
Joint Moment generating function

Let X = (X1, X2, · · · , Xn) be a n− dimensional random vector and let A = {(t1, t2, · · · , tn) ∈

Rn | E(e

n∑
i=1

tiXi

) is finite}. The function MX : A −→ R, defined by

MX(t) = E(e

n∑
i=1

tiXi

), ∀ t = (t1, t2, · · · , tn) ∈ A

is known as the joint moment generating function (j.m.g.f.) of the random vector X if E(e

n∑
i=1

tiXi

)
is finite on a rectangle (−a, a) ⊆ A for some (a1, a2, · · · , an) ∈ Rn, where ai > 0, i = 1, 2, · · · , n.

Note:

(1) MX(0) = 1, where 0 = (0, 0, · · · , 0).

(2) IfX1, X2, · · · , Xn are independent, thenMX(t) = E(e

n∑
i=1

tiXi

) = E(
n∏

i=1
etiXi) =

n∏
i=1

E(etiXi)

=
n∏

i=1
MXi(ti), ∀ t = (t1, t2, · · · , tn) ∈ A, where MXi is the m.g.f. of Xi, i = 1, 2, . . . , n.

Theorem 1. Let X = (X1, X2, · · · , Xn) be a n− dimensional random vector with the joint
moment generating function (j.m.g.f.) MX that is finite on a rectangle interval (−a, a) =
(−a1, a1)× (−a2, a2)× · · · × (−an, an) ⊆ Rn, where ai > 0, i = 1, 2, . . . , n. Then MX possesses
partial derivatives of all orders in (−a, a). Furthermore, for positive integers k1, k2, . . . , kn,

E(Xk1
1 Xk2

2 · · ·X
kn
n ) =

[
∂k1+k2+···+kn

∂tk11 ∂t
k2
2 · · · ∂t

kn
n

MX(t)

]
t=0

, where t = (t1, t2, · · · , tn) and 0 = (0, 0, · · · , 0).

In particular,

E(Xi) =

[
∂

∂ti
MX(t)

]
t=0

, i = 1, 2, . . . , n;

E(Xm
i ) =

[
∂m

∂tmi
MX(t)

]
t=0

, i = 1, 2, . . . , n;

V ar(Xi) =

[
∂2

∂t2i
MX(t)

]
t=0

−
([

∂

∂ti
MX(t)

]
t=0

)2

, i = 1, 2, . . . , n;

and, for i, j ∈ {1, 2, . . . , n}, i 6= j

Cov(Xi, Xj) = E(XiXj)− E(Xi)E(Xj) =

[
∂2

∂ti∂tj
MX(t)

]
t=0

−
[
∂

∂ti
MX(t)

]
t=0

[
∂

∂tj
MX(t)

]
t=0

.

Also

MX(0, · · · , 0, ti, 0, · · · , 0) = E(etiXi) = MXi(ti);

MX(0, · · · , 0, ti, 0, · · · , 0, tj , 0, · · · , 0) = E(etiXi+tjXj ) = MXi,Xj (ti, tj), i, j ∈ {1, 2, . . . , n},

provided the involved expectations are finite.

Definition 2. Let X and Y be two n− dimensional random vectors with joint c.d.f. FX and FY

respectively. We say that X and Y have the same distribution (or are identically distributed) if

FX(x) = FY (x), ∀ x ∈ Rn. In this case,it is written as X
d
= Y .

Theorem 3. (1) Let X and Y be two n− dimensional random vectors with joint p.m.f.’s

fX and fY , respectively. Then, X
d
= Y if and only if fX(x) = fY (x). ∀ x ∈ Rn.
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(2) Let X and Y be two n− dimensional continuous type random vectors. Then, X
d
= Y

if and only if there exist versions of joint p.d.f.’s fX and fY of X and Y , respectively,
such that fX(x) = fY (x). ∀ x ∈ Rn.

Theorem 4. Let X and Y be two n− dimensional random vectors of either discrete type or

of continuous type with X
d
= Y . Then, for any function h : Rn −→ R with h−1(A) ∈ BRn, for

every A ∈ BR, we have

h(X)
d
= h(Y )

and
E(h(X)) = E(h(Y )),

provided the expectations are finite.

Theorem 5. X1 and X2 are independent random variables if and only if MX1,X2(t1, t2) =
MX1,X2(t1, 0, )MX1,X2(0, t2), for all (t1, t2) ∈ R2.

Theorem 6. Let X and Y be two n− dimensional random vectors of either discrete type or
of continuous type with having joint m.g.f.’s MX and MY , respectively that are finite on a
rectangle (−a, a) ⊆ A for some (a1, a2, · · · , an) ∈ Rn, where ai > 0, i = 1, 2, · · · , n. Suppose

that MX(t) = MY (t), ∀ t ∈ (−a, a). Then X
d
= Y .

Example 7. Let X1, X2, . . . , Xn be independent random variables such that Xi ∼ Bin(ni, θ), 0 <
θ < 1, ni{1, 2, · · · }, i = 1, 2, . . . , n. Then show that

n∑
i=1

Xi ∼ Bin(

n∑
i=1

ni, θ).

Solution: Let Y =
n∑

i=1
Xi. Then

MY (t) = E(e
t

n∑
i=1

Xi

)

= E(
n∏

i=1

etXi)

=
n∏

i=1

E(etXi)

=
n∏

i=1

MXi(t)

=

n∏
i=1

(1− θ + θet)

= (1− θ + θet)

n∑
i=1

ni

, ∀ t ∈ R

Since m.g.f. of Bin(
n∑

i=1
ni, θ) is (1− θ + θet)

n∑
i=1

ni

, by Theorem 6, Y ∼ Bin(
n∑

i=1
ni, θ).
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