Functions of several random variables

Let X = (X1,Xs,---,X,) be a n-dimensional random vector. Let g : R® — R™ be a
function such that g='(A) € Bgn, for all A € Bgm. Then Y = g(X) is an m-dimensional random
vector.

Suppose joint c.d.f. of X = (X1, X2, -, X,) is Fx and m =1, i.e., Y = g(X) is a random
variable. Let y € R. Then

P(Y <y)=P(g(X1,Xo,---, X)) <)

> P(X1=x1,Xy=1x9,..., X, = x,), if X is of discrete type
_ ) {122, 2n)i9(X1, X2, , Xn) <y}
/ f(x1, o, ..., xp)dr1d2y - - - dzy, if X is of continuous type

{(@1,22,,2n):9(X1, X2, , Xn) <y}
where f is the joint p.d.f. of X = (X1, Xy, -+, X,,) in case of continuous type.

Example 1. Let X, Xo be independent uniform distributions U(0,1). Find the c.d.f. of Y =
X1+ Xy and hence find the p.d.f. of Y.

Solution: The joint p.d.f. of (X1, Xs) is

1,if0<z1<1,0<29 < 1
0, otherwise

f(xl,l?) - {

Now, the c.d.f. of Y is

Fy(y) =P(Y <y)
=P(X1+ X2 <y)

_ / / F(x1, 39)day

{(z1,22): w1+z2<y}

0, ify<0

Yy y-z

f( Ik dxg)dxl, ifo<y<1

0 0

= 1 1

1— f ( / da:l)dxg, if 1 <y<2, (since P(X1+Xo<y)=1—P(X;+ X3 >1))
y—1 y—xz2

1, ify>2

0, ify<0

e ifo<y <1

W2 ip <y <2

1, ify > 2

Hence, p.d.f. of Y is

y, if 0 <y <1
fry)=q2-y if1<y<2
0, otherwise

Example 2. Let X = (X3, X2) be a continuous random vector with joint p.d.f. is

e f0<xo <1 <00

0, otherwise

f(x1,22) :{

. Find p.d.f. of Y1 = X1+ Xo and Yo = X1 — X5,
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Solution: The c.d.f. of Y7 is

Fy,(y) = P(Y1 <)
=P(X1+X2<y)

= f(l'l, xg)d.%'lde
{(z1,22): z1+22<y}

0, ify<O0

Y
= 2 Y—I2

f( i d:xl)dacg, ify >0

0 x9
~J0,ify <0
Tl —e %) ify>0

Hence, p.d.f. of Y7 is

0, ify <0
frly) = {(1 — 67%)67%, ify>0

Now, the c.d.f. of Y5 is

Fy,(y) = P(Y2 <y)
= P(X; - X2 <y)

= f(x1, xo)dz1dxs
{(z1,22): z1—22<y}

0, ify<0
oo Yy+xa

f( f dxl)da:g, ify>0

0 x2

0, ity <0
S l1-ev, ify>0

Hence, p.d.f. of Y5 is

0, ify<0
e ¥, ify>0

fr(y) = {

Transformation of Variables Technique:

Theorem 3. Let X = (X1, Xo, -+, X,) be a discrete type random vector with support Ex and
the p.m.f. fx. Let g; : R — R be a function such that gi_l(A) € Bgn, for all A € Bgr and Y; =
9i(X), i =1,2,--- k. Define, fory = (y1,y2,-- ,yr) € R¥, Ay = {z = (21,22, ,2,) € Ex |
91(z) <1, g1(x) <y} and By = {z = (v1,29,- - ,25) € Ex | g1(z) = y1,. .., gk(Z) = Y }-
Then the random vector Y = (Y1,Ya, -+ ,Yy) is of discrete type with joint c.d.f.

Fy(y) =Y fx(x), yeR*

and the p.m.f.
Example 4. Let X1, Xy be independent random variables with X1 ~ Bin(ni,0) and Xo ~

Bin(ng, 0), where ny,ne € N. Without using the m.g.f. of Y = X1 + Xa, find the p.m.f. of Y.
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Solution: The joint p.m.f. of X = (X1, Xy) is given by
fx(@1,22) = fx,(21) fx,(22)

2

H ("1)0“(1 — 9)774—%;7 if (.%1,582) S 12[ {0, 1,--- ,ni}

i=1 i=1
0, otherwise

2
< )9@"1%2(1 — g)(mtn2)=(@ite2) if (1) 29) € T]{0, 1, ,n;}
= i=1
0, othervvlse

where H{O, L---,n;} ={0,1,--- ,n1} x {0,1,--- ,ng}. Let g : RZ — R be a function defined
=

by g(a:l,xg) =1+ 22. Then Y = g(X) = X1 + Xo. Thus, for y ¢ {0,1,-- ,n1 + na}, B, =
{(z1,22) € Ex |z1+ 22 =y} =0 and fy(y) = P(Y =y) = 0. Now, for y € {0,1,--- ,n1 +na},
we have

fry) =P =y)=>_ fx(z1,22)

z€EBy

n2

2 T r1+x (n14+n2)—(x1+x2)
= Z Z <H<$z>>9 1+ 2(1—(9) 1+n2 1ta2

x1=02x0= 01‘1+x2=y i=1

S0 e

T
x1=0
_ <n1 + n2>0y(1 . 0)(n1+n2)fy
Y
Therefore, the p.m.f. of Y is

i 93/(]_ - e)n_y7if Y€ {07 ]-7 T 771}
fr(y) = G) .
0, otherwise
where n = ni + no.
Theorem 5. Let X = (X1, Xo, -+, X,) be an n—dimensional random vector of continuous type
with joint p.d.f. fx.
(1) Let
yl = gl(fEl,CCQ, s 7xn)
y2 = 92(551,562, cee 7xn)
yn = gn(xlwrQ? cee >$n)
be a one-to-one mapping from R™ into R™ sending (x1,x2,...,Tn) to (Y1,Y2,- - Yn)-

That is, there exists the inverse transformation

1 =hi(y1,92,- -, Yn)
x2 = ha(y1, 92, -, Yn)

In = hn(y17y27 cee 7yn)

defined over the range of the transformation.
In other words, the equations y; = gi(x1,T2,...,xy), 1 <i < n have a unique solution
Ty = hi(yl,?/%- ~>?/n), 1 S 1 S n.
(2) Assume that both the mapping and its inverse are continuous.
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(3) Assume that the partial derivatives

9

1<i<nl1<j<n
0y,

exist and are continuous.
(4) Assume that the Jacobian J of the inverse transformation

Oz Oz [ezay
5 5 c B
o1y Oy o)
5 3 e B
J=| e o
Ozn  Oxn Oxn
Oyr  Oy2 "7 Oyn
for (y1,y2,--.,Yyn) in the range of the transformation.

ThenX: (Y17Yé7' o 7Yn) - (91(X17X27"‘ 7Xn)7g2(X17X27' o 7Xn)7"‘ 7gn(X17X27” . 7Xn))
18 a continuous random vector with joint p.d.f.

fY(y17y27"' 7yn) = fX(hl(yhva”' 7yn)ah2(y17y2a"' 7yn)7"' ahn(y17y27"' 7y7l))|‘]‘

Example 6. Let X; and Xo be independent uniform distributions U(0,1). Find p.d.f. of
Y1 = X1+ X9 and Yo = X7 — Xo.

Solution: The joint p.d.f. of (X1, X3) is given by

1,if0<z1 <1,0<29 <1
flx1,22) = .
0, otherwise
Let y; = 1 + 22 and ys = 71 — T9. Then z1 = yl'gw and z = 5% and
Oz1  Oz1 1
_ |0 I5] _
J=16d, omy| = 3
dy1  Oy2

Therefore the joint p.d.f. of Y = (Y1, Y2) is

1 -

y1+Y2 Y1 — Y2 5, f0<y1 +92<2,0<y; —y2 <2

Sy (w1, y2) = f( , )| J| =< 2 .
2 2 0, otherwise

Now, the marginal p.d.f. of Y7 is

o0

fri(n) = / Fy (1, ) dys

Y1

[ Adys, if0<y <1
2t

22—y

[ idys, ifl<y<2
y1—2

0, otherwise

=<2—y, ifl<y<?2
0, otherwise
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The marginal p.d.f. of Y5 is

fva(y2) = / fy (y1, y2)dy

2+y2
[ 3dys, if —1<y2<0
—y2
— ) 2y
[ ddyo, f0<y2 <1
Y2
0, otherwise
L+ys, if —1<y2<0
=< 1l—y, fO<ys <1

0, otherwise

Example 7. Let X1 and Xy be independent exponential distributions Exp(\). Show that ﬁ ~
U(0,1).

Solution: The joint p.d.f. of (X1, X3) is given by

A2emA@Fe2) Hif gy > 0,29 > 0
f(xlv CCQ) = 1
0, otherwise

Let y1 = ;54 and y2 = 21 + 22. Then z1 = y1y2 and 23 = (1 — y1)y2 and
Oz Oxy
J:% %:y2#0a8m1>03ndx2>0
Oy1 Oy2

Therefore the joint p.d.f. of Y = (Y1, Y2) is
fy(yi,92) = flyiye, (1 —y1)y2)|J]|

Nyge 2 if yyys > 0, (1 — y1)y2 > 0
0, otherwise

_ Nyge ™2 if 0 < y; < 1,40 >0
0, otherwise

The marginal p.d.f. of Y7 is

fri(n) = / Py (1, y2)dys

o0

f Azyge_Adeyg, ifo<y; <1
=40

0, otherwise

L o<y <1
B 0, otherwise

Therefore, ﬁ ~U(0,1).



