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3Department of Medical Physics and Biomedical Engineering, University College London, Gower Street, London WC1E 6BT,
United Kingdom

ABSTRACT:
This study numerically solves inhomogeneous Helmholtz equations modeling acoustic wave propagation in

homogeneous and lossless, absorbing and dispersive, and inhomogeneous and nonlinear media. The traditional Born

series (TBS) method has been employed to solve such equations. Simulated pressure field patterns for a linear array

of acoustic sources (a line source) estimated by the TBS procedure exhibit excellent agreement with that of a

standard time domain approach (the K-WAVE toolbox). For instance, the maximum absolute error of normalized

pressure amplitude made by the proposed technique for the homogeneous and lossless medium is �2% with respect

to the latter method. The TBS scheme, though iterative, is a very fast method. For example, the graphics processing

unit (GPU)-enabled CUDA C code implementing the TBS procedure for calculating the pressure field for the

homogeneous and lossless medium is 102� faster than the K-WAVE module and also 4� faster than the corresponding

central processing unit C code for the computational domain considered in this study (4096� 4096). The findings of

this study demonstrate the effectiveness of the TBS method for solving inhomogeneous Helmholtz equation, while

the GPU-based implementation significantly reduces the computation time. In this work, the capability and perfor-

mance of the method have been tested in two dimensions only.VC 2026 Acoustical Society of America.
https://doi.org/10.1121/10.0042817
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I. INTRODUCTION

Ultrasound (US) imaging is a very popular medical

imaging modality because it is cheap, portable, noninvasive,

and nonionizing (Wang et al., 2020). However, it can pro-

vide images of deeply seated soft tissue structures (penetra-

tion depth is about 6 cm for a 5MHz transducer). Accurate

determination of the pressure field emitted by a transducer is

of profound importance for system design, image recon-

struction, understanding wave-medium interactions, tissue

characterization, development of beamforming algorithms,

dosimetry for high intensity focused US therapy, and train-

ing of ultrasonographers (who use US equipment, generate

and interpret images) (Gu and Jing, 2015). Different variants

of time-dependent inhomogeneous wave equations are avail-

able that model acoustic wave propagation in real tissue. In

general, such an equation is solved numerically to yield the

pressure field distribution for a given set of initial and

boundary conditions (van Manen et al., 2005). An ideal sim-

ulator should (i) accommodate various transducer geome-

tries (single element, multi-element, linear, curved, and

phased array transducers), (ii) provide faithful solutions for

realistic (homogeneous and lossless, absorbing and disper-

sive, and inhomogeneous and nonlinear) media, and (iii)

handle a large computational domain and perform fast cal-

culations for long travel time (e.g., a 6 cm distance corre-

sponds to 200 and 400 wavelengths at 5 and 10MHz,

respectively).

The full wave equation is available in the literature,

which models propagation of acoustic waves in a nonlinear,

heterogeneous, and absorbing medium (Jing and Cleveland,

2007; Pinton et al., 2011). For many realistic problems, a

simple version, known as the Westervelt equation, can be

derived. When backward-propagating waves are negligible,

a one-way formulation of the Westervelt equation may be

used, in which only forward-propagating components of the

acoustic field are retained while preserving the full wave

dispersion relation. Under an additional paraxial (narrow-

angle) assumption on diffraction, this one-way Westervelt

formulation further reduces to the Khokhlov–Zabolotskaya–

Kuznetsov (KZK) equation, where the hemispherical disper-

sion relation is approximated by a paraboloidal surface.

Pinton et al. (2011) solved the full wave equation using the

finite difference method in the time domain. The KZK equa-

tion and one-way formulations of the Westervelt equation

have been solved by many groups using operator-splittinga)Email: ratank.saha@iiita.ac.in
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and related numerical techniques (Jing and Cleveland, 2007;

Varslot and Taraldsen, 2005; Zemp et al., 2003). The itera-

tive nonlinear contrast source (INCS) method reformulates

the nonlinear Westervelt equation into an integral equation

framework, offering high-fidelity modeling of complex scat-

tering and inhomogeneous media with higher computational

cost (Demi et al., 2010; Verweij and Huijssen, 2009). The

computational methodology is termed as the iterative

Neumann scheme. Another well accepted simulation soft-

ware is the K-WAVE toolbox, where the k-space pseudospec-

tral method is implemented (Treeby and Cox, 2010a). This

methodology can take care of various transducer geometries,

as well as linear and nonlinear features of the propagating

medium, and facilitates reliable estimates of pressure field

patterns. However, as expected, the computational cost of K-

WAVE grows significantly with domain size and simulation

duration, particularly in three-dimensional (3D) settings.

For linear media, the Green’s function method has been

widely utilized to solve time-dependent wave equations. For

example, the FIELD II software calculates the spatial impulse

response of a transducer based on the Green’s function

approach (Jensen, 1991). The Rayleigh integral has also

been carried out to estimate the field distribution of a trans-

ducer of interest (Wu et al., 2022). These methods perform

satisfactorily for homogeneous and lossless tissue media.

Numerical solutions, using finite element and finite differ-

ence time domains, of wave equations involving fractional

Laplacian operators for lossy media have been explored

(Chen and Holm, 2004).

The broadband generalized angular spectrum method

(BBGASM) is a powerful frequency domain approach for

simulating nonlinear acoustic wave propagation in ultra-

sound applications. BBGASM enables fast and efficient

broadband simulations with accuracy for multi-harmonic

fields and is effective when graphics processing unit (GPU)

accelerated (Varray et al., 2011; Varray et al., 2013).

Exploring the frequency domain approach, a toolbox

referred to as SIMUS, has been developed (Garcia and Varray,

2024).

For reproducibility and broader accessibility, an open

source tool such as mSOUND has been developed, providing

user-friendly simulation environments for both linear and

nonlinear acoustic propagation in heterogeneous media (Gu

and Jing, 2021). Computations are conducted in the time

domain as well as the frequency domain (mixed-domain

solver). Recently, deep learning methods have been

explored to solve elastic/acoustic wave equations in various

contexts (Sai Ganesh et al., 2022; Mehtaj and Banerjee,

2025; Veerababu and Ghosh, 2025). Exploiting the above-

mentioned methods, several open source simulators have

been developed. A useful comparison is shown in Table I of

Gu and Jing (2021).

Another approach is to convert the time-dependent

wave equation into the frequency domain via the Fourier

transformation technique and solve that equation to obtain

the steady state field. The time-independent form is called

the Helmholtz equation. The Helmholtz equation arises in

many fields (Krebes, 2019; Morse and Feshbach, 1953). For

example, the time-independent Schr€odinger equation,

describing the scattering process of a plane wave by a poten-

tial (a region with dimension on the order of the incident

wavelength having slightly different material properties

with respect to the ambient medium), essentially reduces to

the inhomogeneous Helmholtz equation. Solving an inho-

mogeneous Helmholtz equation is not a trivial task. The

Green’s function approach is generally applied to solve such

an equation expressing the total field as the sum of incident

and scattered fields; it is an integral equation and is referred

to as the Lippmann–Schwinger equation in quantum

mechanics (Morse and Feshbach, 1953). In this formulation,

the field inside the scatterer has to be known a priori, which
is impossible to obtain and thus poses a challenge in prac-

tice. Max Born developed a method in 1926, while studying

quantum scattering problems, to overcome this problem

(Born, 1926). In this approach, the full wave solution is

evaluated by iteratively applying the potential to the free

space solution (i.e., in the absence of the scatterer/perturba-

tion). The solution appears as an infinite series and referred

to as the traditional Born series (TBS)—also, called the

method of successive approximations. The first term of the

series is called the first Born approximation. Higher-order

terms facilitate increasingly accurate approximations to the

total wave solution.

The TBS algorithm works well when the scatterer is

small and weak. Recently, Osnabrugge et al. (2016) devel-
oped a method that is called the convergent Born series

(CBS). The CBS scheme introduces a preconditioner in the

TBS expression and thus extends the validity domain of the

TBS protocol (Kr€uger et al., 2017; Osnabrugge et al., 2016).
It provides accurate results for arbitrarily large and strong

scatterers. Both the TBS and CBS schemes have been

applied for photoacoustic field calculations by single cell

and tissue, mimicking various practical conditions (Kaushik

et al., 2020; Saha, 2020, 2021; Mandal et al., 2025). To the

best of our knowledge, transducer pressure field calculation

in inhomogeneous, absorptive, and nonlinear media reflect-

ing realistic tissue properties using the TBS method along

with GPU implementation has never been conducted. This

is the novelty of the work.

The primary objective of this study is to develop and

validate an efficient and fast numerical framework for simu-

lating spatial distribution of pressure amplitude and phase

produced by a linear array of point acoustic sources resem-

bling an US transducer in two dimensions (i.e., a line source).

Four types of tissue media were considered in this work:

homogeneous and lossless, absorbing and dispersive, inhomo-

geneous (with scatterers), and nonlinear media. The corre-

sponding inhomogeneous Helmholtz equation in two

dimensions was solved by employing the TBS method (each

case at a time). GPU-enabled CUDA C codes were written and

executed for this purpose. The same pressure fields were also

generated using the K-WAVE package for comparison. The

TBS scheme is a very fast method and offers accurate estima-

tions of the pressure field for realistic media. It is found that
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the TBS approach is �77� faster than the K-WAVE method.

The TBS technique can be developed further to determine the

pressure fields produced by typical diagnostic linear and

phased array transducers (3D). The main contributions of this

work are (i) casting inhomogeneous Helmholtz equations

(modeling acoustic wave propagation in realistic media) in

terms of source and potential terms so that the TBS method

can be deployed (in particular, solving a nonlinear wave

equation using coupled Helmholtz equations exploiting the

same framework) and (ii) GPU implementation of the TBS

formulas for rapid calculations of pressure fields.

The layout of the paper is as follows. The governing

equations for pressure wave propagation through various

media, the Born series technique, and iterative solutions uti-

lizing this framework for different scenarios are covered in

Sec. II. Section III illustrates the computational methods and

parameters considered in this study. Section IV presents the

numerical results. Discussion and conclusions of this work

are outlined in Secs. V andVI.

II. MODEL EQUATIONS

A. Wave equations in realistic media

1. Lossless medium

The linear wave equation for a lossless homogeneous

medium is given by (Morse and Feshbach, 1953)

r2pðr; tÞ � 1

v2f

@2pðr; tÞ
@t2

¼ 0; (1)

where pðr; tÞ is the space-time-dependent acoustic pressure

with r 2 Rn, n ¼ 1; 2; 3, and t 2 Rþ; vf is the speed of sound
for the propagating medium, and the subscript f indicates the
ambient fluid medium. Note that the region of interest does

not include any active acoustic source. The frequency domain

equation becomes (Morse and Feshbach, 1953)

r2~pðrÞ þ k2f ~pðrÞ ¼ 0; (2)

where kf is the wave number. Equation (2) represents a homo-

geneous Helmholtz equation, which can readily be solved for

simple geometries such as an infinite plane, infinite cylinder,

sphere using the method of separation of variables and apply-

ing appropriate boundary conditions. For example, there are

11 coordinate systems, where the Helmholtz equation is sepa-

rable (Morse and Feshbach, 1953).

2. Absorbing and dispersive medium

It has been experimentally shown that acoustic attenua-

tion in biological tissue is frequency dependent and can be

mathematically modeled as (Hill et al., 2004)

a ¼ a0x
�; (3)

where a0 is the attenuation coefficient in Np (rad/s)�� m�1,
and it is a medium-dependent parameter, x is the angular

frequency, and � is the power-law exponent (� 6¼ 1). Its

typical range is � 2 ½0; 2� for biological tissue (Treeby and

Cox, 2010b). One corresponding time-dependent wave

equation for a homogeneous but absorbing and dispersive

medium can be written as (Treeby and Cox, 2010b)

r2p r; tð Þ � 1

v2f

@2

@t2
p r; tð Þ þ s

@

@t
ð�r2Þ�=2p r; tð Þ

þ gð�r2Þð�þ1Þ=2p r; tð Þ ¼ 0; (4)

where s ¼ �2a0v��1f and g ¼ 2a0v�f tanðp�=2Þ are two pro-

portionality constants. The third and fourth terms on the

left-hand side, displaying fractional derivative operators,

account for power law absorption and associated dispersion,

respectively. A fractional derivative is a generalization of

the classical derivative to non-integer order, allowing the

operator to represent memory effects in viscoelastic media

such as soft tissue. In the frequency domain, this operator is

most conveniently defined (presented later) (Treeby and

Cox, 2010b). Moreover, the absorption and dispersion are

interconnected via the Kramers–Kronig relations. These for-

mulas demonstrate that the real and imaginary parts of a

complex analytic function are linked to each other. It is a

great tool to obtain dispersion property of a tissue if attenua-

tion for the same is known (since frequency dependent

absorption of a tissue can be easily determined experimen-

tally) (O’Donnell et al., 1981). Furthermore, these operators

are together termed as the fractional Laplacian (Lfrac):

Lfrac ¼ s
@

@t
ð�r2Þ�=2 þ gð�r2Þð�þ1Þ=2: (5)

The first term on the right-hand side of Eq. (5) is called the

lossy operator. A generalized version of the fractional

Laplacian can be written as

Lfrac ¼ s
@2þg

@t2þg
ð�r2Þh þ g

@2þq

@t2þq
ð�r2Þw: (6)

A particular combination of constants g, h, q, and w can be

used to fit known absorption and dispersion laws, and exam-

ples are shown in Table I.

The time-independent wave equation for the same

medium can be derived as

r2~pðrÞ þ k2f ~pðrÞ þ
n
� isxð�r2Þ�=2

þ gð�r2Þð�þ1Þ=2
o
~pðrÞ ¼ 0: (7)

TABLE I. Lossy and dispersive derivative operators (Treeby and Cox,

2010b).

Name g h q w Dependence

Damped �1 0 0 0 x0

Blackstock 1 0 0 0 x2

Szabo � � 1 0 0 0 x�

Stokes �1 1 0 0 x2

Caputo and Wismer � � 3 1 0 0 x�

Chen and Holm �1 �/2 0 0 k�

Treeby and Cox �1 �/2 �2 (�þ1)/2 k�
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The Green’s function method can be applied to solve the

above equation (Treeby and Cox, 2011).

3. Inhomogeneous medium

Consider that a spherical region of radius a exists within
the computational domain. The speed of sound and density

of this region differ from those of the surrounding medium.

The inhomogeneous region will cause scattering of the

impinging wave. The time-dependent wave equation can be

cast as (Morse and Ingard, 1968; Sharma and Saha, 2004;

Saha and Sharma, 2005)

r2pðr; tÞ � 1

v2f

@2

@t2
pðr; tÞ ¼ 1

v2f
cjðr; tÞ

@2

@t2
pðr; tÞ

þr � cqðr; tÞrpðr; tÞ
� �

; (8)

where

cjðr; tÞ ¼
jsðr; tÞ � jf

jf
; cqðr; tÞ ¼

qsðr; tÞ � qf
qsðr; tÞ

(9)

inside the scattering region and cjðr; tÞ ¼ cqðr; tÞ ¼ 0 outside

the scatterer. The qf and jf notations state the density and com-

pressibility of the ambient medium, whereas the same quanti-

ties for the scatterer are denoted by qs and js, respectively.
The subscript s denotes the scattering region. For qs � qf ,
Eq. (8) in the frequency domain can be approximated as

r2~pðrÞ þ k2f ~p
�
rÞ ¼ �ðk2s � k2f Þ~pðrÞ;

0;

(
(10)

for inside and ourside of the scatterer, respectively. As

stated above, exact solutions of Eq. (10) can be deduced for

regular shapes by imposing continuity of pressure and nor-

mal component of the particle velocity on the surface of the

inhomogeneity (Colton and Kress, 1998; Morse and Ingard,

1968; Saha, 2007)

4. Nonlinear medium

The time-dependent wave equation for a nonlinear

medium yields (Hamilton and Blackstock, 1998)

r2pðr; tÞ� 1

c20

@2pðr; tÞ
@t2

þ n
@2p2ðr; tÞ

@t2
¼�SðrÞcosðxtÞ; (11)

where n ¼ 1

qf v
4
f

1þ 1

2

B

A

� �
;

and B=A is called the nonlinearity parameter, which character-

izes the relative contribution of finite-amplitude effects to the

sound speed (Hamilton and Blackstock, 1998). The above

equation closely resembles the non-absorbing Westervelt equa-

tion (Hamilton and Blackstock, 1998). The acoustic source is a

real-valued sinusoidally varying function of time having an

angular frequency x; it attains maximum amplitude at t ¼ 0. It

could be expressed using the sine function as well (or in terms

of complex sinusoidal functions) (Kaltenbacher, 2021; Thoens-

Zueva et al., 2017). The third term on the left-hand side is

responsible for production of harmonics. In other words, the

pressure field retains harmonics at multiples of the source fre-

quency due to nonlinear wave propagation. Therefore, the pres-

sure field, utilizing the method of ansatz and for the above

driving function, can be expanded in terms of the Fourier series

as pðr; tÞ ¼P1n¼1AnðrÞ cosðnxtÞ, where AnðrÞ is the spa-

tially varying complex amplitude for the n-th harmonic, pro-

viding the following coupled Helmholtz equations for the first

five harmonics (Kaltenbacher, 2021),

r2A1 þ k21A1 ¼ �S
�
rÞ þ nð1xÞ2

X1
n¼1
A�nAnþ1; (12a)

r2A2 þ k22A2 ¼ nð2xÞ2 1

2
A1A1 þ

X1
n¼1
A�nAnþ2

" #
; (12b)

r2A3 þ k23A3 ¼ nð3xÞ2 A1A2 þ
X1
n¼1
A�nAnþ3

" #
;

(12c)

r2A4 þ k24A4 ¼ nð4xÞ2
"
1

2
A2A2 þA1A3

þ
X1
n¼1
A�nAnþ4

#
(12d)

r2A5 þ k25A5 ¼ nð5xÞ2
"
A2A3 þA1A4

þ
X1
n¼1
A�nAnþ5

#
; (12e)

where the superscript � indicates the complex conjugate of a

field. Equation (12a) represents the wave propagation for the

fundamental frequency. Equations (12b)–(12e) describe

wave propagation for the 2nd–5th harmonics, respectively.

The terms on the right-hand side of Eq. (12) containing com-

plex conjugates of the pressure fields are called the difference

terms; the rest are designated as the sum terms. A difference

term has a frequency that is the difference between the fre-

quencies of the components it arose from, a sum term has a

frequency that is the sum of the frequencies of the compo-

nents it arose from. The sum terms typically dominate, to the

extent that difference terms are often neglected in practice. In

other words, the accuracy of the field calculation can be

improved by increasing the number of difference terms.

Moreover, the field strength decreases as the frequency

increases. This is because 1=n dependence corresponds to the

asymptotic behavior in shock-forming regimes, and in quasi-

linear regimes the harmonic amplitudes may deviate signifi-

cantly from this scaling, and also, frequency-dependent

absorption greatly reduces the amplitudes for higher harmon-

ics in reality (Hamilton and Blackstock, 1998).
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B. Derivation of the Born series

The general form of the Helmholtz equation in the pres-

ence of source terms for a lossless medium can be written as

(Osnabrugge et al., 2016)

r2~pðrÞ þ k2f ~pðrÞ ¼ �SðrÞ � UðrÞ~pðrÞ; (13)

where kf is the wave number, S is a source term causing

acoustic emission and its magnitude controls the amplitude

of the pressure field, and U is the potential term appearing

because of mismatch of acoustic properties of the region of

interest with respect to the surrounding medium or for other

factors such absorption and dispersion etc. For example,

U ¼ k2s � k2f if speed of sound mismatch exists in the propa-

gating medium. The above equation can also be cast as

(Osnabrugge et al., 2016)

r2~pðrÞ þ ðk2f þ i�Þ~pðrÞ ¼ �SðrÞ � VðrÞ~pðrÞ; (14)

with VðrÞ ¼ UðrÞ � i�, � being a real positive number. The

choice of � depends on inhomogeneity magnitude. In Eq.

(14), the propagating medium has been artificially made as

an attenuating medium. However, the same attenuation fac-

tor has been included in the potential term, which amplifies

the field compensating the attenuation effect. The solution

to Eq. (14) can be obtained as (Morse and Feshbach, 1953)

~pðrÞ ¼
ð
gðrjr0Þ Vðr0Þ~pðr0Þ þ Sðr0Þ½ �d3r0; (15)

where gðrjr0Þ is the Green’s function that satisfies the fol-

lowing equation:

r2gðrjr0Þ þ ðk2f þ i�Þgðrjr0Þ ¼ �dðr� r0Þ: (16)

Here, dðr� r0Þ is the Dirac delta function; the functional

forms of the Green’s functions in two dimensions and three

dimensions can be found in the literature (Arfken et al.,
1995). Green’s functions in the far field in two and three

dimensions for lossy unbounded medium are given by

Arfken et al. (1995), Morse and Feshbach (1953), and Saha

(2020, 2021),

gðrjr0Þ � i

4

2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2f þ i�

q
jrj

0
@

1
A

1=2

e
i

ffiffiffiffiffiffiffiffi
k2
f
þi�

p
jr�r0j�ðp=4Þ

� �
(17)

and

gðrjr0Þ � e
i
ffiffiffiffiffiffiffiffi
k2
f
þi�

p
jr�r0j

4pjrj ; (18)

respectively. It may be mentioned that gðrjr0Þ essentially

provides the field at point r due to a source point located at

r0 and the field strength decreases due to natural geometrical

spreading and, in addition, undergoes an artificial exponential

decay introduced by the finite � parameter. This renders the

Green’s function lossy, with the result that the total energy of

the Green’s function becomes finite and localized. Thus, the

Fourier transform of g vis-�a-vis ~p can be calculated. In other

words, the introduction of � in Eq. (14) helps to evaluate the

field in a finite computational domain. Equation (15) involves

convolution sums and hence can be represented as

~p ¼ GV~p þ GS; (19)

where G ¼ F�1~gðKÞF ; F and F�1 are the forward and

inverse Fourier transform operators, respectively, and ~gðKÞ
is the Fourier transform of gðrjr0Þ and is given by

~g Kð Þ ¼ 1

ðjKj2 � k2f � i�Þ ; (20)

with K as the Fourier transformed coordinates. Eq. (19) can

be recursively expanded, yielding

~p ¼ 1þ GV þ GVGV þ � � �½ �GS: (21)

Equation (21) is known as the TBS and it converges if the

spectral norm of jGVj < 1 (Osnabrugge et al., 2016). In
other words, the infinite series converges for small objects

with weak scattering potentials. The infinite sum in Eq. (21)

can be carried out in the following manner:

~plþ1ðrÞ ¼ F�1 ~gðKÞF VðrÞ~plðrÞ þ SðrÞ
� �� �

: (22)

Therefore, the field at the ðlþ 1Þ-th iteration is calculated

using that of the l-th step. The field at the 0-th iteration can

be estimated as

~p0ðrÞ ¼ F�1 ~gðKÞF SðrÞ½ �½ �: (23)

It will act as the input to Eq. (22), and the field would be

computed successively as the iteration progresses.

C. Solutions to the wave equations using the Born
series method

1. Wave propagation through a homogeneous and
lossless medium

Equation (2) after a minor modification becomes [or

putting UðrÞ ¼ 0 in Eq. (14)]

r2~pðrÞ þ ðk2f þ i�Þ~pðrÞ ¼ �SðrÞ þ i�~pðrÞ: (24)

Here, the SðrÞ term is introduced because the region of

interest retains an acoustic source (e.g., transducer ele-

ments). The solution to Eq. (24) in terms of the TBS method

appears as

~plþ1ðrÞ ¼ F�1 ~gðKÞF �i�~plðrÞ þ SðrÞ
� �� �

; (25)

with VðrÞ ¼ �i�. All multiplications have to be performed

element wise. Equation (25) has been realized in this work

to calculate the acoustic field generated by a collection of

point transducer-elements.
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2. Wave propagation through a homogeneous but
absorbing and dispersive medium

Similarly, Eq. (7) can be rewritten as

r2~pðrÞ þ ðk2f þ i�Þ~pðrÞ

¼ �SðrÞ �
	
� isxð�r2Þ�=2

þ gð�r2Þð�þ1Þ=2 � i�



~pðrÞ: (26)

The potential term can readily be recognized and for such a

potential, the TBS procedure offers

~plþ1ðrÞ ¼ F�1
h
~gðKÞ

h
�isxk� þ gk�þ1 � i�
� �

� F ~plðrÞ
� �

þ F SðrÞ½ �
ii
: (27)

In this derivation, we have applied F½ð�r2Þ�=2~plðrÞ�
¼ k�F½~plðrÞ�. Note that fractional derivative operators along
with their coefficients introduce frequency-dependent phase

shift and amplitude decay, thereby producing power-law

attenuation consistent with experimental measurement on

biological media. The above expression has been computed

to determine the steady state acoustic field generated by a

linear array of point emitters when the medium is absorbing

and dispersive.

3. Wave propagation through an inhomogeneous
medium

Equation (10), after adding i�~p to both sides, transforms

into

r2~pðrÞþðk2f þ i�Þ~pðrÞ¼�SðrÞ�ðk2s �k2f � i�Þ~pðrÞ: (28)

Accordingly, one obtains

~plþ1ðrÞ ¼
F�1 ~gðKÞF ðk2s � k2f � i�Þ~plðrÞ þ SðrÞ

h ih i
;

F�1 ~gðKÞF �i�~plðrÞ þ SðrÞ
� �� �

;

8<
:

(29)

for inside and outside of the scatterer, respectively. Equation

(29) is solved herein to evaluate the pressure field provided

by an array of tiny sources in the presence of a scatterer. It

may be mentioned here that Nobert Bojarski also utilized an

analogous approach to study acoustic and electromagnetic

scattering problems (Bojarski, 1982). In this study, the scat-

tered field was obtained by solving a set of linear equations

in the k-space (spatial Fourier transform space). The same

method was further extended for calculating the time

domain field.

4. Wave propagation through a nonlinear medium

Sub-equations of Eq. (12) are solved sequentially (one

after another in a chain). For instance, the field for the 2nd har-

monic depends on that of the 1st; similarly, the 3rd depends

only on the 1st and 2nd, etc. Once the fields for the higher

harmonics are known, then again, the sub-equations of Eq.

(12) may be solved incorporating both the sum and difference

terms. As a result of that, computational time would increase.

In order to limit the computational time as well as to obtain

reasonably accurate estimates of pressure fields, the sum terms

can be retained and difference terms can be neglected.

Accordingly, the source and potential terms, as per Eq. (14),

can be distinguished without any difficulty for each equation.

The corresponding solutions under the TBS framework take

the forms

Alþ1
1 ðrÞ ¼ F�1 ~g1ðKÞF �i�1Al

1 þ S
h ih i

; (30a)

Alþ1
2 rð Þ¼F�1 ~g2 Kð ÞF �i�2Al

2�nð2xÞ2 1
2
A1A1


 �
 �
;

(30b)

Alþ1
3 ðrÞ¼F�1 ~g3ðKÞF �i�3Al

3�nð3xÞ2A1A2

h ih i
; (30c)

Alþ1
4 rð Þ ¼ F�1



~g4 Kð ÞF



� i�4Al

4 � nð4xÞ2

�


1

2
A2A2 þA1A3

���
; (30d)

Alþ1
5 ðrÞ ¼ F�1



~g5ðKÞF



� i�5Al

5

� nð5xÞ2 A2A3 þA1A4½ �
��

; (30e)

where ~gnðKÞ ¼
1

ðjKj2 � n2k2f � i�nÞ
:

The series of equations furnished above have been numeri-

cally evaluated to estimate the pressure fields produced by

the fundamental and higher harmonics for a nonlinear

medium. Here, �n (n ¼ 1; 2;…) denotes a harmonic-

dependent constant. These constants are chosen individually

for each harmonic to ensure numerical stability and conver-

gence of the Born-series formulation.

III. NUMERICAL PROCEDURES

A. Numerical parameters

An representative diagram of an algorithm realizing the

TBS procedure for linear media is presented as Algorithm 1.

The computational domain consisted of 4096� 4096 pixels

with sides dx ¼ dy ¼ 20 lm. Therefore, different matrix oper-

ations like initialization, addition, and multiplication were per-

formed on 4096� 4096 matrices. Here, the matrices mean S,
V, gðKÞ, ~pin, ~pfn, and ABL2DM; ABL2DM represents a two-

dimensional (2D) mask consisting of an absorbing layer

(ABL) at each boundary, as shown in Fig. 1. The speed of

sound and density of the medium were fixed to, vf ¼ 1500 m/s

and qf ¼ 1000 kg/m3. A linear array of point sources was

placed at a distance xel ¼ 675dx from the left edge, as shown
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in Fig. 1, with a strength of jSj ¼ 1 000 000 Pa/m2. (The ampli-

tude of the pressure field depends upon the magnitude of S.)
The source points were symmetrically positioned with

respect to the row number yel ¼ 2049dx. A total number of

Nel ¼ 501 grid points acted as the acoustic sources replicat-

ing a line source of width 500dx. In other words, this could

be written as

Step1: Sðm;nÞ ¼ 0� i0; with m;n 2 1::4096½ �;
Step2: Sðm;675Þ ¼ 0� i106; with m 2 1799::2299½ �:

(31)

The block from lines 14 to 21 of Algorithm 1 realized the

above steps. Furthermore, the same SðrÞ was used in all sub-

sequent cases. Algorithm 1 also demonstrates how to build

the gðKÞ matrix (see line 13); V matrices for different cases

are described from lines 22 to 31. The initial field was esti-

mated by implementing Eq. (23). After that, for the homoge-

neous and lossless medium, Eq. (25) was calculated

iteratively to obtain the spatial distribution of pressure field

for f ¼ 1 007 080Hz using � ¼ 0:8k2f (Kaushik et al., 2020;
Osnabrugge et al., 2016; Saha, 2020, 2021; Mandal et al.,
2025); this particular choice was made based on the litera-

ture because it provided a good balance between computa-

tional accuracy and convergence speed (Osnabrugge et al.,
2016). The chosen frequency f ¼ 1007080Hz is the 55th

multiple of the fundamental frequency supported by this

grid system (vf =ð4096dxÞ). Note that after each iteration, the

pressure field ~plþ1 was multiplied by the ABL2DM matrix.

The entries at the boundary grid points (i.e., inside the two

vertical and two horizontal strips, as demonstrated in Fig. 1)

of this matrix were defined via a sigmoid function as given

below (Mandal et al., 2025),

fABL qð Þ ¼ 1

1þ expð�fðq� 0:5lÞÞ within theABL; (32)

where q > 0. Here, q is the distance of a grid point within

the boundary layer from the nearest grid point lying at the

outermost layer of the inner region (white region of Fig. 1);

f was chosen to be f ¼ 21:48Np/cm for all frequencies.

ALGORITHM 1: Acoustic field calculation using the TBS algorithm for

linear and nonlinear media.

Input : Initialize system parameters Prepare computational domain: Ncn, Kcn, dx,
ABL2DM Convergence limit: ThError Transducer properties: f, Nel, xel,

yelMedium properties: uf ; a; s; g; �;B=A Scatterer properties: vs, a

Output : PA field ~pfn
1 for i 1 to 5 do

// Restrict i¼1 for linear media

2 f  i� 55� vf =ðNcn � dxÞ
3 x 2pf
4 ks  x=vs
5 kf  x=vf
6 2  0:8k2f
7 for j  0 to Ncn � 1 do

8 for m  0 to Ncn � 1 do

9 index  j� Ncn þ m

10 Kx  2pðm�KcnÞ=ðNcndxÞ
11 Ky  2pðj�KcnÞ=ðNcndxÞ
12 Kmod½index�  

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

x þK2
y

q
13 gK½index�  K2

xþK2
y�k2f

ðK2
xþK2

y�k2f Þ2þ22
; 2
ðK2

xþK2
y�k2f Þ2þ22

� �
14 S½index�  ð0:0; 0:0Þ
15 if (i ¼¼ 1) then

16 if ðj ¼¼ xel&&m ¼¼ yelÞ then
17 S½index�  ð0:0;�1�106Þ
18 end

19 else

20 S½index�  nðxÞ2 � ðsum termsÞ // From Eq. (30)

21 end

// Case I: Homogeneous medium

22 V½index�  ð0:0;��Þ
// Case II: Absorbing/dispersive medium

23 VV½index�  ðgkmodvþ1;�sxkkmodv ��Þ
// Case III: Heterogeneous medium

24 dist 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm�KcnÞ2 þ ðj�KcnÞ2dx

q
25 if dist 	 a then

26 V½index�  ðk2s � k2f ;��Þ
27 end

28 else

29 V½index�  ð0:0;��Þ
30 end

// Case IV: Nonlinear medium

31 V½index�  ð0:0;��Þ
32 end

33 end

34 gK  fftShiftðgKÞ
35 kmod  fftShiftðgKÞ
36 VV  fftShiftðVVÞ
37 ~pin  ifftðgK� fftðSÞÞ
38 for iter  1 to 2000 do

// Case I, III, IV:

39 ~pfn  ifftðgK� fftðV � ~pin þ SÞÞ � ABL2DM
// Case II:

40 ~pfn  ifftðgK� ðVV � ~pin þ fftðSÞÞÞ � ABL2DM

41
error  k~pfn½Ncn=2� � ~pin½Ncn=2; :�k

k~pfn½Ncn=2; :�k
42 if error < ThError then
43 saturationTBS iter
44 break
45 end
46 ~pin  ~pfn
47 end

48 end

FIG. 1. Schematic diagram of the computational domain (size

4096� 4096, resolution dx ¼ dy ¼ 20 lm). (a) The propagating medium is

homogeneous but either lossless or lossy (absorbing/absorbing-dispersive)

or nonlinear. (b) The propagating medium encloses a scattering region.

ABL refers to absorbing layer.
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However, unity was assigned to the remaining grid points of

the ABL2DM matrix. This sigmoid function essentially built

the absorbing layer. The width of the ABL was l ¼ 450dx. It
was designed with a nonlinear absorption property. This layer

ensured that an outgoing wave was absorbed effectively and

exiting a boundary did not reemerge from the opposite side,

preventing wave wrapping associated with the Fourier trans-

formation operation (Treeby and Cox, 2010b). It is the arti-

fact of the discrete Fourier transform, and aliasing in the

spatial domain and the boundary layer considered in this

study (attenuation is modeled by the sigmoid function) can

effectively suppress the artifact. The field was supposed to

converge if the error was < 10�5. The error was obtained as

Total error ¼

X4096
m¼1
j~plþ1ð2049;mÞ � ~plð2049;mÞj

X4096
m¼1
j~plð2049;mÞj

: (33)

A maximum number of 2000 iterations was set in all simula-

tions. An algorithm applying the TBS scheme in the context

of photoacoustics can be found in Kaushik et al. (2020).
MATLAB implementations of the Born series methods are

available in Saha (2025a).

Similarly, Eq. (27) was implemented to yield the field

distribution for the same transducer in an absorbing and dis-

persive medium having a0 ¼ 5:5� 10�10 Np(rad/s)� m�1

and � ¼ 1:5 (Treeby and Cox, 2010b); this numerical value

of a0 also corresponds to a0 ¼ 0:75 dB MHz�� cm�1.
Accordingly, s and g could be computed to be

s ¼ �2a0v��1f and g ¼ 2a0v�f tanðp�=2Þ. The initial field

was determined as that of the previous case. For the inhomo-

geneous case, Eq. (29) was numerically realized by repeat-

ing the same procedure. The speed of sound inside the

scatterer was varied from vs¼ 1350 to 1800m/s, with a step

of 150m/s. The radius of the inhomogeneity was taken as a
¼ 50dx ¼ 1 mm with size parameter kf a ¼ 4:22. It is posi-
tioned at x ¼ 40:2 mm away from the center of the acoustic

line source. It might be noted that no smoothing operation

was made to remove the sharp edges of the scatterer.

Finally, pressure fields for a nonlinear medium for the

same transducer were assessed for the fundamental frequency

as well as up to the 5th harmonic. The wave equations are

given in Eqs. (12), and the corresponding TBS solutions are

provided in Eqs. (30), while keeping the sum terms only. The

TBS algorithm implemented for this purpose is detailed in

Algorithm 1. At first, the pressure field for the fundamental

frequency was evaluated for jSj ¼ 108 Pa/m2. After that,

fields were calculated for higher harmonics one by one. The

numerical values of �n ¼ 0:8n2k2f and

~gnðKÞ ¼
1

ðjKj2 � n2k2f � i�nÞ

were appropriately calculated for each harmonic (Kaushik

et al., 2020; Osnabrugge et al., 2016; Saha, 2020, 2021;

Mandal et al., 2025); B=A was assigned to be 5 (Beyer, 2008).

In biomedical US harmonic imaging, conventionally, echoes

facilitated by the fundamental and 2nd harmonic are utilized to

generate two separate images (Anvari et al., 2015; Gan, 2021).
It is seen that the 2nd harmonic image provides more details

than the fundamental. The intensity of the 2nd harmonic echo

is 10–20dB lower than that of the fundamental frequency.

Other higher harmonic components are even weaker than this

level and hence difficult to use for imaging purposes. That is

why in this work, for demonstration purposes, we considered

pressure fields for first five harmonics only.

B. GPU acceleration strategy

The computational demands of the TBS algorithm pri-

marily arose from large-scale matrix operations, making it

highly suitable for GPU acceleration. We implemented a

parallel computing approach using Nvidia’s CUDA architec-

ture to optimize the performance (Sanders and Kandrot,

2011). Note that CUDA is an application programming inter-

face (API), and the implementation leverages CUDA’s

general-purpose computing capabilities (GPGPU). The CUDA

framework allows direct access to GPU hardware resources

through specialized compute kernels. To minimize data

transfer overhead, all matrices were allocated directly in

GPU device memory. Therefore, host-to-device copy opera-

tions were eliminated for core computational matrices.

Furthermore, coalesced memory access was enabled.

The pressure field distributions at the steady state for vari-

ous media were calculated by running the TBS codes written

in the CUDA C programming language. Required matrices were

initialized as arrays carrying double precision real numbers,

and also the operations were performed using the double pre-

cision arithmetic. The iterations associated with the for loops

from lines 7 to 32 in Algorithm 1 can be carried out indepen-

dently. These loops were processed in parallel using a GPU

kernel (each GPU thread independently calculated lines from

9 to 31 for a combination of j and m indices), and therefore,

various matrices ðe.g., S, V, VV, gðKÞÞ could be constructed

very rapidly. Matrix operations like addition, subtraction, and

multiplication were implemented as separate optimized ker-

nels (see lines 39–46 of Algorithm 1). As mentioned earlier,

all these matrix operations happened to be element-wise (inde-

pendent of each other), and thus, massive parallelization could

be accomplished utilizing a large number of GPU threads. As

a result of that, tremendous acceleration could be achieved.

The number of kernels was restricted to as minimum as possi-

ble since launching a CUDA kernel involves some overhead for

setting up the execution environment. The forward and back-

ward fast Fourier transforms (FFTs) were calculated utilizing

a cuFFT library function, namely cufftExecZ2Z. All simula-

tions were performed on a workstation with GPU computation

facility. The specifications of the machine are included in

Table II. GPU codes can be found in Saha (2025b).

C. Central processing unit (CPU) parallelization
strategy

The TBS algorithm was also implemented in C for CPU

execution in the same machine (see Table II) with double
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precision computations. The purpose of this study was to

investigate how fast the GPU codes could be executed

compared to the CPU counterparts. We parallelized compu-

tationally intensive loops using OpenMP (Open Multi-

Processing), an industry-standard API for shared-memory

parallelism, and it can leverage modern multi-core CPU

architectures for faster execution of codes too (Eijkhout,

2022). This API is capable to realize dynamic scheduling to

balance workload distribution, minimizing thread idle time

and also to prevent false sharing and cache contention.

Outer loop iterations were parallelized. This approach sig-

nificantly accelerated matrix operations, particularly for

nested loops where independent iterations could be proc-

essed concurrently. The FFTW library was utilized for opti-

mized calculation for forward and inverse FFTs. CPU codes

can be accessed from Saha (2025b).

D. Computations using the k-space pseudospectral
technique

The numerically evaluated pressure fields facilitated by

the TBS approach were compared with that of a standard,

MATLAB-based and freely available software (K-WAVE tool-

box). This is a widely accepted numerical tool for solving

wave propagation problems, particularly in heterogeneous

and nonlinear media. It provides an accurate time-domain

solution to the full wave equation. It might be worth men-

tioning that K-WAVE has been extensively validated both

against other numerical models (linear and nonlinear) and

against analytical solutions (linear and nonlinear) and exper-

imental data as well (Treeby et al., 2012; Martin et al.,
2020; Aubry et al., 2022). Comparison with K-WAVE vali-

dates the accuracy and effectiveness of the TBS. However,

other numerical methods could also be utilized for the same.

The theoretical background of the K-WAVE module and its

implementation details can be found in the literature

(Treeby and Cox, 2010a,b). For the sake of completeness,

this procedure is briefly discussed here. In this approach,

instead of second order partial differential equation, coupled

first order partial differential equations are numerically

solved. The most general forms of the coupled partial differ-

ential equations incorporating all medium dependent scenar-

ios are (Treeby and Cox, 2010a)

@u

@t
¼ � 1

qf
r~p þ SF; (34a)

@q
@t
¼ � 2qþ qf

� �r � u� u � rqf þ SM; (34b)

~p ¼ v2f qþ d � r þ B

2A

q2

qf
� Lfrac

 !
: (34c)

Here, the fractional Laplacian is defined as

Lfrac ¼ s
@

@t
ð�r2Þðv=2Þ�1 þ gð�r2Þðvþ1Þ=2�1:

u is the acoustic particle velocity, and q is the density.

Furthermore, SF is a force source term and represents the

input of body forces per unit mass and SM is a mass source

term and represents the time rate of the input of mass per

unit volume. Note that in the preceding wave equations, the

mass source term has been considered (ignoring the force

source term). Equations (34) demonstrate the momentum

conservation, mass conservation, and pressure density rela-

tion, respectively. The above differential equations are effi-

ciently calculated in the K-WAVE module, using a

pseudospectral model that computes spatial gradients using

Fourier collocation and the time-stepping uses a dispersion-

corrected finite difference approach. Additionally, stagger-

ing is used in space and time for reasons of stability and to

improve accuracy for heterogeneous simulations.

The size of the computational domain and the grid spacing

were the same as those of the previous simulations

(4096� 4096, dx ¼ dy ¼ 0:02� 10�3 m). The thickness of

the perfectly matched layer was chosen to be 30dx. A linear

array of acoustic sources was placed at the 40th grid-location

from the outermost left boundary with strength

source:p ¼ 1 000 000 Pa (see Fig. 1). The source points occu-

pied the exact same locations along the y-direction as that of

the TBS method, as shown in Fig. 1. The medium properties

were set case by case as described above. The Courant–

Friedrichs–Lewy number was fixed to 0.3 for the K-WAVE simu-

lations to ensure numerical stability. The time step was auto-

matically fixed by the K-WAVE toolbox. Then the GPU version

of the K-WAVE function, namely, kspaceFirstOrder2DG was

executed in the same workstation with double precision mode

turned on (Treeby and Cox, 2010a). The steady state pressure

data for three periods (750 data points, which was arbitrarily

chosen) for each grid location were acquired, and this sequence

was repeated 23 times, providing a long one-dimensional (1D)

array. Such time series data for each grid point were then

Fourier transformed (by performing 16384-point FFT), and

subsequently, numerical values of amplitude and phase at

TABLE II. Description of the computational resources used for numerical

calculations.

Feature Description

CPU model AMD Ryzen Threadripper PRO

5965WX 24-Cores @4569.0000MHza

No. of CPU cores 24

No. of threads per core 2

No. of cores per socket 24

Architecture x86_64, 64-bit

Operating system (OS) UBUNTU 24.04.2 LTS

GPU model Nvidia GeForce RTX 4060 @2.475GHzb

No. of CUDA cores 3072

GPU driver version 570.124.06

No. of GPUs 1

GPU RAM 8 GB

CPU RAM 256 GB

CUDA toolkit version 12.8

MATLAB version 2023b

aAMD, Santa Clara, CA.
bNvidia, Santa Clara, CA.
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f ¼ 1 007 080Hz as well as the same for harmonics (for non-

linear medium) were stored (from the Fourier transformed

data). This procedure was reiterated for all grid crossings. The

next step was to generate a 2D map of amplitude and phase for

comparison with the TBS counterparts. The above workflow

was exactly followed for the nonlinear case as well, but in this

case, amplitude and phase at multiple frequencies, i.e.,

f ¼ 1 007 080, 2 014160, 3 021240, 4 028 320, and

5 035400Hz, were saved from the spectral data.

IV. NUMERICAL RESULTS

Figure 2 presents the simulated fields using the TBS

and K-WAVE methods for a linear array of point sources. The

point sources are sinusoidally oscillating with a frequency

of f ¼ 1 007 080Hz. The propagating medium is homoge-

neous and lossless. Perfect agreement can be seen between

the two approaches. As expected, field near to the line

source exhibits fluctuations owing to the diffraction effect

(near field). In the far field, the mainlobe dominates and it

varies smoothly. In other words, most of the energy of the

beam is packaged within a small angular region.

The existence of the sidelobes can also be noticed from

Figs. 2(a) and 2(c). The phase part changes between �p and

p. The on and off axis profiles look identical for the

two approaches. The actual pressure field (in pascals) pro-

duced by the TBS method is included in Fig. S1(a) in

the supplementary material when the source strength is

jSj ¼ 1 000 000 Pa/m2. The same plot for the K-WAVE method

is presented in Fig. S1(b) for source:p ¼ 1 000 000 Pa. In

order to reproduce the K-WAVE result, a factor of x=vf dx has
to be multiplied with the TBS result in two dimensions. For

three dimensions, the factor would become 2x=3vf dx:
Similar figures for the absorbing and dispersive medium

are shown in Fig. 3. The phase maps are given in Fig. S2.

As in the previous case, both procedures demonstrate an

exact match. It may be noted that pressure amplitude in the

far field rapidly falls off for the mainlobe due to the absorp-

tion property of the medium. Compared to the lossless case,

the ultrasonic beam penetrates less in the lossy medium. The

same plots for the absorbing medium are included in Fig. S3

in the supplementary material.

The spatial distributions of normalized pressure

amplitude and line plots are shown in Fig. 4 when the

medium contains a scattering region. Figure S4 in the sup-

plementary material presents the corresponding phase maps.

The scatterer has a diameter of a ¼ 1 mm. It is placed on

the axis of the line source and x ¼ 40:2 mm away from the

acoustic source. The speed of sound mismatch is about 10%

with respect to that of the ambient medium (vs ¼ 1650 m/s,

vf ¼ 1500 m/s). TBS and K-WAVE results appear identical.

The field pattern up to the source location is analogous to

that of the homogeneous and lossless medium [compare

Figs. 4(a) and 2(a)]. After the inhomogeneity, the most of

the beam energy splits into two angular directions (symmet-

rical with respect to the axis). Additional results for

FIG. 2. (a) and (b) Steady state normalized field pattern and spatial distribution of phase for a linear array source with 501 point elements calculated using the

TBS method for the homogeneous and lossless medium. (c) and (d) Same as (a) and (b) but for the K-WAVE technique, respectively. (e) Steady state acoustic nor-

malized pressure amplitude along the axis of the transducer. (f) Same as (e) but for the lateral direction, at a distance x � 41 mm from the transducer.
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vs ¼ 1350 and 1800m/s are shown in Figs. S5 and S6,

respectively, in the supplementary material.

The simulated field patterns for the nonlinear medium

are displayed in Fig. 5 in detail. The field distributions cre-

ated by the TBS methods are shown in the top row sequen-

tially from 2nd to 5th harmonics, i.e., f ¼ 2 014 160,

3 021 240, 4 028 320, and 5 035 400Hz [Figs. 5(a)–6(d)]. The

same results produced by the K-WAVE are portrayed in the sec-

ond row. The TBS result duplicates K-WAVE estimations. It is

evident from this figure that the region with maximum pres-

sure amplitude shifts towards the right (i.e., away from the

source) as the frequency grows. The axial and lateral line pro-

files are drawn and depicted in the third and fourth rows,

respectively. Up to 3rd harmonics profiles are almost over-

lapping. However, for the 4th and 5th harmonics, K-WAVE

results deviate from that of the TBS technique. Reflections

from the boundary occur for these harmonics [see Figs. 5(g)

and 5(h)]. In general, the simulated results of both the meth-

ods agree well, which indirectly confirms that the sum terms

provide reasonably good estimates for the harmonic fields.

The memory requirement for the TBS formulation was

about 2.7 GB (mostly contributed by seven complex and

three real double precision arrays) for the linear media. The

same for the K-WAVE methodology was nearly 750 MB. The

TBS technique does not take long iterations to converge, as

can be seen from Table III. The number of iterations (col-

umn 2) has been counted to be �135 for the fundamental

frequency. The execution time for each case is also given in

the same table (column 3), and it depends upon the number

of matrix operations involved for calculating the field. For

instance, computation time for the absorbing and dispersive

medium is higher than that for the lossless medium since

Eq. (27) is more complex than Eq. (25). The average execu-

tion time is estimated to be around 7.5 s for

f ¼ 1 007 080Hz, whereas the same quantity for the K-WAVE

simulation is nearly 580 s. Therefore, nearly 77� speed up

can be achieved by the TBS method. It may be pointed out

that a parallel CPU code took 21 s for the homogeneous case

in the same computer specified in Table II (speed up �4�).
All details for the other CPU codes can be found in the same

table (Table III). It is also visible from Table III that number

of iterations vis-�a-vis computation time increases progres-

sively as the frequency increases for the nonlinear medium

[i.e., sub-equations of Eq. (30)]. Note that convergence

reaches quickly if the initial field (0-th iteration) is strong.

Nevertheless, higher iteration is required if the initial field is

weak (see for higher harmonics).

V. DISCUSSION

In this study, we have provided detailed derivations of the

TBS framework for transducer field calculations for a series of

realistic media, namely, homogeneous and lossless, absorbing

and dispersive, and inhomogeneous and nonlinear.

Accordingly, the source and potential terms have been identi-

fied for different cases by examining the conventional wave

equations. After that, the Green’s function method has been

applied to calculate the steady state solutions. The solutions

are presented in terms of infinite series sums. In each case,

field and phase characteristics for a line source are investi-

gated. To compare the TBS results, K-WAVE simulations have

also been conducted. Perfect match between the field maps

facilitated by the two methods can be seen. Phase maps also

exhibit excellent match. The mean phase error between the

TBS and K-WAVE outcomes was found to be 1.5 mrads. The

results suggest that the frequency domain and time domain

approaches provide consistent results, with only minimal

FIG. 4. (a) and (b) Steady state spatial distribution of normalized pressure

amplitude for the same linear array of sources and calculated using the TBS

method for an inhomogeneous medium (vf ¼ 1500 m/s, vs ¼ 1650 m/s).

The scatterer (of radius a ¼ 1 mm) and the transducer are separated by a

distance of x ¼ 40:2 mm. (c) and (d) Simulated results for the K-WAVE pro-

cedure as of (a) and (b), respectively. (e) and (f) Plots of on and off axis

profiles for the normalized pressure amplitude (off axis distance from the

line source is x � 41 mm).

FIG. 3. Same as Fig. 4 but for the absorbing and dispersive medium.
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discrepancies that may arise due to numerical approximations,

interpolation artifacts, or differences in boundary conditions.

The numerical value of � was chosen to be � ¼ 0:8k2f in

the present study (Kaushik et al., 2020; Osnabrugge et al.,
2016; Saha, 2020, 2021; Mandal et al., 2025). Note that the

medium becomes more attenuating, and thus, the disturbance

spreads slowly as the strength of � increases. As a result of

that, the TBS technique takes more iterations to converge. In

other words, the number of iterations can be reduced by

decreasing � (Saha, 2020). Furthermore, the TBS method does

not impose any restriction on the choice of magnitude of �;
however, � 
 maxðk2s � k2f Þ is required for the convergence of

the CBS method for a heterogeneous medium (Osnabrugge

et al., 2016). As mentioned earlier, the CBS method works

well even when a large and strong scattering region or regions

are present within the computational domain (Mandal et al.,
2025). Attempts will be made in future to implement the CBS

algorithm for transducer pressure field calculation in realistic

media. The method or its analogues have been developed fur-

ther in the geophysics community, but including

renormalization group theory and homotopy continuation

approaches (Jakobsen et al., 2020a; Jakobson et al, 2020b).
Table IV highlights the impact of various parameters on

the convergence of the TBS method. At first, it is observed

that the TBS method converges until 2 points per wave-

length is taken. For the second medium, convergence can be

achieved for � 	 1:7 for the given a0, beyond which it

diverges. Further, s > �4:3� 10�5 and g > �6:4� 10�3

for convergence (see rows 4 and 5, respectively). It is worth

mentioning here that, while here we have used the absorp-

tion model that is built into K-WAVE, for purposes of compar-

ison, the nonlinear TBS approach is not restricted to a

specific absorption model. In principle, any spatially varying

absorption and dispersion, with any frequency dependence,

could be incorporated into the potential. For the fourth

medium, the TBS method produces faithful results over a

large range of sound-speed mismatch: vs ¼ 1100 to 3750m/

s. We have seen that convergence of the TBS technique is

independent of the magnitude of B=A. This is obvious

because B=A or n controls the strength of S at higher

FIG. 5. (a)–(d) Steady state normalized pressure field estimated by the TBS algorithm for 1st, 2nd, 3rd, and 4th harmonics. (e)–(h) Analogous plots but sim-

ulated via the K-WAVE package. (i)–(l) On axis variation of the steady state normalized pressure amplitude for the TBS and K-WAVE schemes. (m)–(p)

Demonstration of the off axis normalized pressure amplitude by the same methods at x � 58 mm from the transducer.
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harmonics, which may be arbitrary. (V is more critical than

S for convergence of the TBS algorithm.)

It is important to note that boundary condition plays a

crucial role for obtaining accurate results in numerical field

calculations. For the TBS method, we applied a sigmoid

function to dampen the outgoing wave. This function has

been phenomenologically chosen and found to work exceed-

ingly well for fundamental frequency as well as harmonics

(see the first row of Fig. 5). The function at first very slowly

decays from unity, and thus, the wave would not reflect

back; on the other hand, it decays very slowly attaining

zero, ensuring that the wave would not reemerge from the

opposite boundary while leaving a boundary (minimizing

wave wrapping). Wave wrapping is a serious issue that is

associated with the extensive usage of the forward and

inverse FFTs. The K-WAVE method uses a perfectly matched

layer to attenuate the signal, where the normal component

(with respect to the boundary surface) of the particle veloc-

ity is gradually reduced leaving the parallel component unal-

tered. It may be pointed out that in case of CBS technique, a

potential was assigned to each boundary layer causing

absorption of the outgoing wave. The same group has also

developed a method, which builds a pretty thin absorbing

layer (much thinner than that of the present work)

(Osnabrugge et al., 2021).
The pressured fields for various realistic tissue media have

been generated in this study. For simplicity, each medium was

considered one at a time. However, a realistic medium can

simultaneously retain several properties. In order to examine

the applicability of the TBS technique for such a medium,

wave propagation through an inhomogeneous, absorbing and

dispersive medium has been simulated. The computational sce-

nario is illustrated in Fig. 6(a). The beam is steered approxi-

mately by 9� by gradually varying the phase from 0 to 2p
between the extreme source points. Figure 6(b) plots the same

beam for the absorbing and dispersive medium only. The resul-

tant beams (propagating through the absorbing, dispersive

medium and interacting with the scatterers) generated by the

TBS and K-WAVE methods are displayed in Figs. 6(c) and 6(d),

respectively. The difference map confirms that the TBS

method can accurately reproduce the pressure field even for a

complex medium (maximum error is� 2.0%) [Fig. 6(e)].

The numerical study has been carried out for a 2D com-

putational domain. Subsequently, the pressure field gener-

ated by a linear array of sources (line source) is computed

for different realistic tissue properties. A practical diagnostic

US array transducer is a 3D system (where small rectangular

piezoelectric elements are glued on a backing layer in an

ordered manner). We plan to implement the TBS/CBS

method for field and signal calculations by realistic trans-

ducers (3D systems) in the near future. It may be noted that

memory requirement will increase significantly for perform-

ing 3D simulations. For example, various matrices would

occupy about 68 GB of memory for a computational domain

of 1024� 1024� 1024 grid points, assuming a single preci-

sion data type. Moreover, a smaller number of grid points

per wavelength (e.g., 15 grid points instead of 75 points per

wavelength as of the current implementation) and multiple

GPUs may be deployed to tackle the memory issue.

Additional validation with other theoretical models, numeri-

cal schemes, and experimental results (e.g., underwater

measurement with a hydrophone and US probe to determine

fields at harmonics) will be also be carried out subsequently.

In particular, Burger’s equation can be solved using the

spectral method, which may be compared with the Born

series result (Christopher and Parker, 1991).

VI. CONCLUSIONS

In conclusion, the TBS method is a standard and estab-

lished technique to solve the inhomogeneous Helmholtz

equation. Conventionally, it has been extensively used to

solve such an equation arising in potential scattering prob-

lems (Sakurai, 1967; Bransden and Joachain, 2003). The

TBS algorithm has been implemented in this work to yield a

solution to the same equation occurring in the context of bio-

medical ultrasonics. Note that acoustic wave propagation,

through a homogeneous and lossless tissue medium, can

essentially be modeled by the homogeneous Helmholtz equa-

tion when the region of interest does not contain any acoustic

source. Nevertheless, the equation becomes inhomogeneous

for a lossy or a nonlinear tissue medium or when a tissue

retains scatterers (due to small fluctuations in physical and

chemical properties) even in the absence of an acoustic

source. Acoustic field distributions were computed for a line

source by the TBS method for various realistic media men-

tioned above; K-WAVE simulations were also conducted for

TABLE IV. Convergence test for the TBS method. The units of the parame-

ters are mentioned previously.

Parameter Constant parameters Range Convergence

vf =ðfdxÞ 
 2 �

� a0 ¼ 5:5� 10�10 	 1:7 �

s � ¼ 1:5, g ¼ �6:4� 10�5 �10�5 to 10�6 �

g � ¼ 1:5, s ¼ �4:3� 10�8 �10�3 to 10�3 �

vs a ¼ 1, vf ¼ 1500 1100–3750 �

B=A Arbitrary �

TABLE III. Iterations (Iter.) and execution times (T) for convergence under

different media. Inhom., inhomogeneous; harm., harmonic; N/A, not

applicable.

Medium

GPU CPU

K-WAVE T (s)Iter. T (s) Iter. T (s)

Homogeneous 135 5 133 21 512

Absorbing 133 8 134 31 694

Absorbing-dispersive 132 11 131 32 520

Inhom., vs ¼ 1350 m/s 134 7 162 27 568

Inhom., vs ¼ 1650 m/s 134 7 155 25 566

Inhom., vs ¼ 1800 m/s 134 7 164 27 622

Nonlinear 1st harm. 135 5 133 21 511

Nonlinear 2nd harm. 228 9 225 34 N/A

Nonlinear 3rd harm. 306 12 301 45 N/A

Nonlinear 4th harm. 368 15 362 55 N/A

Nonlinear 5th harm. 416 16 409 61 N/A
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comparison. GPU accelerated numerical computations were

carried out. Perfect agreement has been noticed between the

TBS and K-WAVE results. The TBS method can provide a map

of the pressure field within �10 s for the computational

domain considered in this study. The computation time for

this approach is found to be 77� (average) faster than the lat-

ter. The TBS technique has emerged as a universal numerical

method for accurate calculations of pressure field for all pos-

sible conditions associated with real tissue media.

SUPPLEMENTARY MATERIAL

See the supplementary material for the following results:

(i) the actual pressure field (without normalization) produced

by the TBS and K-WAVE methods; (ii) phase maps obtained

using these techniques for the absorbing-dispersive medium

corresponding to Fig. 3; (iii) the steady state pressure field

distribution (both amplitude and phase) for an absorbing

medium; (iv) same as (ii), but for an inhomogeneous medium

corresponding to Fig. 4; and (v) the steady state spatial distri-

bution of the normalized pressure amplitude and phase for

the same linear array of sources for an inhomogeneous region

with sound speeds vs¼ 1350m/s and vs¼ 1800m/s.
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Figure S1: (a)-(b) Pressure field (in Pa) produced by the TBS and k-Wave methods, respectively. Here,
we chose |S| = 1000000 Pa/m2 for the TBS technique and source.p = 1000000 Pa for the k-Wave module.
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Figure S2: Phase maps for the TBS and k-Wave methods corresponding to Fig. 4.
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Figure S3: (a)-(b) Visualization of the steady state pressure field distribution (amplitude and phase) for
the TBS scheme for an absorbing medium having α0 = 5.5× 10−10 Np(rad/s)ν m−1 and ν = 1.5. (c)-(d)
Same results for the k-Wave toolbox. On and off axes plots of pressure data are shown in (e) and (f),
respectively. The lateral line is x = 41 mm away from the line source.
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Figure S4: Phase plots for the TBS and k-Wave approaches corresponding to Fig. 5.
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Figure S5: Same as S3 but for an inhomogeneous medium. The propagating medium contains an in-
homogeneity of a = 1 mm with speed of sound vs = 1350 m/s inside and vf = 1500 m/s outside the
scatterer.
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Figure S6: Same as Fig. S5 but for vs = 1800 m/s
.
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