Lecture 5

Determinant Function & Its Properties

Definition 1. Let A = (a;;) be an n x n matriz and S, denote the set of all permutation on S =
{1,2,...,n}. Then determinant is a function from M,(F) to F, denoted by det(A) or |A|, and given by

det(A) = |A| = Zszgn 0)015(1)020(2) * * * Ano(n)-
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Let n =2and A = (a > Then S, = {(1),(12))}. Set o1 = (1) and o9 = (12). Then
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det(A) = sign(01)a1s,(1)020,(2) + 5191(02)A105(1) 0204 (2)

= A11G22 — G1202].
Properties of Determinant

P1: Let A = (a;;) and B = (b;j) be n x n matrices. Then if B is obtained from A by interchanging two
rows of A, then |A| = —|B].

Proof: Let B is obtained by interchanging k-th row and r-th row of A. Then B = (b;;) such that

be; = arj, byj = ayj, and b;; = a;; for j =1,2,... ,nand ¢ # k, 7.
Let 7 = (k,r). Then S,, = {o o7 : 0 € S,,}. Therefore,

|B| = Z Sign(g © 7_>blao7'(1) T kaOT(k) T bram’(r) T bnom’(n)

ooT

= Z SZgn SZgn )bla(l) T bko(r) T b’/‘a(k) T bna(n)
= - Z SZgn ala : aro(r) e ako(k) e ana(n) (Since SZgn(T) = _1)

— -4

P2: If two rows of A are identical, then |A| = 0.

Proof: Let Ry, R,, ..., R, denote the rows of A. It is given that R, = R, for some j # k. Let B be
the matrix obtained by interchanging j-th row and k-th row of A. Then |B| = —|A|, but A = B.
Therefore, |A| = 0.



P3: If B is obtained by multiplying a row of A by a constant ¢, then |B| = c|A|.

Proof: Let B = (b;;) is obtained by multiplying a constant ¢ to the k-th row of A. Then by; = cay;
and bz’j = Q5 for ¢ 7é k. Then

|B| = stn( )b10(1)020(2) * * * Dro(k) * * * bro(n)
= Z 5igN(0)A15(1)025(2) * * * Chko(k) * * * Ono(n)

=c¢ ) sign(0)ais(1)a2e(2)  * Gralk) - Gna(n)

g

= c|4]

P4: Let A, B and C be n x n matrices which differ only in the k-th row, and cy; = ax; + by; V7, then
Cl = [A] +[B].

Proof:

IC] = Z Sign(a)cla( 1C20(2) " * " Cko(k) " * " Cno(n)
= Z $ign(0)Cio(1)C20(2) * * * (Akok) + bko(k)) = * Co(n)
= Z s1gn(0)C10(1)C20(2) * * * Ako(k) * * * Cno(n) + Z sign(0)C10(1)C20(2) * * * Uko(k) * * * Cno(n)
= Z sign(0)a15(1)020(2) * * * Qko(k) " * * Ono(n) + Z 5ign(0)bio(1)b20(2) * *  bro(k) = * * bno(n)
= [Al+ B

P5: If B is obtained by adding A times the r-th row of A to its k-th row, then |A| = |B).
Proof: Here, by; = Aa,; + ay;, bjj = a;j for i # k and 7 =1,2,...,n. Then
|B| = Z s5ign(0)b1s1)b20(2) =+ Dka(k) * * * Ono(n)
= Z 5ign(0)a10(1)020(2) =+ (Ara(k) + Qa(k)) = * Cno(n)
=A Z $ign(0)a16(1)020(2) *** Gro(k) ** Ano(m) + D SIGN(0)A10(1)020(2) -+ + ka(r) - * Ano(n)

=0+ [A] = [4]

P6: Let E be an elementary matrix. Then |E| # 0.



P7: If £ is an elementary matrix, then |EA| = |E||A|. (Prove it yourself!)
P8: A is invertible < |A| # 0. (Prove it yourself!)

P9: Let A, B be n x n matrices. Then |AB| = |A||B|.
Proof: Suppose A is not invertible. Then |A| = 0. Let |AB| # 0 so that AB is invertible.

Therefore, the system ABx = 0 has only trivial solution. But Az = 0 has a non trivial solution, say
y. If B is invertible, then Bx = y has a unique solution, say z*. Note that z* # 0 and ABx* =0
so that ABx = 0 has a non-trivial solution which contradicts our assumption and hence, |[AB| = 0.
Now if |B| = 0, the system Bz = 0 has a non-trivial solution so that ABz = 0 has a non-trivial

solution which again gives a contradiction. Therefore, |AB| = 0.

Suppose A is invertible. Then A = E ... E,. This implies

AB| = |(E: ... E,B)|
= |E1||Esl. .. |Es|| B
= |E1... E|| B
= [AllBI.

P10: |A] = |A"|, where A" denotes the transpose of A.

Remark 2. The properties P1-P5 are also valid for column operations.

Cramer’s Rule for solving system of linear equations

Let Az = b be a system of n linear equations in n unknowns such that |A| # 0. Then the system

Ax = b has a unique solution given by

|Cy| .
(’Ej:ﬁ, j:1,2,...,77,

where C; is the matrix obtained from A by replacing the j-th column of A with the column matrix
b= (by,by,...,0,)"

Proof: If |A| # 0, then A is invertible and z = A~'0 is the unique solution of Az = b. Define a

matrix
1 0 - T
0 1 T
X; =
0 0 - Ty 1



Note that the matrix |X;| = z; (apply properties of determinant function). Therefore,

[AX;| 1G]

v = |X5] = |L.X;] = [ATTAX;| = ] A,
J

Vi=12,...,n.



