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Important Instructions:

1. This question paper contains two pages.

2. Attempt all questions. There is no credit for a solution if the appropriate work is not shown, even if the answer
is correct. All the notations are standard and same as used in the lecture notes.

3. Attempt all the parts of a question at the same place. Parts done separately will not be graded.

4. The use of any electronic gadgets, including smart watches, calculators is not allowed.

1. A drawer contains two coins. One is an unbiased coin, which when

tossed, is equally likely to turn up heads or tails. The other is a biased

coin, which will turn up heads with probability p and tails with probabil-

ity 1− p. One coin is selected at random from the drawer. The selected

coin is tossed n times. Given that the coin turns up heads k times and

tails n− k times, what is the probability that the coin is biased? [5]

Let E1 be the event that the coin is fair and E2 be the event that the

coin is biased.

Solution: Let E be the event that out of n tosses, head occurs k times

and tail occurs n− k times.

We have, P (E1) = P (E2) =
1
2 [1]

For a fair coin, P (E | E1) =
(︁
n
k

)︁ (︁
1
2

)︁n
[1]

For a biased coin, P (E | E2) =
(︁
n
k

)︁
pk(1− p)n−k [1]

We need to find P (E2 | E).

By the definition of conditional probability,



P (E2 | E) =
P (E2 ∩ E)

P (E)

=
P (E2)P (E | E2)

P (E1)P (E | E1) + P (E2)P (E | E2)

=
1
2

(︁
n
k

)︁
pk(1− p)n−k

1
2

(︁
n
k

)︁ (︁
1
2

)︁n
+ 1

2

(︁
n
k

)︁
pk(1− p)n−k

=
pk(1− p)n−k(︁

1
2

)︁n
+ pk(1− p)n−k

.

Hence, P (E2 | E) = pk(1−p)n−k

(12)
n
+pk(1−p)n−k

[2]

2. Let X be a continuous random variable following exponential distri-

bution with parameter λ > 0. Define Y = [X ], where [x] denote the

greatest integer less than or equal to x. Then, [5]

(a) find the probability mass function (p.m.f.) of Y.

Solution: Let X ∼ exp(λ) and Y = ⌊X⌋, so Y = h(X) with

h(x) = ⌊x⌋. fX(x) = λe−λx, x > 0 [1]

The support of Y is EY = {⌊x⌋ : x ∈ EX} = N ∪ {0}.
For y ∈ N ∪ {0}:

fY (y) = P (Y = y)

= P (⌊X⌋ = y)

= P (h(X) = y) = P
(︁
X ∈ h−1(y)

)︁
= P

(︁
X ∈ [[y], [y] + 1)

)︁
[1]
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Let [y] = i,

P
(︁
X ∈ [i, i + 1)

)︁
= λ

∫︂ i+1

i

e−λx dx

=
λ

(−λ)

[︂
e−λx

]︂i+1

i

= e−λi − e−λ(i+1)

= e−λi
(︁
1− e−λ

)︁
. [1]

fY (y) =

⎧⎨⎩e−λy
(︁
1− e−λ

)︁
, y ∈ {0, 1, 2, · · · }, [1/2 + 1/2]

0, otherwise.

(Using CDF method)- Let X ∼ exp(λ) and Y = ⌊X⌋.
fX(x) = λe−λx, x > 0 [1]

FX(x) =

⎧⎪⎨⎪⎩
0, x ≤ 0

1− e−λx, x > 0

The CDF of Y is

FY (y) = P (Y ≤ y) = P (⌊X⌋ ≤ y) = P
(︁
X < ⌊y⌋ + 1

)︁
[1]

= FX

(︁
⌊y⌋ + 1

)︁
= 1− e−λ(⌊y⌋+1)

FY (y) =

⎧⎨⎩0, y < 0

1− e−λ(⌊y⌋+1), y ≥ 0
[1]
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Therefore,

P (Y = y) = FY (y)− FY (y − 1)

=
(︂
1− e−λ(⌊y⌋+1)

)︂
−
(︂
1− e−λ⌊y⌋

)︂
= e−λy − e−λ(y+1)

= e−λy
(︁
1− e−λ

)︁
⇒ fY (y) =

⎧⎪⎨⎪⎩
e−λy

(︁
1− e−λ

)︁
, y ∈ {0, 1, 2, . . . }

0, otherwise
(12 +

1
2)

(b) Identify Y as a known discrete distribution and state its parameters.

Solution: Let p = 1− e−λ and q = e−λ. Then

fY (i) = p qi, i = 0, 1, 2, . . . . Thus Y ∼ Geo(p) [1]

3. LetX be a continuous random variable with probability density function

(p.d.f.) given by: [6]

fX(x) =
e−|x|

2
, −∞ < x < ∞.

(a) Find the moment generating function MX(t) and write the domain

where MX(t) exists.

(b) Calculate the mean E(X) and the variance V ar(X).

Solution: Given the probability density function

fX(x) =
e−|x|

2
, −∞ < x < ∞.

The moment generating function of X is

MX(t) = E
(︁
etX

)︁
.
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Therefore,

MX(t) =

∫︂ ∞

−∞
etx

e−|x|

2
dx

=
1

2

∫︂ 0

−∞
etxex dx +

1

2

∫︂ ∞

0

etxe−x dx [1]

=
1

2

∫︂ 0

−∞
e(t+1)x dx +

1

2

∫︂ ∞

0

e(t−1)x dx

For the integrals to converge, we require

t + 1 > 0

and

t− 1 < 0.

Hence,

t > −1 and t < 1.

Thus, t ∈ (−1, 1) . [1]

Now,

MX(t) =
1

2

[︃
e(t+1)x

t + 1

]︃0
−∞

+
1

2

[︃
e(t−1)x

t− 1

]︃∞
0

=
1

2

(︃
1

t + 1
− 1

t− 1

)︃
=

1

2

(︃
(t− 1)− (t + 1)

(t + 1)(t− 1)

)︃
=

1

1− t2
.
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Therefore, MX(t) =
1

1− t2
, −1 < t < 1 . [1]

Mean: We know that

E(X) = M ′
X(0).

Differentiating,

M ′
X(t) =

d

dt

(︃
1

1− t2

)︃
=

2t

(1− t2)2
.

Hence,

E(X) = M ′
X(0) = 0.

Therefore, E(X) = 0 . [1]

Variance: We have

E(X2) = M ′′
X(0).

Differentiating again,

M ′′
X(t) =

d

dt

(︃
2t

(1− t2)2

)︃
=

2

(1− t2)2
+

8t2

(1− t2)3

=
2(1 + 3t2)

(1− t2)3
.

Therefore,

E(X2) = M ′′
X(0) = 2. [1]
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Now,

Var(X) = E(X2)− [E(X)]2.

Hence,

Var(X) = 2− 02 = 2.

Therefore, Var(X) = 2 . [1]

4. Does there exist a random variable X with mean 5 and variance 9 such

that P (−1 < X < 11) = 0.6? Justify your answer. [4]

Solution: Given,

P (−1 < X < 11) = 0.6

Now, P (−6 < X − 5 < 6) = P (|X − 5| < 6) = 1−P (|X − 5| ≥ 6) [1]

Applying Chebyshev‘s Inequality, P (|X − µ| ≥ a) ≤ σ2

a2
[1]

we have

P (|X − 5| ≥ 6) ≤ 1
4

1− P (|X − 5| ≥ 6) ≥ 1− 1
4 = 0.75

P (|X − 5| < 6) ≥ 0.75 [1]

which is a contradiction as problem states P (−1 < X < 11) = 0.6.

So, no such random variable can exist. [1]

5. LetX ∼ N(µ, σ2) so that P (X < 89) = 0.881 and P (X < 94) = 0.985.

Find µ and σ2. [5]

Solution:

X ∼ N(µ, σ2), P (X < 89) = 0.881, P (X < 94) = 0.985.

P

(︃
X − µ

σ
<

89− µ

σ

)︃
= 0.881 ⇒ Φ

(︃
89− µ

σ

)︃
= 0.881 [1]
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Φ

(︃
89− µ

σ

)︃
= 0.881 ⇒ 89− µ

σ
= 1.18 [1]

Φ

(︃
94− µ

σ

)︃
= 0.985 ⇒ 94− µ

σ
= 2.17 [1]

89− µ = 1.18σ, 94− µ = 2.17σ

5 = (2.17− 1.18)σ ⇒ σ =
5

0.99
≈ 5.05

µ = 89− 1.18(5.05) ≈ 83.04 [1]

σ2 = (5.05)2 ≈ 25.51 [1]
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