
Functions of several random variables

Let X = (X1, X2, · · · , Xn) be a n-dimensional random vector. Let g : Rn −→ Rm be a
function such that g−1(A) ∈ BRn , for all A ∈ BRm . Then Y = g(X) is an m-dimensional random
vector.

Suppose joint c.d.f. of X = (X1, X2, · · · , Xn) is FX and m = 1, i.e., Y = g(X) is a random
variable. Let y ∈ R. Then

P (Y ≤ y) = P (g(X1, X2, · · · , Xn) ≤ y)

=


∑

{(x1,x2,··· ,xn):g(X1,X2,··· ,Xn)≤y}
P (X1 = x1, X2 = x2, . . . , Xn = xn), if X is of discrete type∫

{(x1,x2,··· ,xn):g(X1,X2,··· ,Xn)≤y}
f(x1, x2, . . . , xn)dx1dx2 · · · dxn, if X is of continuous type

where f is the joint p.d.f. of X = (X1, X2, · · · , Xn) in case of continuous type.

Example 1. Let X1, X2 be independent uniform distributions U(0, 1). Find the c.d.f. of Y =
X1 +X2 and hence find the p.d.f. of Y .

Solution: The joint p.d.f. of (X1, X2) is

f(x1, x2) =

{
1, if 0 < x1 < 1, 0 < x2 < 1

0, otherwise

Now, the c.d.f. of Y is

FY (y) = P (Y ≤ y)

= P (X1 +X2 ≤ y)

=

∫∫
{(x1,x2): x1+x2≤y}

f(x1, x2)dx1dx2

=



0, if y < 0
y∫
0

( y−x1∫
0

dx2
)
dx1, if 0 ≤ y < 1

1−
1∫

y−1

( 1∫
y−x2

dx1
)
dx2, if 1 ≤ y < 2, (since P (X1 +X2 ≤ y) = 1− P (X1 +X2 > y))

1, if y ≥ 2

=


0, if y < 0
y2

2 , if 0 ≤ y < 1
4y−y2−2

2 , if 1 ≤ y < 2

1, if y ≥ 2

Hence, p.d.f. of Y is

fY (y) =


y, if 0 ≤ y < 1

2− y, if 1 ≤ y < 2

0, otherwise

Example 2. Let X = (X1, X2) be a continuous random vector with joint p.d.f. is

f(x1, x2) =

{
e−x1 , if 0 < x2 ≤ x1 <∞
0, otherwise

. Find p.d.f. of Y1 = X1 +X2 and Y2 = X1 −X2.
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Solution: The c.d.f. of Y1 is

FY1(y) = P (Y1 ≤ y)

= P (X1 +X2 ≤ y)

=

∫∫
{(x1,x2): x1+x2≤y}

f(x1, x2)dx1dx2

=


0, if y < 0
y
2∫
0

( y−x2∫
x2

dx1
)
dx2, if y ≥ 0

=

{
0, if y < 0

(1− e−
y
2 )2, if y ≥ 0

Hence, p.d.f. of Y1 is

fY (y) =

{
0, if y < 0

(1− e−
y
2 )e−

y
2 , if y ≥ 0

Now, the c.d.f. of Y2 is

FY2(y) = P (Y2 ≤ y)

= P (X1 −X2 ≤ y)

=

∫∫
{(x1,x2): x1−x2≤y}

f(x1, x2)dx1dx2

=


0, if y < 0
∞∫
0

( y+x2∫
x2

dx1
)
dx2, if y ≥ 0

=

{
0, if y < 0

1− e−y, if y ≥ 0

Hence, p.d.f. of Y2 is

fY (y) =

{
0, if y < 0

e−y, if y ≥ 0

Transformation of Variables Technique:

Theorem 3. Let X = (X1, X2, · · · , Xn) be a discrete type random vector with support EX and

the p.m.f. fX . Let gi : Rn −→ R be a function such that g−1i (A) ∈ BRn, for all A ∈ BR and Yi =

gi(X), i = 1, 2, · · · , k. Define, for y = (y1, y2, · · · , yk) ∈ Rk, Ay = {x = (x1, x2, · · · , xn) ∈ EX |
g1(x) ≤ y1, . . . , gk(x) ≤ yk} and By = {x = (x1, x2, · · · , xn) ∈ EX | g1(x) = y1, . . . , gk(x) = yk}.
Then the random vector Y = (Y1, Y2, · · · , Yk) is of discrete type with joint c.d.f.

FY (y) =
∑
x∈Ay

fX(x), y ∈ Rk

and the p.m.f.

fY (y) =
∑
x∈By

fX(x), y ∈ Rk.

Example 4. Let X1, X2 be independent random variables with X1 ∼ Bin(n1, θ) and X2 ∼
Bin(n2, θ), where n1, n2 ∈ N. Without using the m.g.f. of Y = X1 +X2, find the p.m.f. of Y .
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Solution: The joint p.m.f. of X = (X1, X2) is given by

fX(x1, x2) = fX1(x1)fX2(x2)

=


2∏
i=1

(
ni
xi

)
θxi(1− θ)ni−xi , if (x1, x2) ∈

2∏
i=1
{0, 1, · · · , ni}

0, otherwise

=


(

2∏
i=1

(
ni
xi

))
θx1+x2(1− θ)(n1+n2)−(x1+x2), if (x1, x2) ∈

2∏
i=1
{0, 1, · · · , ni}

0, otherwise

where
2∏
i=1
{0, 1, · · · , ni} = {0, 1, · · · , n1} × {0, 1, · · · , n2}. Let g : R2 −→ R be a function defined

by g(x1, x2) = x1 + x2. Then Y = g(X) = X1 + X2. Thus, for y /∈ {0, 1, · · · , n1 + n2}, By =
{(x1, x2) ∈ EX | x1 + x2 = y} = ∅ and fY (y) = P (Y = y) = 0. Now, for y ∈ {0, 1, · · · , n1 + n2},
we have

fY (y) = P (Y = y) =
∑
x∈By

fX(x1, x2)

=

n1∑
x1=0

n2∑
x2=0x1+x2=y

( 2∏
i=1

(
ni
xi

))
θx1+x2(1− θ)(n1+n2)−(x1+x2)

=

y∑
x1=0

(
n1
x1

)(
n2

y − x1

)
θy(1− θ)(n1+n2)−y

=

(
n1 + n2

y

)
θy(1− θ)(n1+n2)−y

Therefore, the p.m.f. of Y is

fY (y) =

{(
n
y

)
θy(1− θ)n−y, if y ∈ {0, 1, · · · , n}

0, otherwise

where n = n1 + n2.

Theorem 5. Let X = (X1, X2, · · · , Xn) be an n−dimensional random vector of continuous type
with joint p.d.f. fX .

(1) Let

y1 = g1(x1, x2, . . . , xn)

y2 = g2(x1, x2, . . . , xn)

...

yn = gn(x1, x2, . . . , xn)

be a one-to-one mapping from Rn into Rn sending (x1, x2, . . . , xn) to (y1, y2, . . . , yn).
That is, there exists the inverse transformation

x1 = h1(y1, y2, . . . , yn)

x2 = h2(y1, y2, . . . , yn)

...

xn = hn(y1, y2, . . . , yn)

defined over the range of the transformation.
In other words, the equations yi = gi(x1, x2, . . . , xn), 1 ≤ i ≤ n have a unique solution

xi = hi(y1, y2, . . . , yn), 1 ≤ i ≤ n.
(2) Assume that both the mapping and its inverse are continuous.
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(3) Assume that the partial derivatives

∂xi
∂yj

, 1 ≤ i ≤ n, 1 ≤ j ≤ n

exist and are continuous.
(4) Assume that the Jacobian J of the inverse transformation

J =

∣∣∣∣∣∣∣∣∣∣

∂x1
∂y1

∂x1
∂y2

. . . ∂x1
∂yn

∂x2
∂y1

∂x2
∂y2

. . . ∂x2
∂yn

...
...

. . .
...

∂xn
∂y1

∂xn
∂y2

. . . ∂xn
∂yn

∣∣∣∣∣∣∣∣∣∣
6= 0

for (y1, y2, . . . , yn) in the range of the transformation.

Then Y = (Y1, Y2, · · · , Yn) = (g1(X1, X2, · · · , Xn), g2(X1, X2, · · · , Xn), · · · , gn(X1, X2, · · · , Xn))
is a continuous random vector with joint p.d.f.

fY (y1, y2, · · · , yn) = fX(h1(y1, y2, · · · , yn), h2(y1, y2, · · · , yn), · · · , hn(y1, y2, · · · , yn))|J |

Example 6. Let X1 and X2 be independent uniform distributions U(0, 1). Find p.d.f. of
Y1 = X1 +X2 and Y2 = X1 −X2.

Solution: The joint p.d.f. of (X1, X2) is given by

f(x1, x2) =

{
1, if 0 < x1 < 1, 0 < x2 < 1

0, otherwise

Let y1 = x1 + x2 and y2 = x1 − x2. Then x1 = y1+y2
2 and x2 = y1−y2

2 and

J =

∣∣∣∣∣∂x1∂y1
∂x1
∂y2

∂x2
∂y1

∂x2
∂y2

∣∣∣∣∣ = −1

2

Therefore the joint p.d.f. of Y = (Y1, Y2) is

fY (y1, y2) = f(
y1 + y2

2
,
y1 − y2

2
)|J | =

{
1
2 , if 0 < y1 + y2 < 2, 0 < y1 − y2 < 2

0, otherwise

Now, the marginal p.d.f. of Y1 is

fY1(y1) =

∞∫
−∞

fY (y1, y2)dy2

=



y1∫
−y1

1
2dy2, if 0 < y ≤ 1

2−y1∫
y1−2

1
2dy2, if 1 < y < 2

0, otherwise

=


y1, if 0 < y ≤ 1

2− y1, if 1 < y < 2

0, otherwise
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The marginal p.d.f. of Y2 is

fY2(y2) =

∞∫
−∞

fY (y1, y2)dy1

=



2+y2∫
−y2

1
2dy2, if − 1 < y2 ≤ 0

2−y2∫
y2

1
2dy2, if 0 < y2 < 1

0, otherwise

=


1 + y2, if − 1 < y2 ≤ 0

1− y2, if 0 < y2 < 1

0, otherwise

Example 7. Let X1 and X2 be independent exponential distributions Exp(λ). Show that X1
X1+X2

∼
U(0, 1).

Solution: The joint p.d.f. of (X1, X2) is given by

f(x1, x2) =

{
λ2e−λ(x1+x2), if x1 > 0, x2 > 0

0, otherwise

Let y1 = x1
x1+x2

and y2 = x1 + x2. Then x1 = y1y2 and x2 = (1− y1)y2 and

J =

∣∣∣∣∣∂x1∂y1
∂x1
∂y2

∂x2
∂y1

∂x2
∂y2

∣∣∣∣∣ = y2 6= 0 as x1 > 0 and x2 > 0

Therefore the joint p.d.f. of Y = (Y1, Y2) is

fY (y1, y2) = f(y1y2, (1− y1)y2)|J |

=

{
λ2y2e

−λy2 , if y1y2 > 0, (1− y1)y2 > 0

0, otherwise

=

{
λ2y2e

−λy2 , if 0 < y1 < 1, y2 > 0

0, otherwise

The marginal p.d.f. of Y1 is

fY1(y1) =

∞∫
−∞

fY (y1, y2)dy2

=


∞∫
0

λ2y2e
−λy2dy2, if 0 < y1 < 1

0, otherwise

=

{
1, if 0 < y1 < 1

0, otherwise

Therefore, X1
X1+X2

∼ U(0, 1).
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