GENERALIZED BI-CIRCULAR IDEMPOTENTS ON SOME SPACES OF
ANALYTIC FUNCTIONS
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ABSTRACT. Let X be a complex normed space. A map P : X — X is called idempotent
if P2 = P. A collection C = {P1, P>} of nonzero distinct orthogonal (P1P> = PP, = 0),
not necessarily linear, idempotent maps on X is said to be a family of generalized bi-circular
idempotents if there exist distinct unit modulus complex numbers A1, A2 such that P1 + P> = 1
(identity operator on X) and A\ P1 + A2 P» is a (not necessarily linear) surjective isometry on X.
This generalizes the notion of generalized bi-circular projections on Banach spaces introduced
by Fosner, IliSevi¢ and Li [5] to nonlinear maps. In this paper, we give complete descriptions of
generalized bi-circular idempotents on the following complex normed linear spaces: the space
Sa of analytic functions f on the open unit disc D whose derivative can be extended to the

closed unit disc D, and the space S* of analytic functions f on I with bounded derivatives.

1. INTRODUCTION AND BAsic RESULTS

Let X be a complex normed space. A map P : X — X is called idempotent if P2 = P.
A bounded (continuous) and idempotent linear operator on X is called a projection. In this
note, we extend a class of bi-contractive projections on Banach spaces, known as generalized
bi-circular projections and introduced by Fosner, Ilisevi¢ and Li [5], to a nonlinear setting and
study some of its properties. A projection P is said to be a generalized bi-circular projection
if T = P+ A — P) is a surjective isometry on X for some A € T \ {1}, where I denotes the
identity operator on X and T denotes the unit circle in the complex numbers C.

Over the last two decades, these classes of projections have been extensively studied for several
Banach spaces. We refer interested readers to the papers [1L 2] [5 [6, [7] and the references therein.

To extend this notion to nonlinear maps, i.e., both P (which is simply an idempotent map)
and the isometry 7', are not necessarily linear, we first observe that if P is an idempotent map on
X, then I — P may not be idempotent. A simple example is to define P : X — X as P(z) = ﬁ

when z # 0 and P(0) = 0. We will revisit this example later. Therefore, in our definition, we

must assume that I — P is also idempotent. Thus, we have the following definition.

Definition 1.1. Let X be a complex normed space. A collection C = {Py, Pa} of nonzero distinct
idempotent maps on X is said to be a family of generalized bi-circular idempotents (GBI,

for short) if
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(1) P+ P=1,

(2) PP, =0= PP, and

(3) there exist distinct A1, Ay € T such that T = A\ Py + Mo P» is a surjective isometry on X .
Each Py, i = 1,2, is called a generalized bi-circular idempotent. We also say that C = { Py, Py} is
a family of generalized bi-circular idempotents corresponding to the isometry T. We sometimes

refer toI' as the isometry associated with the family C.

We recall that a map T': X — X is called an isometry if | Tz —Ty| = ||z —y| for all z,y € X.
Moreover, if T is an isometry, then 7™ is also an isometry, for n > 2. We consider the Hardy
space H*°(ID), which is the commutative Banach algebra of all bounded analytic functions on D,
and the disc algebra A(DD), which is the commutative Banach algebra of all analytic functions

on D that can be continuously extended to I; both equipped with the supremum norm

[flloo = sup |f(2)].
zeD

We define S4 to be the Banach space of all analytic functions f on D whose derivative f’ belongs
to A(D), and S to be the Banach space of all analytic functions f on D whose derivative f’
belongs to H*°(D); both endowed with the norm

11 = [£(0)] + sup | f'(2)]-
zeD

In this paper, we give complete descriptions of GBIs on the spaces Sy and §°. We also find
out the structure of isometric reflections on these spaces. An isometric reflection on a normed
space X is an isometry T such that 72 = I.

It is important to note that in [3], Botelho and Miura initially introduced the notion of
generalized bi-circular idempotents as follows. An idempotent map P is called a generalized bi-
circular idempotent if there exists a unimodular complex number A # 1 such that P+ \(I —P) is
a surjective isometry. Moreover, in [3],4], the authors studied generalized bi-circular idempotents
on the space of continuously differentiable complex-valued functions on [0, 1].

In our definition of generalized bi-circular idempotents (Definition [[T]), we have emphasized
that I — P is also an idempotent map. Unlike projections (P is a projection if and only if I — P is
a projection), this is a crucial assumption for the case of idempotent maps. Our next definition

and lemma address this issue.

Definition 1.2. A map P on a normed space X is said to be bi-potent if both P and I — P

are idempotent maps.

Lemma 1.3. Let P be a map on a normed space X. If P is idempotent, then (I — P)P = 0.
Further, P is bi-potent if and only if P(I — P) = 0.

Proof. Let P be an idempotent map. Then (I — P)P =P — P> =P — P =0.
Suppose that P is bi-potent. Then for any z € X, (I — P)(I — P)x = (I — P)x. This implies
that I(I — P)x — P(I — P)x = (I — P)z. It follows that P(I — P)z = 0. Hence, P(I — P) = 0.
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Conversely, let z € X. Then (I — P)?x = (I - P)(I—P)x = [(I—- P)x—P(I - P)z = (I - P)x.
Thus, I — P is idempotent. O

An example of an idempotent map that is not bi-potent is given below.

Example 1.4. Let P : X — X be defined as P(z) = ”i—” when x # 0 and P(0) = 0. Then P
is idempotent, but I — P is not. To verify the later claim, consider a nonzero x € X such that
lz|| #1. Then (I — P)z =x — ”i—” # 0. It follows that P(I — P)x # 0. Therefore, I — P is not

an idempotent map.

Lemma 1.5. Let C = {Py, P»} be a family of generalized bi-circular idempotents such that
T=MP,+XPy. Then TP; = AP, and TPy = \oP5.

Proof. Multiplying both sides by P; and P» and using the orthogonality of P; and P, we obtain
the desired result. O

Consider a family C = {P;, P} of GBI corresponding to the isometry 7. The Mazur-
Ulam theorem [8] states that some translation of T' is a real linear isometry. In other words,
T =T(0) + S, where S is a real linear isometry on X. Our next proposition establishes that T

is a real linear.

Proposition 1.6. Let C = {P, P2} be a family of generalized bi-circular idempotents corre-

sponding to the isometry T. Then T'(0) = 0. Moreover, T is a real linear.

Proof. Let T' = A\ P + Ao P>, where A1, A\g are distinct complex numbers of modulus one. By the
Mazur-Ulam theorem, we can write 7' = T'(0) + S, where S is a real linear surjective isometry.
By Lemma [[5] we have TP, = A\ P; and TP, = Ay P,. Consequently, T(0) + SP; = A\ P; and
T(0) + SP, = \oP,. Adding these two equations, we get 27°(0) + SP; + SPy = M Py + Ao Ps.
Since S is real linear and P; + P, = I, it follows that 27°(0) + S = T'(0) + S. Hence, T'(0) = 0,

and thus, T is real linear. O

Corollary 1.7. Let C = {P1, P,} be a family of generalized bi-circular idempotents on a normed

space X. Then Py and Py are real linear.

Proof. Let T'= A\ Py + Ao P, for some distinct A, Ao € T. Since P, + P, = I, we conclude that

T — ol T— M1
P=——and Pb=——. 1.1
PO TN (1)
Since T is real linear, P; and P, automatically become real linear. O

Remark 1.8. The above Proposition and Corollary only imply that the maps under consideration

are real linear, and not complex linear. So, essentially, they are nonlinear maps.
Example 1.9. Define the real linear idempotents Py, P, : C — C, by

Pi(z=x+41iy) ==z, and Py(z=z+1y) =14y forall z,y € R.
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Obviously, P + Po =1 and PP, =0 = P,P,. For any z,y € R, let
T(x +iy) = M Py + MaPo = Mz + i)9y,
where Ay # Ao € T. It follows that
1T(2)> = M 22?4+ [ No*y? + zy(—iMA2 +iAAg) = 22 4+ 4% — 2zy I (A1r2),

where S()\_l)\g) denotes the imaginary part of Mido. Now, T is an isometry if and only if
IT(2)]? = |2|> = 22 + 42, for all z,y € R. Hence, %()\_1)\2) = 0. Let MMy = € for some 6 € R.
Thus,

sinf=0 = O=nmr,n€Z = MMly=cosf=(—1)"==+l.
This concludes that \y = —Xg. So, T(x + 1y) = —Xox + idoy = —Xo(x — iy) = —NoZ. Clearly,
T is a surjective isometry on C. Therefore, the collection {Py, Py} is a family of generalized

bi-circular idempotents for A\ = —Aa.

The structure of surjective isometries on the spaces S4 and S was characterized by Miura

and Niwa in [9] and [I0] respectively, and is stated in the following theorem.

Theorem 1.10. [9, Theorem 1] [I0, Theorem 2] Let X = Sy or S®. IfT : X — X is a
surjective, not necessarily linear, isometry with respect to the norm || f|| = |f(0)|+sup,ep | f/(2)]

for f € X, then there exist constants cg,c1,pu € T and a € D such that for oll f € X, and z € D

Tf(=) = T(0)(=) + cof (0) + /M L/ (W(E))de, or (Form 1)
Tf(=) = T(0)() + o f (0] + /M e f ((€))dg. or (Form 11
Tf(z) = T(0)(2) + cof(0) + /{072] e f/ (0 (E))de, or (Form IIT)
Tf(2) = T(0)(2) + eof (0) + /M o1 (E) e, (Form IV)
where (2) = pZ=% for all z € D.

2. ISOMETRIC REFLECTIONS ON X

A map T on a normed linear space X is said to be of the order n if T" = I for some positive
integer n. If n = 2, T is called a reflection. If T' is an isometry on X of order 2, it is termed as
an isometric reflection.

In this section, we find the structure of the isometric reflections on X = S4 and S*°. We
will see in the next section that the isometry associated with a family of generalized bi-circular

idempotents is actually an isometric reflection.

Theorem 2.1. Let T be an isometric reflection on X of the form (I). Then cy,c1 € {£1} and
P2 =1.

Proof. An isometry on X' of form (I) is given by
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Tf(:) = TOE) +f O+ [ ef (@) ¥ fe X md 2 eD.

[0,2]
This implies that

T'f(0) = T(0)(0) + cof(0) and (T'f)'(2) = (T(0))'(2) + erf'(¥(2)).
Since T is an isometric reflection, we have T2f(z) = f(z) for all f € X and z € D. It follows
that

1)) + a0+ [ alTfY @O0 = 1)

[0,2]
Substituting the values of T'(f)(0) and (T'f)'(¢(€)) in the above equation, we obtain

T(0)(2) 4 co [T(0)(0) + cof(0)] + &1 / [(T(0)) ((&) + e f (W (E)] dE = f(2).  (2.1)

[0,2]

Choosing f = 0, we get

T0)(:) + T O0) +a | (TO) (@) =0

[0,2]
Thus, Equation (2.1]) becomes

g f(0) + ¢ }f’(wz(ﬁ))df = f(2). (2.2)

[07Z

Now, by choosing f = 1 we conclude that c% = 1. Thus, ¢y = £1.
Differentiating equation (Z2), we get cf'(1)?(z)) = f'(z). This implies that ¢; = 41 and
1?(z) = z. Hence, the proof is complete. O

Theorem 2.2. Let T be an isometric reflection on X of the form (II). Then c¢; € {£1} and
W2 =1.

Proof. An isometry of form (/1) is given by

Tf(z) =T(0)(2) + cof(0) + /[0 ]clf'(zp({))d& V f e X and z € D.

Thus,

Tf(0) = T(0)(0) + cof(0) and (Tf)'(2) = (T(0))'(2) + c1f'(¥(2))-
Since T is an isometric reflection, T2 f(z) = f(2) for all f € X and z € D. This implies that

T@@+%@ﬁ@+/ e (T (H(©)de = f(2),

[0,2]
or
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T(0)(2) + cT(0)(0) + f(0) + 1 / [(T(0)) (¥(€)) + er f' (¥*(€))] d€ = [(2). (2.3)

[0,2]

Choosing f = 0, we get

7(0)(:) + T OO+ | (TO) ()¢ =0.

[0,2]
So, Equation (2.3]) takes the form

f(0)+¢] | F@W2(€)de = f(2).

[0,z
After differentiating this equation, we get c2f(1?(z)) = f'(z). It follows that ¢; = +1 and
1?(z) = z. This completes the proof. O

Theorem 2.3. Let T be an isometric reflection on X of the form (III). Then ¢y € {%1},

pa =a and P(1(Z)) = z for all z € D.

Proof. The form of T is given by

Tf(z)=T(0)(z) + cof(0) +/ crf'((€)dE ¥V f € X and z € D.

[0,2]
It follows that

T£(0) =T(0)(0) + cof(0) and (T'f)'(2) = (T(0))'(2) + c1f'(¥(2))-

Since T2 f(z) = f(z) for all f € X and z € D, we have

1)) + a0+ | a7V = 1(2)

[0,2]
This implies that

1)) + aTOO) + G0 + [ [a@O)@E) + F@EE@)]ds = (). @)

[0,2]

Selecting f =0,

T(0)(:) + T ©)0) + | a0 @E) =0

[0,2]
So, Equation (2.4 becomes

g f(0) + H%wwanﬁzf@»

[0,z

Hence, ¢g = £1 and ¥(¢(Z)) = 2. Since ¥(z) = puZ=%, putting z = @ in the identity

az—1’

Y(¥(Z)) = z, we obtain ¥(0) = @. This implies that pa = @. Thus, the proof is complete. O

Theorem 2.4. Let T be an isometric reflection on X of the form (IV). Then pua = a and
Y((Z)) =z for all z € D.
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Proof. The isometry T is given by

Tf(2) = T(0)(2) + cof(0) + /[0 @), ¥ € X and 2D,

It is immediate that

Tf(0) =T(0)(0) + cof(0) and (T'f)' () = (T(0))(2) + c1f'(¥(Z))-
Moreover, T2 f(z) = f(z) implies that

1)) + @0 + | a7V = f(2)

[0,2]
Therefore,

T(0)(:) + T O + /0 + [ [a@OY@O) + M@ d = f(). 29

[0,2]

Taking f = 0, we obtain

7(0)(:) + T OO + | aTO)(@©)d =0

[0,2]
Thus, Equation (2.5]) takes the form

f(0) + . ]f’(¢(w(5)))d£ = f(2).

Therefore, 1(1(Z)) = z. This implies that pua = @, which completes the proof. O

3. STRUCTURE OF GENERALIZED BI-CIRCULAR IDEMPOTENTS ON X

In this section, we characterize generalized bi-circular idempotents on X = S4 and S*°.

Theorem 3.1. If the collection C = { Py, Py} is a family of generalized bi-circular idempotents
on X corresponding to an isometry T of the form (I), then one of the following holds:

(1) C is a family of generalized bi-circular projections such that each P; is the average of the
identity operator and an isometric reflection. Moreover, we have A1 + Ao = 0, ¢og = £A1,
c1 = )1 and Y?(z) = z for all z € D.

(2) C is a family of bi-circular projections.

Proof. Let C = {P;, P,} be a family of generalized bi-circular idempotents on X corresponding
to an isometry 7" of form (I). Then T' = A1 P; + A2 P2, where A1, A2 € T. Proposition implies
that 7'(0) = 0. Thus, T takes the form

Tf(:) =eofO)+ | eaf (9O V€ X andzeD,

[0,2]
We observe that T is a linear surjective isometry on X'. This implies that P, P, are projec-

tions. If follows that (7" — A\ I)(T — X2I) =0 or
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T?f(2) — (M + )T f(2) + Mdaf(2) =0,V feX and z€ D

Further,

T— NI
Xi —Aj
Now, using the form of 7" in Equation (8.1]), we obtain

Pi: 51,321’2517&]

0 f(0) + 1 F1@(€))dg

[0,2]

[Cgf(o) +cf f’(¢2(§))d§] —(AM1+A2)

[0,2]

Choosing f = 1 in the above equation, we get

Cg — ()\1 + )\2)60 +AA2 =0 = cg = A, Ao

Again, choosing f = id, we have

C%Z — ()\1 + )\2)012’ + Az =0 = c1 = A, Ao

Differentiating Equation (3.3)),

A f (W(2)) — (M + A)erf (1(2)) + Mdaf'(z) = 0.

8

(3.1)

+ XA f(2) =0. (3.3)

We claim that ¢2(z) = z for all z € D. To see this, we observe that if ¥(2) = z for all

z € D, then the claim is obvious. Suppose that 1)(z) # z for some z € D. Then z,1(z) and

¥?(2) cannot be all distinct. If they are, we choose a function f € X such that f/(z) = 1 and
f'(¥(2)) = f'(¥*(2)) = 0. This implies that A\; Ay = 0, a contradiction. Therefore, )2(z) = z for

all z € D.

Now, suppose 9(z) # z for some z € D. We choose a function f € X such that f/'(z) = 0 and

f'(4(2)) = 1 to obtain ¢1 (A + A2) = 0. Since ¢ € T, we conclude \; + A2 = 0. Hence, ¢y = +);

and ¢ = £)q.
So, Equation (3.2)) becomes

T—=XNI T+NI T+S
NN 2y 2
WhereS:%T. It is clear that S2 = I.

P

This proves the first assertion.

If ¢(z) = z for all z €D, then T'f(2) = cof(0) + c1(f(z) — f(0)). Therefore,

(co —c1)f(0) + (c1 = Aj) f(2)
NN '

Pif(z) =
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Consequently, for all a, 5 € T, f € X and z € D, we have

— ) (0) + (= HIE) | glar—e)f(0)+ (o~ )f()
a—p 08—«

= cof(0) + c1(f(2) — £(0)),

aPLf(2) + BPof(2) = ol

which is clearly a surjective isometry on X'. It follows that the collection C forms a family of

bi-circular projections. Thus, the proof is complete. O

Theorem 3.2. Suppose the collection C = {Py, Py} is a family of generalized bi-circular idem-
potents on X corresponding to an isometry T of the form (II). Then one of the following
holds:

(1) Each P; is the average of the identity operator and an isometric reflection. Moreover,
we have A\ + Ao =0, ¢1 = £\ and ¢*(z) = z for all z € D.

(2) C is a family of bi-circular idempotents.

Proof. Let C = {P1, P»} be a family of generalized bi-circular idempotents on X" corresponding
to an isometry 7" of form (/7). Then T'= A\ Py + Ao P, where A1, Ao € T. Proposition [[L6limplies
that 7'(0) = 0. Thus, T takes the form

Tf(z)=cof(0) —i—/[o }clf'(i/}(@)d{, VfeXandzeD.

Further,

Rt = LB [cof'<o>+ [ erwee x| @

ij=1,2 i # .

On differentiating for i = 1, we get

(P = 5

Taking z = 0 in the equation (B.4]), we have

[erf'((2)) = Ao f'(2)] -

PLI0) = 1 [0 0 — %/ (0)]

Since P;, i = 1,2, is a generalized bi-circular idempotent, we also have the identity

TP f(z) =NPif(z), i=1,2, V f € X and z € D.

It follows that

w0 + / e1(PLf) ((8))de

[0,2]

A1
A1 — A2

of (0) + /[0 )~ 0af(2)|



GENERALIZED BI-CIRCULAR IDEMPOTENTS ON SOME SPACES OF ANALYTIC FUNCTIONS 10

Putting the values of P, f(0) and (P f)'(z), we have

i | ICREIC] e AN CYC IR

A1

= A — Ao [W%—/{O 161f/(¢(5))d§—)\2f(z)] )

or

)

C1 , ,
x_AQqﬁ@%—&ﬂ®]+M_ALAﬂku%ﬁ@»—xﬁaﬂaﬂ%

A1

A — Ny [m-i- /[07z] e f!(W(€))de — )\Qf(z)] )

After simplification, we get

1 A1 A2 1 ) / -
A — )\—Qf(O) * A1 — A2 )+ A1 — A2 /[O,z] alWE) = G A uEn] de =0

Differentiating the above equation

Af (2 (2)) = er(M 4 M) f/(0(2) + MAaf'(2) = 0.

Choosing f’ =1 in the above equation

C% — Cl()\l + )\2) + XA =0 = ¢ = A, Ao

Proceeding in the same way as we did in Theorem 3.1 we conclude that 2(z) = z for all
z €D.

If ¢(z) # = for some z € D, then A\; + Ay = 0. Moreover, ¢; = £);.

Equation (3.4) implies that

T—MNI T+MN  I+S
PZ‘: p— p—

Xi— 2\ 2

where S = /\%T. Clearly, S? = 1.

This proves the first assertion.

If ¢(z) = z for all z €D, then Tf(2) = cof(0) + c1(f(2) — f(0). Thus,

¢ f(0) =1 f(0) + (c1 — Aj) f(2)
Pif(z) = = Y :
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Now, for all a, 8 € T, f € X and z € D, we have

cf(0) — e f(0) + (e1 — B) f(2)

aPif(z) + P f(2) = « a—f *
5cof(0) —c1f(0) + (a1 — @) f(2)
8-«

= cof(0) +ar(f(2) = f(0).

This is indeed a surjective isometry on X. Therefore, the collection C constitutes a family of

bi-circular of idempotents. This completes the proof. O

Theorem 3.3. Let C = {Py, P} be a family of generalized bi-circular idempotents on X cor-
responding to an isometry T of form (I1I). Then C is a family of bi-circular idempotents.
Moreover, ¢y = A1, Ao and ¥(¢¥(Z)) = z for all z € D.

Proof. Let C = {P1, P»} be a family of generalized bi-circular idempotents on X' corresponding
to an isometry T of form (III). Then T = AP, + Aoy P5, where A, Ay € T. Proposition
implies that T'(0) = 0. Thus, T takes the form

Tf(2) :cof(0)+/ crf/((€)dE, ¥V f € X and z € D.

[0,2]
We also have,

Bﬂ@ZTﬂi:Xﬂd:Aﬁﬁjhﬂm+AMQWW@M&%M®17 35)

j=12,i#j.

Differentiating the above equation for i = 1, we get

(P2 = =

Taking z = 0 in Equation (B.3]), we obtain

afl (W) = Xf'(2)].

PL(O) = 5 [0 (0) = Aaf (0)].

Using all these information in the 1dent1ty T P1 fz)=MPif(2),

WPiNO) + [ P E)E - kd@+A”qNW@%—Mﬂ4-

[0,2] A=A

or

C1
)\1 [COf( ) )‘Zf(o)] + )\—1 _ )\—2

A1
T -

/[o,z] {m /\2f'(1/1(§))J d¢

[Cof( )+ /[0 ]le’(lb(g))dﬁ—)af(z)] :

or
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MiMK%—%M—%&MMH%Mﬁ@ﬂ+ ! F W (€)))de = 0. (3.6)

)\_1 - )\_2 [0,2]

Choosing f =1, we get

Cg —CcoA1 — o2 F M A =0 = cg = Aq, Ao

Differentiating Equation (B.6]), we obtain

AMAe 1
z2)+ ——
)\1—)\2f() Al — Ao
This implies that ¢ (¢ (Z)) = z for all z € D.
We started the proof by taking A\; P; + Ay P2 to be an isometry T of form (I17). We found out

that ¥ (¢(z)) = z for all z € D, which ensures that P; = F‘;Z_j‘)’\f is indeed an idempotent map. It

F'(W((z))) = 0.

follows that the identity aP; + 8P, = T holds true without any restrictions on «, 8. Thus, the
collection C forms a family of bi-circular idempotents, and this completes the proof.

O

Theorem 3.4. If C = {Py, P2} is a family of generalized bi-circular idempotents on X cor-
responding to an isometry T of the form (IV'), then it is a family of bi-circular idempotents.

Moreover, ¥(1(Z)) = z for all z € D.

Proof. Let C = {P1, P»} be a family of generalized bi-circular idempotents on X" corresponding
to an isometry T of form (IV). Then T = AP, + \yP5, where A, Ao € T. Proposition
implies that T'(0) = 0. Thus, T takes the form

Tf(z) :cof(0)+/[0 }le/(iﬁ(_))df, V fe X and z € D.

Further,

Ry = E=2 8 _ [cof'm) + [ arw@e - wz)] ,

i =1,2, i # ]
This implies that

1

(P f)(2) = N

e WE) — def'(2)]

and

PU0) = 5 [ )~ 2af(0)]
TP f(z) =MPif(z) =
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P 0) + / e (Puf ) ((E) de

[0,2]

- A
AL — A2

co.f(0) +/[0 ]le’w(_))d& - /\2f(2)] :

It follows that

G = & LI — o F(G(E
O c0f(0) = X2/ (0)] e /M {clfw(w(s»)ds Aof <w<s>>J ¢

AN [—— —_
Y [Cof ©+ /M e f (D (E€))dg — Ko f(z)] ,

or

1 A1 Ag 1 1Y _
O 0 i [ e =o

Now, differentiating the above equation, we get

AMAa 1 , .
ol O o WEE) =0

This implies that ¢ (¢ (Z)) = z for all z € D.
Using the same arguments at the end of the proof of Theorem [B.3] we can conclude that the

collection C forms a family of bi-circular idempotents. This completes the proof. O

We end this paper with the following remark.

Remark 3.5. Although Corollary [1.7 says that any GBI is real linear, it is clear from the
structures of GBI obtained in the proofs of Theorems[3.2, [3.3, and that they are nonlinear

maps.
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