Joint Moment generating function

Let X = (X1, X9,--+, X,) be a n— dimensional random vector and let A = {(¢1,t9, -+ ,t,) €

t; X;

R" | E(ei=t ') is finite}. The function Mx : A — R, defined by

> tiX;
MX(E):E(ezzl )7 Vz:(tthv"'?tn)eA
i 1 X
is known as the joint moment generating function (j.m.g.f.) of the random vector X if F(ei=1 )
is finite on a rectangle (—a,a) C A for some (a1, a2, - ,a,) € R, where a; >0, i =1,2,--- ,n.

Note:

(1) Mx(0) = 1, where 0 = (0,0,---,0).
i 1 X n n

(2) Ile, X27 v 7XTL are independent, then MX(E) = E(ei:l ) — E( H etiXi) — H E(etiXi)

1=1 i=1

n
=[] Mx,(t:), Vit=(t1,ta,--- ,tn) € A, where Mx, is the m.g.f. of X;, i=1,2,...,n.
i=1
Theorem 1. Let X = (X1, Xs, -+, X,) be a n— dimensional random vector with the joint
moment generating function (j.m.g.f.) Mx that is finite on a rectangle interval (—a,a) =
(—ai,a1) X (—ag,a2) X -+ X (—apn,a,) CR", where a; >0, i =1,2,...,n. Then Mx possesses
partial derivatives of all orders in (—a,a). Furthermore, for positive integers ki, ka, ..., ky,

E(XM Xk . xkny = Mx(t)| , wheret = (t1,ta,--- ,tp) and0 = (0,0,--- ,0).

othothr ..otk ]

[ ok1+ka++kn

In particular,

E(X;) = [aMX(t)} ,1=1,2,...,n;

ot; =0

8777,
E(ern) = |: mMX(t):l ’ 1_1727 7n7

ot} =0
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Var(X;) = | =5 Mx(t — | ==Mx(t ,i=1,2,...,n;
ar( ) [015? X()} t=0 ([8ti X(i) t0> ' "

and, fori,j € {1,2,...,n},i#j

r 2
CO’U(XZ',X]') == E(XZXJ) - E(X,L)E(X]) = at(?atj MX(t):|

R CRE=C
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Also

Mx(0,-++,0,t;,0,---,0) = B(e""™) = My, (t;);

Mx(0,-++,0,£;,0,++,0,8;,0, -+ ,0) = B(e"N5%) = My, x,(ti,t;), 4,5 € {1,2,...,n},
provided the involved expectations are finite.

Definition 2. Let X andY be two n— dimensional random vectors with joint c.d.f. Fx and Fy
respectively. We say that X and Y have the same distribution (or are identically distributed) if

Fx(z) = Fy(x), V x € R". In this case,it is written as X 4 Y.

Theorem 3. (1) Let X and Y be two n— dimensional random vectors with joint p.m.f.’s

fx and fy, respectively. Then, X 4 Y if and only if fx(z) = fy(z). V2 € R™
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(2) Let X and Y be two n— dimensional continuous type random vectors. Then, X dy
if and only if there exist versions of joint p.d.f.’s fx and fy of X and Y, respectively,
such that fx(z) = fy(z). ¥V € R™.

Theorem 4. Let X and Y be two n— dimensional random vectors of either discrete type or

of continuous type with X 4 Y. Then, for any function h : R* — R with h='(A) € Bgn, for
every A € Bgr, we have

and

provided the expectations are finite.

Theorem 5. X; and Xy are independent random variables if and only if Mx, x,(t1,t2) =
MXl,Xg(thOa)MXl,Xg(Oth); fOT‘ all (tl,tQ) € ]R2.

Theorem 6. Let X and Y be two n— dimensional random vectors of either discrete type or
of continuous type with having joint m.g.f.’s Mx and My, respectively that are finite on a
rectangle (—a,a) C A for some (ai,as, - ,a,) € R", where a; > 0, i = 1,2,--- ,n. Suppose

that Mx (t) = My (t),V t € (—a,a). Then X LY.

Example 7. Let X1, Xo, ..., X, be independent random variables such that X; ~ Bin(n;,0), 0 <
0 <1,n{1,2,---},i=1,2,...,n. Then show that

iXi ~ Bin(i n;,0).
i=1 i=1
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Solution: Let Y = >  X;. Then
i=1

= (1—0+0e)= | VieR

ni,0) is (1 — 0 + e*)i=1 | by Theorem 6, Y ~ Bin(
1 i

nl,G)
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Since m.g.f. of Bin(
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