Types of Random Vector

Let (8,3, P) be a probability space and let X = (X,Y) : § — R? be a random vector
with joint distribution function Fy.

Notations.

e Let Brr denotes the set which contains all rectangles (Cartesian product of open,
closed and semi-closed intervals) and their countable union and intersection.

e Let I, be a rectangle in R". We will denote by B; the set which contains all
rectangles contained in [,, and their countable union and intersection.

Definition 1. X is a said to be a random vector of discrete type if there exists a non-empty
countable set Ex C R? such that P(X = z) > 0, for every z € Ex, and P(X € Ex) = 1.

The set Ex s called the support of X.
The function fx : R?* — R defined by
fx(x) = P(X =2) = P(X =2,V =)
15 called the joint probability mass function of X.

Remark 2. Let X be a random wvector of discrete type with support Ex, joint d.f. Fx
and joint p.m.f. fx.

(1) D sepy fx(z) = 1. Moreover, P(X € EX) =0 and fx(z) =0,V z € EX.
(2) For any A € Bge,

PXeA)= Y fx@=> fx@)x)

z€EANEx z€EX

(3) For x € R?,

Fx(z)=P(X € (-00,2]) = > fx(a).

z€(—o0,z]NEx

Definition 3. X is a said to be a random wvector of continuous type if there exists a
nonnegative function fx : R?* — R such that

Fy (a1, 23) = / / Jx (s y)dady.

The set Ex = {z € R? : fx(x) > 0} is called the support of X.
The function fx is called the joint probability density function of X.

Remark 4. Let X be a random vector of continuous type with support Ex, joint d.f. Fx
and joint p.d.f. fx.

(1) For any x € R?, fx(z) >0, and

/_Z /_Z fx(z,y)dxdy = 1.

(2) For any x € R?, P(X = z) = 0. Consequently, for any countable set S C R?,
P(XeS)=0.
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(3) Let a = (ay,az), b = (b1,ba) € R? such that a; < b;, i = 1,2. Let (a,b] =
(al,a2] X (bl,bg]. Then
b

b1
P(X € (@8]) = Plar < X < bras <Y < by) = / Jx (. y)dady.

al as

Theorem 5. Let X = (X,Y) : & — R? be a random vector with joint distribution
function Fx.
(1) Suppose that X is of discrete type with support Ex and joint p.m.f. fx. Define
R, ={yeR:(z,y) € Ex}, Ry={z €R: (z,y) € Ex}.
Then X and'Y are of discrete type with support
Ex ={x eR: (z,y) € Ex for somey € R}

and
Ey ={y e R: (z,y) € Ex for some x € R}

respectively. The marginal p.m.f.s of X and Y are respectively given by
fx($) — {ZyERz f&(x’y% fo € EX;

0, otherwise,

and

0, otherunse.

fr(y) = {erRy fx(z,y), ify € By,

(2) Suppose that X is of continuous type with support Ex and joint p.d.f. fx. Then
X and'Y are of continuous type with marginal p.d.f.s given by

0= [ tsledy and i) = [ o
respectively.
Example 6. Let X = (X,Y) be a random vector with joint p.m.f.
Falay) = {cy, if (x,y) € A,

0, otherwise;

where A = {(a,b) : a,b € {1,2,...,n}, a < b}, n > 2 is a fixed integer and c is a
constant.

(1) Find the value of c.
(2) Find the marginal p.m.f.s of X and Y.
(3) Find P(X >Y), P(X =Y) and P(X < Y).

Solution.

(1) Clearly ¢ > 0. The support Ex of X is A. Therefore, > . p [fx(z,y) = 1.
This implies that ¢ | >2%_jy=1orcy ' y* =1 Thus, c= m.
(2) The support of X is Ex = {1,2,...,n} and the support of Y is By = {1,2,...,n}.
For z € Ex, we have R, = {z,z +1,...,n} and

(x — 1)z

foxy—czy—C[ nlnt1) _ 5

YERy
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The marginal p.m.f. of X is then

fX(l') = { n(n+1)(2n+1) if xr € EX,

0, otherise.

For y € By, we have R, = {1,2,...,y} and

Y

> Ix(@y)=c> y=cy

rERy =1
The marginal p.m.f. of Y is then

3y2 .
fr(y) = 4 mEs e € By,
0, otherise.

(3) Let A= {(a,b) :a>b} and B={(a,b): a=>b}. Then
P(X >Y)=P(X € A)

(z,y)eExNA
= 0.
P(X=Y)=P(X € B)

(z,y)eExNB

- 3
_C;y_ Mm+1

Therefore, P(X <Y) = 22(2—:)

Example 7. Let X = (X,Y) be a random vector with joint p.d.f.

caf0<y<ax<l, ceR,

f&(l’,y) = {x’

0, otherwise.

(1) Find the value of c.
(2) Find the marginal p.d.f.s of X and Y.
(3) Find P(X > 2Y).

Solution.

(1) Since [7°_ 7 fx(z,y)dxdy = 1. This implies that cfol Jy tdydx =1 or cfol dx =
lorc=1.
(2) The marginal p.d.f. of X is given by

fx(z) = / fx(z,y)dy
B fox%dy, if0<x<l,
~ 10, otherwise

L0 <z <1,
~ 10, otherwise.
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The marginal p.d.f. of Y is given by
O L

_{f;%dx, if0<y<1,

0, otherwise
Iy, f0<y <1,
10, otherwise.

(3) Let A= {(z,y) : > 2y}. Then

P(X > 2Y) = / ) / " e y) L, y)dyda

1
= // —dydx
x

0<2y<a<1

1 pz/2 1
= / —dydx
o Jo T
1
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