linear features 76



Data: X =

x1 

x2

⋮
x

, y =

y1 

y2

⋮
yn n

input x

label y

Polynomial Regression in 1-dimension

Inner Product

77
Basis Function



Regression in 1-dimension: Landscape of Models
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Which line gives us the best fit?

• Green & purple?

• Orange?

• Red?

Regression in 1-dimension

input x

label y
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Which line gives us the best fit?

• Green & purple?

• Orange?

• Red?

Can’t capture variance. Underfitting

Can’t capture variance. Underfitting

Just right?

Could we take it too far?

Regression in 1-dimension

input x

label y
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Which line gives us the best fit?

• Green & purple?

• Orange?

• Red?

• Blue?

Can’t capture variance. Underfitting

Can’t capture variance. Underfitting

Just right?

Fits random fluctuations / measurement errors

in training dataset. Overfitting.

Regression in 1-dimension
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input x

label y

Note: h can be arbitrary non-linear functions!

The model is linear in the new feature space, 

but it’s nonlinear in the original feature space.

Regression in 1-dimension

Data: X =

x1 

x2

⋮
x

, y =

y1 

y2

⋮
yn n
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input x

label y

Note: h can be arbitrary non-linear functions!

Discussion:

• When would you use sin(x)?

• How should I transform the house
feature: zip code?

Regression in 1-dimension

Data: X =

x1 

x2

⋮
x

, y =

y1 

y2

⋮
yn n
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The model is linear in the new feature space, 

but it’s nonlinear in the original feature space.



input x

label y

Note: h can be arbitrary non-linear functions!

Discussion:

• When would you use sin(x)?

# Cyclic data e.g. weather

• How should I transform the house
feature: zip code?

# Lat / long

This is the art of feature
engineering

Regression in 1-dimension

Data: X =

x1 

x2

⋮
x

, y =

y1 

y2

⋮
yn n
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The model is linear in the new feature space, 

but it’s nonlinear in the original feature space.



input x

label y

Regression in 1-dimension

Data: X =

x1 

x2

⋮
x

, y =

y1 

y2

⋮
yn n

How do we learn w?
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input x

label y

Regression in 1-dimension

Data: X =

x1 

x2

⋮
x

, y =

y1 

y2

⋮
yn n

How do we learn w?
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Most of the slides are based on the ML course of:

• Natasha Jaques, University of Washington
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