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In this note, the solvability of the Pell equation, X> — DY? = 1, is discussed over Z x p'Z. In particular, we show that this equation
is solvable over Z x p'Z for each prime p and natural number I. Moreover, we show that solutions to the Pell equation over
Z x p'Z are completely determined by the & p-continued fraction expansion of VD.

1. Introduction

A Diophantine equation of the form X? — DY? = 1 is known
as the Pell equation, where D is a nonsquare positive integer.
Finding solutions to the Pell equation has always been an
interesting problem.

In this note, we look for solutions to the Pell equation,
X?-DY?=1,in Z x p'Z, where p is an odd prime and
I € N. The problem has been discussed for p =2 by the
authors in [1]. It is well known that X? — DY? = 1 is always
solvable in Z x Z. Suppose (X,,Y,) is a solution of X* —
DY? =1in Z x Z. Then, (X,,Y,) is obtained by comparing
(X;+VDY)) = (X, + \/BYO)2 , which is a solution of Pell
equation in Z x 2!Z. Given a solution (X,,Y,) € Z x2'Z,
one can find infinitely many solutions, (X,,,Y,,1) € Z %
2!Z for n>0, by the following equation:

(Xn+1 + \/BYnH) :(Xl + @Yl)zn- (1)

But this idea does not work for an odd prime. For in-
stance, let D = 5, then (X,Y) = (9,4) and any solution of
the equation can be determined by computing
(Xy + VDY,), where i > 1. Putting i = 3, we get a solution
(2889, 1292), which does not belong to Z x 3Z. One can see
that a solution obtained by computing (X, + VD Y)? does
not belong to Z x p'Z, where (X,,Y,) is the minimal so-
lution of X? — DY? = 1. Thus, we raise a question to discuss
the solvability of X> — DY? = 1in Z x p'Z when p is an odd
prime.

In 2016, Luca et al. proposed a potentially interesting
problem related to the Pell equation. Suppose Z is a subset of
natural numbers. The problem can be stated as discussing
the solvability of the Pell equation over a favorable set of
Z x Z and finding D for which there are more than one
solution of the required form. A lot of development can be
seen in this direction [2-9]. One can consider a similar
problem with the second coordinate of the Pell equation.

Here, we discuss this problem when Z = ', where

ps

Moreover, a solution to the Pell equation with the given
restriction is related to certain continued fractions.
F -continued fractions and their properties have been
studied by Kushwaha et al. in [10-13]. A finite continued
fraction of the form

t%’pzz{iz r,sEZ,s>0,(r,ps):1]>U{oo}. (2)

ei’l
LM (>0 3
0+ b+ a1+ a,+ a, (n=0) G)

or an infinite continued fraction of the form

1p & & ¢

n (4)
0+ b+ a1+ a,+  a,+

where b is an odd integer, a,,a,,... are positive integers
coprime to p, and &, &,, . .. € { £ 1}, with certain conditions
on a; and ¢ is called an F ;-continued fraction. Every
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irrational number has a unique infinite & ;-continued
fraction expansion. The expression

Polpa o & 8
Q;, 0+ b+a+a,+ g

1

for i>0 is called the i-th  ,-convergent which belongs to

X o where

%Pz:<|i: r,seZ,s>0,(r,ps):1}U{oo}. (6)

The F ,-continued fractions also characterize best ap-
proximations of a real number by elements of &, these
approximations are defined in the following way.

A rational number r/s € &, is called the best approx-
imation of « by an element of 2, if for every r'/s' € X P
different from r/s with 0 < s’ <s, we have |sa — 7| < |s'a — ']

Note that a solution (P,Q) € Z x p'Z to X?>-DY? =
+ 1 ensures that P/Q € &',. Thus, we raise the question to
solve the Pell equation in Z x p'Z by using F ,;-continued
fractions. The organization of this article is as follows:
Section 2 recalls the known properties of F ,-continued
fractions. We derive certain results which we will use to
prove our main results. Section 3 deals with the question of
the periodicity of an & ;-continued fraction. In particular,
we show that an irrational number has a periodic
F y-continued fraction if and only if it is a quadratic surd.
The notion of pure periodicity of & ,-continued fractions is
introduced, and related results are proved. In Section 4, we
achieve our main results related to the solvability of Pell’s
equation in Z x p'Z. We conclude this section by adding a
remark on the contribution of our results to algebraic
number theory.

jd

2. Preliminaries

We summarize the basic results of # P:—continued fractions
(for more details refer to [11, 12]). For basic properties of
regular continued fractions and semi-regular continued
fractions we refer to [14, 15]. Furthermore, we derive certain
results related to F pl—continued fractions, which we will use
in the forthcoming sections.

Definition 1. Suppose p is a prime and /€ N. A finite
continued fraction of the form

!
iﬂe_ls_Z...g_n(nzo) (7)

0+ b+ a;+ a,+ a,

or an infinite continued fraction of the form

1P e s & ©)

0+ b+ a1+ a,+  a,+
where b is an integer coprime to p, a;,da,, ... are positive
integers, and ¢,¢,,...€ {£ 1}, such that a;+¢,,>1,
a;+&>1, and gcd(P;,Q;) =1 with P; =a;P;_ | +&P;,,
Qi = aiQi—] + siQi_za (P_lr Q—]) = (1) 0)) and (P()) Q()) =
(b, p') is called an F p-continued fraction.
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Given an & Pz—continued fraction

0+ b+ a,+ a,+ a;+  a,+

1 p &g & & & (9)

the following continued fraction

. (10)
ait ag+  a,t

n
is called the fin at the i-th stage of the & ,;-continued fraction
for i>1. Here, we record certain propositions describing
properties of &% ;-continued fractions.

Theorem 1 (see [11], Theorem 3.2). Suppose x =1/0+
pl/b+e /a,+ey/ay+es/as+--- is an F y-continued fraction
with the sequence of convergence {P;/Q;};,_,. Let y; be the
i-th fin of the continued fraction. Then,

(1) PQiy ~QPiy = +p/

(2)i>1, a;= — &P, ,P;  modp

(3) The sequence {Q;};._, is strictly increasing
(4) P/Q;#P;/Q; fori# j

(5) Foriz1, |y;l<1

(6) For n20, x = xn+1Pn + sn+1Pn—1/xn+1Qn + £n+1Qn—1’
where x; = 1/|y;,i=0

Definition 2. Suppose x € ;. An & ,-continued fraction
of x not ending with 1/1 is said to be an & ;-continued
fraction with a maximum +1 if it has the maximum number
of positive partial numerators excluding ¢, the first partial

numerator, among all its F pz-continued fraction
expansions.
An infinite & P;—continued fraction
1 pl & & 3
Y S S S N (11)

0+ b+ a;+ a,+ a,+

is said to be an & o -continued fraction with maximum +1 if

1
1 p &g ¢ &
0+ b+ a;+ a,+  a;

(12)

is an % ,;-continued fraction with a maximum +1 of the i-th
convergent unless (g;,a;) = (1,1).

Theorem 2 (see [12], Theorem 3.6, Corollary 3.8). Suppose x
is an irrational number. Then,

(1) Thereis a unique F y-continued fraction expansion of
x with maximum +1.

(2) The Pz-continued fraction expansion

1pr & & & (13)
0+ b+ a;+ a,+ a

of x with maximum +1 is obtained as follows:
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Lpli, if([plxj+1,p)¢1
Lp'x)+1, if (Lp'x L p)#1
b =4 ] ] (14)
Lp'x ), if([plxj,p)z1=(Lplxj+1,p)andx<%tpjj+l.
] ]
Lpxl+1, if(Lp'x)p)=1=(Lp'x] + 1, p)andx> P Xl PXIT1
‘ p p
Set y, = p'x - b, (b)
(a) & = sign(y,).
1 . 1 -1
f(— - 1) [ (—— 1) 1# = &piyp;ymodp
|yl |yl
a; = (15)
L <|—1| + 1) |, otherwise.
Vi
P, ¢
(©) Yipy = Uyl — a;. oc—Q—n <Q—i. (16)

Proposition 1 (see [12], Remark 2). Suppose x € R has an
eventually constant F -continued fraction. Then, x € Q if
and only if all but finitely many partial numerators are —1
and all but finitely many partial denominators are 2.

Corollary 1. Suppose « is an irrational number. Then, there
are infinitely many i € N such that ¢;/a; +-1/2.

In Section 1, we introduced the definition of the best

approximation by an element in 2';. The following theorem
records the result on best approximation properties of
F y-continued fractions.
Definition 3. A rational number ulv € Xy is called a best
approximation of x € R by an element of X, if for every
u'lv' e Xy different from ulv with 0<v'<v, we have
lvx —u| < |V x =]

Theorem 3 (see [12], Theorem 4.9, 4.11). Suppose « is an
irrational number and r/s € X ,. Then, r/s is a best ap-
proximation of a by an element of X, if and only if r/s is a
convergent of the F ;-continued fraction of & with maximum
+1.

Lemma 1. Let a be a real number and P;/Q; be the sequence
of convergence of the & ,-continued fraction of a with
maximum +1. Suppose P,/Q,, is an F ;-convergent of a with

p
&pi1/ Oy F—1/2. Then,

Proof. Let y; denote the i-th fin of the & ,-continued
fraction of & with maximum +1 and x; = 1/|y,|. By Theorem
1 (6),

a= er-IPn + €n+1Pn—1 (17)
xn+1Qn + €n+lQn—1
Thus,
‘ _& :lanPn +sn+1pn—1 _&
Qn lanQn + 8n+1Qn—l Qn

_ |sn+1 (Pn—lQn - PnQn—1)|
|(xn+1Qn + £n+1Qn—1)Qn|

pl

B IanQn + 8n+1Qn—1|Qn

Ife,,; =1, then x,,,Q, + €,,,Q,_1 > q,,- If &,,; = —1, we
claim that x,,,; >2. We know that x,,; >1. Let 1<x,,, <2.
By Theorem 2, a,,; =[ (x,,; —Dlora,, =1 (x,,+1)]
so that a,,, =1 or 2. By definition of & ,-continued frac-
tion, ¢,,, + a,,; =1, since ¢,,, = -1, a,,,; # 1. By hypothesis,
€,41/8,41 #—1/2 and hence a,,,, # 2. Therefore, x,,,, >2 and
hence x,,,Q, +¢,,,Q,1 >q,- Thus, we get |a—P,/Q,l
<plIQ. O

(18)

(byTheorem 1(1)).

Using Corollary 1, we have the following corollary of
Lemma 1:



Corollary 2. Suppose « is an irrational number. Then, there
are infinitely many r/s € Xy, such that o —r/s| < pl/s.
3. Periodic & ,-Continued Fractions

An & ,-continued fraction is called periodic of period
length m > 1 with an initial block of lengthn>1,if y, # y,....

for r>1, but y,,; = ¥ (ukmy+i> that is,

Envi = € (nikm)+i and Xnvi = A (nrkm)+i> (19)

for 1 <i<mand k > 0. The continued fraction with no initial
block is called purely periodic. In this section, we discuss that
a periodic & ,-continued fraction reaches a quadratic surd
and vice versa. Recall that a quadratic surd is a solution of a
quadratic equation Ax? + Bx +c¢ = C with integer coeffi-
cients A#0, B, and C such that the discriminant D = B> —
4AC is not a perfect square. Here, we record an observation,
which we will use further.

Lemma 2. A real number « is a quadratic surd if and only if
ua + v is a quadratic surd, where 0+ u € Q and v € Q.

Lemma 3. Suppose « is an irrational number and vy, is the
i-th fin of the F ,-continued fraction expansion of a with

|
1P a & &

n+m
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maximum +1. If y, =y, for some k,r with r>k. Then,
Visj = Yrsjp for each j>1. In particular, the continued
fraction is periodic.

Proof. By 'Theorem 2, y.., =1/|yl—a, where
a; = - &P_,P.! modp. Note that &, = ¢, and y;,; # y, if
and only if a, = a; + 1. Here, we get a contradiction to the
fact that |y,,,| < 1. Thus, the statement is true for j = 1. Now,
suppose for each j>1, yy,; = y,,; The proof is by in-
duction. Using the fact that y; is irrational for each i>1 and
applying the same idea as in the case when j =1, we get
Ykej = Yrsj for each j>1. We can find the smallest n such
that y,.; = y,,, for some s>n (then, 1 <n<k) and choose
the smallest m>n such that y,., = y,,,;. Thus, the con-
tinued fraction is periodic of length m with initial block of
length n. O

Theorem 4. Suppose « is an irrational number. The
Fipl-con'tinued fraction of « is periodic if and only if « is a
quadratic surd.

Proof. Suppose the  ,;-continued fraction of a is periodic
and given by

€ > &

n+1 n+m

n+1 e, (20)

X = .
0+ b+ a1+ a,+ a,,+

where n>0 and m> 1. Then, y,,; = ¥ (1ymiy+1> fOr £=0. By
Theorem 1 (6), for i>0,

_ XinPite Py

= , (21)
X Qi + €1 Qi

where P;/Q; is the i-th convergent, x; = 1/|y;], and y; is the
i-th fin of the # ;-continued fraction of & with maximum
+1. Therefore, y;,, = P; —aQ;/aQ;_ — P;_;. Since y,,, =
y(n+mk)+1’ we get

Pn B “Qn — Pn+m B (erH—m
(XQ”_] - Pn—l aQ(n+m)—1 - P(n+m)—1

> (22)

which gives that « is a root of a quadratic polynomial

Rx* + Sx +1, (23)
where R = Qn—lQn+m - Qn+m_1Qyp S= (ann+m—1 - Pn+m
Qn—l + PnQner—l - Pn—lQner)’ and T = PnPn+m—1 + Pn—l

P,..- We have assumed that « is irrational, so it is a qua-
dratic surd. For the converse part, let us assume that « is a
quadratic surd. Then, by Lemma 2, y, = p'a — b is also a

Apim + Apy1 +

Apem + Ayl +

quadratic surd. Thus, there exists 0+ R, € Z and S, T, € Z
such that

Royi +Soyy + Ty = 0. (24)
Let the & ,-continued fraction of « is given by
1r e e a (25)
+ b+ a;+ a,+  a,+
Then, the semi-regular continued fraction
PRI 6

Let P,/Q, and A;/B, denote the k-th convergent of the
F y-continued fraction of « and the corresponding con-
tinued fraction of y,, respectively. Then, P, = bB; + A, and
Qq = p'By. If y, is the fin at the k-th stage for k> 1, then for
k=1,

At Vi Ak

= , (27)
B+ Yiem1 B

Y1

Replacing the value of y, in (24), we get
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2
R (Ak + yk+1Ak1> LS (Ak + Vi A
0 0
By + Yiem B

B+ YiiBr

2
Ry + Sk + T = 0,

where

2 2
Ri1 = RyAj_ + SoAr1 By + ToBiy
Sir1 = 24k A Ry + (ABy_y + BiAy1)S, + 2B, By, T,
Tisr = RyA; + SyABy + Ty Bi.

(29)
For k>1,
Si+l — 4R T = Sé —4RT,. (30)

I
<P

.a— Py.
|Qu-a — Py Q.

|Bk*)’1 - Ape

We can write A;. = By.y, + 0/By., for some & with
|0] < 1. Using this value, we get

T 1] <[2Ro1| +]So] +|Ro |- (33)

IBk*—lyl - Ak*71| =

1

- lBk*—l + yk*Bk*—2|

1

B A = Ve Ae _A
“TI\ By + Y B s e

)+T0:0,

Ro (A + Y1 Ar1)” + S0 (A + Yirr Arr) (Be + Yk Biy) + To (Bi + ¥ B 1)’ = 0,

(28)

Thus, the discriminant remains unchanged for each k.
We note that R;,; = T}. If for a natural number k, T}, and
T, are bounded, then R, and S, are also bounded since the
discriminant is bounded. Now, we claim that T is bounded
for every k € K, where

£ -1
K, = {k e N| %L 2 inthe F y — continued fractionof oc}.
A1

(31)

By Corollary 1, the cardinality of the set K, is infinite. Let
k* € K,, then by Lemma 1

(32)

1 * * * * *
<B—(sincey1 = ploc -b,P, =bB, + A andQ = plBk).
k*

Hence, T}.,, is bounded. Now, we claim that T). is also
bounded for k* € K. If &./a;. # —1/2, then k* -1 € K,
and we are done. So, let g./a,. =—-1/2. If y;..; >0, then
Xpe >2 @S YPpoyq = Xpe — Ag- and

since Ap_1Bpe_y — Ajr 5B = 1 (34)

1

= < .
lxk*Bk*71 _Bk*72| Bk**l

Now, suppose y.,; <0, then a;.,; >3 so that x.,; >2
(reasoning is the same as in Lemma 1, and the fact that y, is
irrational) and equivalently |y.,;|<1/2. We know that
Uyl =2 = ypoyq and |ype,,1 < 1; therefore, 3/2<1/|y;.|
< 5/2. Using this inequality, we get

! <
|Bk*_1xk* — Bk*—zl Bk*fl.

|y = Ay | = (35)

We apply the same method to get the boundedness of
T} as in the case of Ty.,,, for each k* € K. Thus, we get
Rii1>Sks1> and Ty, are bounded for infinitely many k, that

is, for all k € K, and the discriminant remains unchanged.
But there are only finitely many polynomials with a given
discriminant and bounded coeflicients. Thus, the sequence
Yie With k € K, has entries from a finite set. Thus, there
exist integers r,s € N with r <s such that y,,, = y,,,. The
result is achieved by Lemma 3.

Theorem 5. Suppose « is a quadratic surd with
0<.0c<.1/.pl’1. Then,..‘}f“Pz—continued fraction of « is purely
periodic if and only if @ <0.



Proof. Suppose « is a quadratic surd with 0 < a < 1/p~! and
< 0. Let us assume that the # ,-continued fraction of « is
not purely periodic and it is given by

L P s G g G E & G
0+ b+ ay+ Ayt Gpgt Gppt Gut Guat Gunt
(36)
wheren>1,m>1with y, #y,,,,and y,.; = ¥, s fori>1.
Thus, for i >0,
a:iii,,, sii:PiJrEPH’
0+ b+ aj+  aj+yiq Qi+YiaQiy
(37)
—__h-Qa
Q- Py

We know that P;>0, (since a>0) which gives that

91 <0 fori>0. Furthermore, we claim that y, ; < — 1. Note
that P;=aP,_; +¢P;,, and P;>b>1,Vi>0, so that
P,>P,,. Suppose -1<y;,,;<0, then -1<P;,-Qa/

Q,_,@a—P;_; <0, but P, ; >0, Q;>Q,_, and @ <0 give that
P,_, > P;, which is not possible. Thus, y;,; < —1 for i>0.

Since Y11 = Yypemr1> WE get
€ Enim
e =a —a,. (38)
yn yn+m e "

We note that y,< -1 and y,,< -1, and so
=2<6,/Y — €nam! Vem < 2. The RHS. of (38) is an integer.
We split the discussion into two cases. First, suppose
a,.m * a,,, then without the loss of generality, we may assume
that ¢,/y, — €,/ Vuem = 1. We know that |y,| <1, and
hence, we get ¢,=1=¢,,,. By (38), we get
Yn = yn+m/yn+m +1, but Yn< — 1 and yn+m/yn+m +1>0,

which is not possible. Now, suppose a, =a,,,,, then
e, #¢,,,,- Again, by (38),
g, €
== = (39)
In Vnim

which implies that y,, and y,,,, have different signs; hence,
we get a contradiction.

Now, for the converse part, we assume that o with
0<a<1/p' has a purely periodic continued fraction. By
Theorem 4, we know that « is a quadratic surd. Then, there
exists a positive integer m such that pla —b = y,,,, with

Pm + ym+1Pm—1
Qm + ym+1Qm—1’ (40)

and so p'Q, 0%+ (Q,,-bQ,,_, - p'P,. )+ (bP,,_ -
P,)=0.1f (Q,-bQ,,_; - ple,l)/plQm,l <0, then we are
done. Let us suppose (Q,, —bQ,,_; — ple_l)/plQm_1 > 0.
Then, Q,,/p'Q,,_,>b/p'+P,,_,/Q,_,>2b-1/p' and so
a,, >2b—1 when ¢,, = 1 and a,, >2b, when ¢,, = —1. Using
values of a,, and ¢,, we get bP, _, — P, <0, and hence
a<0. (]

Let D be a positive integer which is not a perfect square;
then, the irrational conjugate of /D is negative. Hence, we
have the following corollary.
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Corollary 3. Suppose D is a positive integer which is not a
perfect square. Then, the F ,-continued fraction of VD is
purely periodic.

The following proposition record the pattern of partial
numerator ¢ and denominator a; in the & j-continued
fraction expansion of VD.

Proposition 2. Suppose D is a positive integer which is not a
perfect square. Let m be the period length of the F ,-con-
tinued fraction of \/D. Then, for m = 1, al =2b wzth & =
p?D -V and form>1, a,, =2b, ¢,,; = &,,;, and a; = a,,_
for an integer i, 1<i Sm/2.

Proof. Suppose m = 1. Then y, = p'v/D - b so that

1 pl 3
VD=—+*~— L 41
0+ b+ a, +(p'vD -b) 4y

Thus VD is a root of the following polynomial:
P +(a, - 2b)p'x +(b2 —ab- sl), (42)

and hence, g,
value of a,, we get ¢;

- 2b = 0; equivalently, a, = 2b. Using the
= pZID - b%. Now, suppose m > 1. Then,

WD-p=L %2 .. ®m
b art a2+ a +(pl\/5 —b) (43)
Let y; denotes the fin at the i-th stage, then
& £
b= =2 ..,
pPVD-b=y, = @ty » Y2 0+, Ym
(44)
— sm
- Ay )’1'

For i>1, the number x; is given by
E:

& £
i i+1 i+2
xiz_zai+——'..' (45)
Vi it Aiga
Then,
& &3 &
X, =a, +—— %X, =0, +—...,X, =dad, +— 46
LT A X T Ao Ky =y (46)
and equivalently,
—& — & _ —& _
x:2=a1—xl,x:3=a2—x2,...,x:1=am—xm. (47)
Thus,
—-£ 3 I3 €
1 m m—1 2
=4, t cee = (48)
X1 Ayt apot a4 —X
Note that —g/x; =p'VD+b, or say, —¢/x;-

2b = p'+/D - b. Using (43) and (48), we get a,,, = 2b, ¢, = ¢,.
Furthermore, using the fact that every irrational has a unique

F y-continued fraction with maximum +1, we get

€14i = Emianda; = a,,_;, (49)

for an integer i with 1<i<m/2. O
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4. Pell Equation

In this section, D denotes a positive integer, which is not a
perfect square. By Corollary 3, the % ,;-continued fraction is
purely periodic. For i >0, P;/Q; denotes the i-th convergent
of the # ,-continued fraction of VD with maximum +1. The

following theorem states that certain & ,-convergence of
VD serve as a solution to X?> — DY? = 1.

Theorem 6. Suppose the F ,-continued fraction of \/D is
periodic of length m.

(1) If m = 1, then
(a) If ¢, = -1, each P,/Q; is a solution to the Pell
equation X* —DY? =1 fori>0
(b) If &, = 1, each Py ,/Q,;,, is a solution to the Pell
equation X* - DY* =1 for i>0
(2

(a) If m(>1) is an odd number, then P,,;_/Qyi_1
is a solution to the Pell equation X?> — DY? =1,
for every k>1

(b) If m( > 1) is an even integer, then P, ;_/Q,i_; is
a solution to the Pell equation X* - DY? = 1, for
every k>1

Proof. Suppose the & ,-continued fraction expansion of
VD is given by
!
VD=L P & & & 8 (50)
0+ b+ a1+ a,+a+ a,+a+
If m = 1, then by Proposition 2, P% - DQ% = —¢,;. Fur-
thermore, we can write
P +(p'VD -b)P,
Q +(p'VD -b)Q,
(51)

B= kapmk—l - Pkamk—l

On comparing rational and irrational parts, we get
P, = p"D+b% andQ, = 2bp, (52)

so that P2 —DQ? = (b* - pD)* = ¢2. Now, suppose the
result is true up to some i>1, that is, P - DQ? = + 1.
Again,

P +(Pl\/l_) _b)Pi

VD = .
Qint +(Pl\/5 - b)Qi

(53)

On comparing rational and irrational parts, we get P, =
bP; + p'DQ; and Q,, = bQ; + p'P; so that
Piy = DQ},y =(P; - DQ)(¥” - pD) = —&,(P} - DQ}).
(54)
If &, = -1, using induction hypothesis, we get that P? -
DQ;? =1 for i>0. Suppose &, = 1, we note that P§ - DQj =
-1 and P} - DQ? = 1. By the induction hypothesis, we as-

sume that P3_| — DQ? , = 1 and P3; - DQ3, = —1. Using the
relation given in (54), we get P%,, —DQ5,, =1 and

P31y~ DQ3iyyy = =1, for i> —1. Now, suppose m>1.
Then, for k>1,

Pmk +(Pl\/B - b)Pmk—l
ka +(Pl\/l_) - b)kafl.

We get ka = mek—l + plek—l and Pmk = plDka—l +
bP,._, so that

! I p2 P
tp = QuikPrik-1 = PrikQuic—1 = P (Pmk—l - Dka—1)’
(56)

VD =

(55)

and hence, P2, -DQ2, = +1 for each k>1. Set

B=p' (P2, |- DQ%, ). If mis even, say m = 2m’, then

= (akamk—l + ekamk—Z)Pmk—l - (amkPmk—l + ‘smkPmk72)ka—l

= Emk (Pmk—lka—Z - ka—lpmk—Z)

(57)

= En€m-1" ' 118w’ 6261 (Qop—l - POQ—I)

)
=618 Gy 8 (P):

Thus, (P2,_, - DQ?,_,) = 1, if m is even. Now, suppose
m is odd and set B' = p' (P}, | — DQ%,,_,). Then,



!
B = QumPotm-1 = PotemQakm-1

= (A2 Qakm-1 + €2kmQakm-2) Pakom-1
Q2mk—1P2mk—2)

= Emk (P mk-1Qomk—2 ~

66 (QOP—I

EmEm-1"""€1&m
2 2 2 1
mEm-1"""€1 (p )

=&

Thus, (P3,, , - DQ3, . ) =1 for each k>1 when m is
odd. O

Lemma 4. Suppose 0 <K < p'/2. Letr/p's € &  be such that

|PISOC - T“ < EI (59)
p's

Then, r/p's is an F p-convergent of a.

Proof Supposeu/pvefl”1W1th0<v<sand|pwx ul <
Ipsa—rl Then,

K
|pvoc u‘<—. (60)
pS
We have
1 u r u K
I—S—l——lS[X—T+(X——l<T+W. (61)
pvs |pv ps pv psl pTsv p°s

Thus, g>s(p'/K - 1). By assumption 0<K < p'/2, and
s0 v> s, which yields a contradiction. Thus, u/p'v € & » with
0O<v<sand Iplvoc —u|= Iplsoc —r| so that r/pls is the best
approximation of & by an element of 2’y and hence an
F y-convergent of a. O

Theorem 7. Let D be a positive integer which is not a perfect
square. Suppose (X,Y) e ZxZ is a solution of the Pell
equation X* —DY? = +1 with Y € p'Z. Then, X/Y is a
convergent of the F ,-continued fraction of VD with max-
imum +1.

Proof. Suppose (P, p'Q) is a solution to X?> — DY? = 1, then

p? —pZIDQZ -1

(P-p'QVD)(P+p'QVD) =1,
(62)

(P-p'QVD) +(P-p'QvD)2p'QVD = 1,

! ! 1
(P—pQ\/B)pQ<ﬁ.

We note that P — p'Q+/D >0, hence by Lemma 4, P/p'Q is
an gpz—convergent of /D (since 1/2v/D < 1). O
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~ (Aot Pomk-1 + €3k Pamic—2) Qi1

(58)

_PoQ—1)

Lemma 5. Suppose P,/Q; denotes the i-th convergent of the

F y-continued fraction of VD with maximum +1. Then,

(1) P} -DQ} = P;,...—DQ2, ., for 0<i< (m—1)
(2) |P? = DQ?| =1 if and only if i =mk - 1, for some
keN
3) |P2 DQ2| - |pm (i+2) Dan—(i+2)|’ fOT’ O<is<
[m/2]-1
Proof. Suppose i>0, the i + 1-th fin is given by
y _ \/EQ, - Pi (63)
Y
" Py -VDQ,
We can write y;,, in the following way:
!
M, +p VD
Yis1 = i 2P ’ (64)
Ni+1

where M;,, = + (P,P,,;, -DQ,Q,.;) and N, =
(P? | — DQ? ). Since the continued fraction of VD is purely
periodic of length m, y; = y4,,,;» Y1 <i<m and k>0. On
comparing the rational and irrational parts, we get
M; = Mgy and Ny = Ny (65)

Thus, Plzl DQ mk+(1 1) Dka+(z 1) Vi<i<m
and k >0, and we get the first statement. Now, suppose |P? —
DQ?| =1 so that [N;,,| = 1. Then,

|yi+2| :'Mi+2 +Pl\/5'<1’ (66)

and hence, -M,,, — 1< p'v/D< - M,,, + 1. For each i,
notice that M; is an integer coprime to p. Thus, the above
inequality gives that M,,, = —b so that

Yir2 = Pl\/B =b= Y1 (67)

for each k>0. Thus, we get i +2 =mk + 1, equivalently,
i = mk — 1. The converse part the second statement is clear
from the proof of Theorem 6. For the third statement, recall
that

5i+2(Pi + \/l—)Qi)

= - 7 68
Pi+1 + \/BQiJrl ( )

ym—(i+1)

Now, we can write
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%Aa+ﬁﬂm(jJA
m—(i+ >

2 2
P iv2) = DQpiinn) = <Pm—(i+2) + P +vDQ Q
i+l i+1

(69)

B(Qm—(i+2)Pi+1 + Qm,<i+3)Pi) =+

B(me(nz)Qm + Qm%i+3)Qi) =

where B = (P, — DQ,_ ) By (70) and (71),
2 2 2 2
Piivg) = DQgina) = $i+2(Pi - DQ; )’ (72)
and hence |P;, ., — DQ,_ ;.| = (P} = DQ})I. o

Combining the results of Theorems 6, 7, and Lemma 5,
we obtain our main result which can be stated as follows.

Theorem 8. Let p be an odd prime and 1 € N. Suppose D is a
positive integer which is not a perfect square. Then,

(1) The Pell equation X* — DY? = 1 is always solvable in
Zxp'z

(2) Let P/Q; denote the (i)-th convergent of the
F y-continued fraction of VD with period m. Then,

(a) If m is even, then the solution set of X> - DY? = 1
is given by

{(Pmk—l’ ka—l)|k € N} (73)

(b) If m>1 is odd, then the solution set of X* -
DY? =1 is given by

{(Pamk-1> Qamk-1) 1k € N (74)

Corollary 4. The number 1 + Dp? is a complete square if and
only if F ,-continued fraction of VD is periodic of length 1.

Remark 1. In algebraic number theory, Dirichlet’s unit
theorem states that the group of units with norm 1, say %, of
Z[VD] is an infinite cyclic group. Rewriting the Pell
equation as

(X+VDY)(X-VDY) =1, (75)
it shows that a solution to this equation contributes to a non-

trivial unit in Z[vD]. Given a solution (X,,Y,), one can
find infinitely many (X,,Y,) by the following equation:

(x,+VDY,)=(X,+ VDY,)". (76)

A solution (X,Y) to Pell equation with the smallest Y >0
serves as a generator of %. Here, we look at a subgroup %
of % which is given by

%y ={X+YVD|X+YVD € %Y € p'z}. (77)

where A= (P, .+ VDQ,_ () and 0<i<|[m/2] - 1.
Using the value of y,,_(;,;) and comparing the rational and
irrational terms, we get

si+2<PiPm—(i+2) + DQiQm—(HZ))’ (70)

8i+2(PiQm—(i+2) + DQiPm4i+2))> (71)

The group %, is a cyclic group of infinite order and the
solution (P,Q) to the Pell equation in Z x plZ with the
smallest Q >0 serves as its generator.

Example 1. The & ;-continued fraction of /5 is

1 3-111 1 -111 1 (78)
0+ 7+ 3+ 2+ 3+ 14+ 3+ 2+ 3+ 14+
The corresponding set of convergent is
{7 20 47 161 2207 6460 15127 51841 710647 } (79)
379721 727 987’2889 676523184 317811 ")’

The continued fraction is periodic of length m = 4, which
is even. The m —1-th convergence is 161/72. Then,
(161)* = 5(72)* = 1. Thus, we get our first solution to Pell
equation in Z x 3Z; now, the next solution is given by the 7-
th convergence which is 51841/23184. One can check that
(51841, 23184) also satisfies the Pell equation. We note that

(161 + V5 72)% = 25921 + 231845 + 25920 = 51841
+23184+/5.

Thus, (51841,23184) is obtained by (161,72) by com-
paring the rational and irrational part of (161 + /5 72)2.
Other solutions can be obtained by the rational and irra-
tional part of (161 + 1/572)", where n € N.

Example 2. Let D = 455, p = 3.Then, 1 + Dp? = 4096 = 64°.
The f;-continued fraction of /455 is

- ..., (81)
0+ 64+ 128+ 128+ 128+
which is purely periodic of length 1. If D =23 and p =5,
then 1+ Dp? =576 = 242, The ¥ continued fraction of

V23 is

- .. (82)
0+ 24+ 48+ 48+ 48+
which is again purely periodic of length 1. We know that
46 =1+ 5- 3% is not a complete square. The F,-continued
fraction of /5 is

1 3-111 1 -111 1 (83)
0+ 7+ 3+ 2+ 3+ 14+ 3+ 2+ 3+ 14+

which is purely periodic of length 4 not of length 1.
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5. Conclusion

This article gives the complete solution set of the Pell
equation X? - DY? =1 under the condition that Y is a
multiple of p', where p is a prime and ! is a natural number.
A solution to the Pell equation with the given restriction can
be obtained by the & ,-continued fraction expansion of VD
with maximum +1. Similar to the classical results, this so-
lution set also has a generating element which is nothing but
the solution (X,Y) with the smallest Y >0. One direct
application to the obtained result is to determine whether for
a given prime p and a positive integer D, the number 1 +
Dp? is a complete square? The answer is yes if the
F ,-continued fraction is periodic of length 1. We believe
that the results of this article will be interesting for the
readers. One can look for the solutions of the generalized
Pell equation with certain restrictions like in [16, 17] with the
help of F ,-continued fractions.
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