Conditional Expectation and Variance

Definition 1. Let (X,Y) be a random vector and h : R — R be a function such that
h='(A) € Bg. Then

(1) the conditional expectation of h(X), given Y, written as E[h(X)|Y], is an random
variable that takes the value E[h(X)|Y = y|, defined by

> h(@)P(X =zY =vy), if (X,Y) is of discrete type and P(Y =y) >0

IEEx‘Y:y

ERX)Y =yl = { = , , .
_f h(z) fxyy (z|y) de, if (X,Y) is of continuous type and fy(y) > 0

(2) the conditional variance of h(X), given Y, written as Var[h(X)|Y], is an random
variable that takes the value Var[h(X)|Y = yl, defined by

Varlh(X)[Y = y) = B[(h(X) - E[R(X)|Y =)’V =y
= E[(M(X))*]Y = y] — (E[L(X)|Y = y))?

Remark 2. (1) For any constant ¢, E[c|Y] = c.
(2) Let h; : R — R be a function such that h;*(A) € Bg, fori=1,2. Then

Elarhy(X) + asha(X)|Y] = a1 E[h (X)|Y] + a2 Eha(X)|Y],

for any constants ay, as.
(3) If X and Y are independent, then

E[R(X)|Y] = E(h(X)) and Var[h(X)[Y] = Var(h(X)).

(4) If P(X >0) =1, then E[X|Y] > 0.
(5) If P(X1 > X5) =1, then E[X1|Y] > E[X1|Y].

Theorem 3. (1) Let E(h(X)) exist. Then
E(h(X)) = E(E[WX)Y]).
(2) The conditional Variance Formula:
Var(h(X)) = Var(ERh(X)|Y]) + E(Varlh(X)|Y]).
Proof. Let (X,Y) be of the discrete type. Then

BERXIY]) = 3 BROIY = g]P(Y = )
=3 | S pex =aly = )| P =)

= Z hz)P(X =z,Y = y)]

= > h@)P(X =2Y = y)}



and

Thus Var(E[h(X)|Y])+E(Var[h(X)|Y]) = E((h(X))Q)—(E(h(X)))2 = Var(h(X)).
]
Example 4. Let Z = (X,Y, Z) be a random vector with joint p.m.f.

f(x,y,2) = {% if (z,y,2) € {1,2} x {1,2,3} x {1,3}

0, otherunse

(1) Let Y1 = 2X — Y +3Z and Yo = X —2Y + Z. Find the correlation coefficient
between Y; and Ys.
(2) For a fized y € {1,2,3}, find E[Y3]Y =y] and Var[Ys|Y = y|, where Y3 = X Z.

Solution:

(1) By Example 10 of Lecture 16, we know that the marginal p.m.f. of X, Y and Z

are
Fela) = {g if v € {1,2}

0, otherwise

fly) {g, ify e {1,2,3}

0, otherwise

and

0, otherwise

£(2) = {i» if y € {1,3}

respectively. Also X, Y, Z are independent. Therefore, Cov(X,Y) = Cov(X, Z) =
Cov(Y,Z) = 0. Hence,

Cov(Y1,Ys) =2Var(X) 4+ 2Var(Y) + 3Var(Z2);
Var(Y1) =4Var(X) + Var(Y) + Var(Z);

and
Var(Ys) =Var(X) +4Var(Y) + Var(Z).

By a simple calculation, we have

5 7 5
B(X)=2B(Y)="*and B(Z) = 2,

(X)= 2 B(V) = and B(Z) =2,
E(X?)=3,E(Y?)=6and E(Z%) =T,

2 D 3

Var(X) = g,Var(Y) =3 and Var(Z) = 1

2



Therefore,

137 295 115
36 Var(Y1) = — and Var(Y;) = 36

Cov(Y1,Ys) = 36

ths Cov(Y3,Ya) 137
ov(Y1, Y5,
P, 12) = \/Var Y1)Var(Ys) B %\/1_15
(2) As we know that X, Y, Z are independent, it follows that (X,Z) and Y are
independent. Thus, Y3 = XZ and Y are independent. Therefore, E[Y3|Y = y] =
E(Y;) = E(X)E(Z) = £ and
Var[Vs|Y =y] = Var(Y3)
=Var(E[XZ|Z]))+ EVar[XZ|Z))

(
(
=Var(ZE[X|Z)) + E(Z*Var[X|Z])
(
(

=Var(ZE(X)) + E(Z*Var(X))
2

5

=Var(=Z Z?
ar(32) + B(52%)
2 2

= —5VaT(Z) + ZE(Z?)
9 9

~ 131

36

Example 5. Let Z = (X,Y) be a random vector with joint p.d.f.
2, if0<z<y<l1
flz,y) = {

0, otherunse

For a fired 0 < x < 1, find E]Y|X = x] and Var[Y|X = z|, and for a fired 0 <y < 1,
find E[X|Y =vy| and Var[X|Y =y].

Solution: The marginal p.d.f. of X and Y are

00 1
2l —x), if0<ax <1
= [ sy = [2ay= 200
0, otherwise

T

/fxy /de_ 2y, if 0 <y <1
0, otherwise

respectively. Hence, the conditional p.d.f. of Y, given X = x and the conditional p.d.f.
of X, given Y =y are

and

frixlyla) = 220 = {O_th“’;y <!
and .
porta) = 55888
Thus, )
BIYIX =a] = [ uprstulo)dy = [ 2 dy =3

—00
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0o 1

9 9
Y l+xz+2x
BIvAX =)= [ ooty = [ dy - ;
1—=x 3
[e%e] Yy
e _ [, Y.
EX)Y =yl = [ zfxy(zly)dx = Zd?/— 5
—00 0
2 ! 2 f z? Z/2
B =4l = [ fevleln)do = [ Sy =
—00 0

Hence,

1 2 1420+2° a?—2z+1
VCLT’[Y|X:x]:E[Y2|X:x]_<E[Y|X:x]>2: +r+x _ +2r+x :x €T + ;
3 4 12
and
,y2 yZ y2
Var[X[Y =y = EIX*IY =y - (BIX|]Y =y’ = 5 — 7 = 5.

Example 6. Suppose that the expected number of accidents per week at an industrial
plant is four. Suppose also that the numbers of workers injured in each accident are
independent random variables with a common mean of 2. Assume also that the number
of workers injured in each accident is independent of the number of accidents that occur.
What is the expected number of injuries during a week?

Solution: Let N denote the number of accidents and X; the number of workers injured
in the :—th accident, ¢ = 1,2, ..., then the total number of injuries can be expressed as

N N N
S X, Now, E(S. X,) = B(E[S X,|N).
i=1 i=1 i=1
N n n
But E[>.X;|N = n|] = ED.X;IN = n|] = E(Q_X;) = nE(X;) (since X; and N
i=1 i=1 i=1
N
are independent, and X; has common mean). Thus, F[> X;|N] = NE(X;). Therefore,
i=1

E(S X) = B(NE(X.)) = E(N)E(X) = 5.



