Moment generating function and Moment Inequalities

Let X be a random variable and let A = {t € R | E(e'X) is finite}. The function Mx : A — R,
defined by

Mx(t) = E(e™)
is known as the moment generating function (m.g.f.) of the random variable X if F(e!X) is

finite on an interval (—a,a) C A, for some a > 0.

Theorem 1. Let X be a random variable with the moment generating function (m.g.f.) Mx
that is finite on an interval (—a,a), for some a > 0. Then

(1) for each r € {1,2,---}, M)(g)(t) exists on (—a,a), and for each r € {1,2,---}, u,. =

E(XT7) is finite and is equal to ). = E(X") = M)((r)(O), where M)(;) (t) = dr]\;[t)f(t) ;

(2) Mx(t) = 3 gl t € (~a.0).

Example 2. Let X be a random variable with the p.m.f.

ﬁ? kae {1727}
0, otherwise.

fx(k) = {

o0 "

Then # > ‘i—; is not convergent for every t > 0. Thus the moment generating function (m.g.f.)
k=1

of the random variable X does not exist.

Example 3. Let X be a random variable with p.d.f.

fx(z) = {%emﬂ’ ifx>0

0, otherwise.

Now, the moment generating function (m.g.f.) of the random variable X

o)

Mﬂanwﬂzé/aﬁwmh:t<.
0

Also M)((l)(t) = (1722)&)2 and M)(?)(t) = ﬁ, t < 3. It follows that

E(X)=2E(X* =8, and Var(X) =4

Proposition 4. Let X be a continuous random variable that takes only non-negative values with
a p.d.f. fx. Then there exists a p.d.f. gx of X such that gx(z) =0, for x < 0.

Proof. Since X takes only non-negative values, P({X < 0}) = 0. Then the function gx : R —

R, defined by,
) fx(x), ifz>0
9x(2) = {0, if 2 < 0

is a p.d.f. of X (verifyl!). O

Theorem 5. (Markov’s Inequality) If X is random wvariable that takes only non-negative
values, then for any a > 0,

E(X)

PUX > a}) < =

1




Proof. Suppose X is a continuous random variable with a p.d.f. f of X such that f(x) =0, for
x < 0. Then

_ /Oo o f(2)dx

0
= ; acf(x)dx—i—/a xf(x)dx
:MMZ/ o/ (@)da

)za [t

= FE(X)>aP(X >a)

PH{X >a}) <
O

General form of Markov Inequality: Suppose that F(|X|") < oo, for some r > 0. Then,
for any any a > 0,
E(X]")
P({|X] 2 a}) < — .
Corollary 6. (Chebyshev Inequality) Suppose that random variable has finite first two mo-
ments. If p = E(X) and 0% = Var(X). Then, for any any a > 0,
2
o
P{IX —pl > ah) < 7.

Proof. We have P({|X —u| > a}) = P({|X —u|? > a?}) (verify it). Using the Markov Inequality
on the random variable | X — p|?, we have

PUIX — P 2 a2y < ZE 0T _
0.2
= PUIX 2 a)) < T

Example 7. Let X be a random variable with the p.m.f.
Lifee{-1,1}
fx(@)=141, ifz=0
0, otherwise.
Then E(X) = > zfx(z) =0 and E(X?) = 3 2%fx(x) = 1. Therefore, using the Markov

r€Sx rE€Sx
Inequality, we have

P{IX| 2 1)) < -
The exact probability is

P{|X|>1})=P({X e {-1,1}}) =

Definition 8. A random wvariable X is said to have a symmetric distribution about a point
peRifPH{X <p+z})=PH{X >p—=z}),VeeR, e, Fx(p—z)+Fx(p+z)=1,Vz eR.

Remark 9. Let X be a random variable having p.d.f./p.m.f. fx and p € R. Then the distribu-
tion of X is symmetric about p if and only if fx(u—x) = fx(p+x), Vx € R.
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