Probability and Statistics
Problem Set 11

1. Are the following functions cumulative distribution function?

0 ifz <0
(a) F(x)—{ l1—e® ifz>0

(b) F(z) =1+ Ltan™' 2, —00 < 2 < 0.

0 ifrxr< =5
(c) F(z) =¢ z if —=5<x<05
1 ifx>0.5

Hint: Use the property of cumulative distribution function
Answer: (a) Yes (b) Yes and (c) No

2. Let X be a random variable having the cumulative distribution function

0 ifx <0

2 if0<z<1
F(r) = 7_;0 if1<z<?2

4c*—9c+6

TJF f2<x<3

1 ifx >3

where ¢ is a real constant.

(a) Find the value of constant c.
(b) Find the p.m.f of X.

(¢) Find P(1 < X <2),P(2< X <3),P(0< X <1),P(1 <X <2),P(X >3) and
P(X =2.5).

(d) Find the conditional probabilities P({X = 1}[{1 < X < 2}),P({l < X <
2}{X > 1}), and P({1 < X <2}|{X =1}).

Answer: (a) 1, (b) the p.m.fis

% fz=0
1—12 ifz=2
0 otherwise

() Pl<X<2)=0P2<X<3) =4 P0<X<1)=3P1<X<2) =
5, P(X >3)=0and P(X =25) =0

() PU{X=1}{1<X<2}) =3, P{1 <X <2}{X >1})=0,and P{1 < X <
2I{X =1}) = 1.

3. Let us select five cards at random and without replacement from an ordinary deck of
playing cards.

(a) Find the p.m.f. of X, the number of hearts in the five cards.



(b) Determine P({X < 1}).

Answer: (a) the p.m.f is

<13)< 39 )

r)\5—x) ..

p(z) = (52) ifxr=0,1,2,3,4,5
)

0 otherwise

(b) P({X < 1}) = p(0) + p(1)

. Let X be a random variable having the p.m.f.

e ifr e {1,2,3,---}
_ ) @@y ! 34595
p(z) { 0 otherwise

where ¢ is a real constant.

(a) Find the value of constant c.
(b) Find the cumulative distribution function of X.

(c) For the positive integers m and n such that m < n, evaluate P(X < m+1), P(X >
m), P(m < X <n)and P(m < X <n).

(d) Find the conditional probabilities P({X > 1}/{l < X < 4}) and P{1l < X <
6H{X = 3}).

Answer: (a) ¢ =2 (b)the c.d.fis

0 ifr<1
F(x):{ - gy ifr>1
2(n—m
() P(X <m+1)=1— 3L P(X >m) = 315, P(m < X < n) = 520520 and
__ 2n-m)

(d) PUX > 1}[{1< X <4})=2and P({1 < X < 6}[{X >3}) = &,
. Let X be a random variable having the cumulative distribution function

ifz <0
fo<z<l1
ifl<z<?2
ifx>2

F(z) =

— Ml&wlé%w e}

(a) Show that X is of continuous type and find p.d.f of X.

(b) Find P(1 < X <2),P(1< X <2),P(1 <X <2),P(1<X <2),P(X>1) and
P(X =1).



Answer: (a) X is of continuous type with p.d.f

r if0<z<l1
fl@)=% 3 if1<a<2
0 otherwise
b)Pl<X<2)=3,PAl<X<2)=LPl<Xx<2)=,PA<X<2)=
L, P(X>1)=1and P(X =1)=0.

. A bag contains ten balls. Among them six are red and four are white. Three balls are
drawn at random and not replaced. Find the probability mass function for the number

of red balls drawn.
(6> ( : )
T3 ifr=0,1,2,3

Answer: the p.m.f is
p(z) = 10
3
0 otherwise

. Let X be a random variable with p.d.f

[ c(4x—22*) f0<z<2
flz) = { 0 otherwise
where ¢ is a real constant. Then

(a) Find the value of c.
(b) Find the cumulative distribution function of X.

Answer: (a) ¢ =3/8 (b)the c.d.f

0 if x <0
fl@)=4¢ 132 —2®) f0< 2 <2
1 ifr > 2

. Let X be a random variable with p.m.f

P(X:T): (Z)pT<1_p>nra r=0,1,2---,n 0<p<L

Find the p.m.f of the random variables (a) Y = aX + b and (b) Y = X2
Answer: (a) the p.m.f

1 ify=>
Forazo,p(y):{o ifg?j#b

= TZ—D‘ oo
For a # 0, p(y) = (_b>p“<1—19) ify e {ba+b2a+b, - ,na+b}

0 otherwise



n

ply) = (\@)Pﬂ(l—p)"ﬂ if ye{0,1,4,---,n%}
0

otherwise

9. A random variable X has a p.d.f f(x) given by ce™ in the interval 0 < x < co and
zero elsewhere. Find the value of the constant ¢ and hence calculate the probability
that X lies in the interval 1 < X < 2.

Answer: c=1land P(1 < X <2)=e¢!—¢e2
10. Let X have range [0, 3] and density fx(z) = kz?. Let Y = X3,
(a) Find k and the cumulative distribution function of X. (b) Compute E[Y].
(¢) Compute Var(Y).
(d) Find the probability density function fy (y) for YV .
Answer: (a) k=1/9, (b) 13.5, (¢c) 60.75 (d) 5- on [0,27].

11. Let X be a random variable with p.m.f.

1
0 otherwise

(a) Find the m.g.f. of X.
(b) Find the p.m.f. of Z = X? and its distribution function.

Answer: (a) The m.g.f. of X is Mx(t) = 2(e ™ +e '+ e+ 1)+ 2 (e* +¢€*) (b) The
p.m.f. of Z is

if2=0
ifz=1
if z=4
ifz=9
otherwise

pz(z) =

© o[t

and the distribution function of Z is

if z<0
fo<z<1
ifl1<z<4
if4<z<9
z>9

Fz(Z) =

>—l>—t|»—-q|w-\1|>—t o
=

12. Let X be a random variable with p.m.f.

1) ifr €{0,1,2,---}
_ 3\3 ) Ly 4y
p(z) = { 0 otherwise



13.

14.

15.
16.

Find the distribution function of Z = <X~ and hence find p.m.f. of Z.

X+1
Answer: The distribution function of Z is
0 if z<0
Fz(2) —{ 1= (@) if L <z<Hlie{0,1,2, )
and p.m.f. of 7 is
1(2)& if z€{0,1,1 ...}
—J 313 19933
fz(2) { 0 otherwise

Let X be a random variable with p.d.f.
e ifx>0
ro={ 6

otherwise

Find the distribution function Z = X? and hence find its p.d.f.
Answer: The distribution function of Z is

0 if z<0
Fﬂd_{l—eVZﬁzZO

and p.d.f. of Z is

e~ VZ :
h@%={2ﬁ if 2> 0

0 otherwise

Let X be a random variable with p.d.f.
6z(l—2z) if0<ax<1
foy={ oY

0 otherwise
Find the distribution function Z = X?(3 — 2X) and hence find its p.d.f.
Answer: The distribution function of Z is

0 if2<0
Fz(z)=¢ =z f0<2z<1
1 ifz>1

and p.d.f. of Z is

1 if0<z<1
fa(2) = { 0 otherwise
If m.g.f. of a random variable X is Mx(t) = et_gifm, for t # 0, then find a p.d.f. of X.
Let X be a random variable with p.d.f.
5 fo<xz<1
5 ifl<z<2
et 2 -
/(@) Sz if2 < <3
0 otherwise

Find the expected value of Y = X2 — 5X + 3.

Answer: —%



17.

18.

19.

20.

21.

22.

Let X be a random variable having the p.m.f.

= { e ire(FL 243
PRI =9 0 otherwise

Then show that expectation of X is not finite.

Let X be a random variable having a p.d.f.

flz) = 672‘1‘, for x € R
Then show that expectation of X is finite and find its value.
Answer: 0

For any random variable X having the mean p and finite second moment, show that
B((X — u)?) < B((X — ) Y c€ R

Let X be a continuous random variable with p.d.f. fx(z) that is symmetric about
we R ie, fx(p+x) = fx(pp—x), for all x € R. If E(X) finite, then show that
E(X) = p.

Let X be a random variable such that P(X < 0) = 0 and g = E(X) is finite. Show
that P(X > 2u) < 0.5. (Use Markov inequality)

If X is a random variable such that F(X) = 3 and E(X?) = 13, then determine a

lower bound for P(—2 < X < 8). (Use Chebyshev inequality)

o2
Answer: 5%

Note: p.d.f - probability density function, p.m.f - probability mass function, & c.d.f -
cumulative distribution function



