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Attempt all the parts of a question at the same place. Number indicated on the right in [ ] is full marks of
that particular problem. There is no credit for an answer if proper justification is not given, even if the
answer is correct. Notations are standard. Do not write anything on question paper and cover pages
except your details.

1. (a) Show that the closed interval A = [a, b] is homeomorphic to the closed unit interval I = [0, 1].
(b) Prove that image of a compact topological space X under a continuous map f : X → Y , is also
compact. [2+3]

2. Show that unit 2-sphere(S2) is a differentiable manifold by constructing a 2-charted atlas. Find the
normalized basis vectors of the tangent space at any point p on S2. [6+4]

3. (a) Find the components of the commutator of two smooth vector fields U and V in a manifold, in any
coordinate basis.
(b) Let U, V,W be three smooth vector fields on a manifold. Show that their commutators satisfy the
Jacobi identity:

[[U, V ],W ] + [[V,W ], U ] + [[W,U ], V ] = 0.

(c) Let Y1, ..., Yn be smooth vector fields on an n-dimensional manifold M such that at each p ∈M they
form a basis of the tangent space TpM ≡ Vp. Then, at each point, we may expand each commutator
[Yα, Yβ ] in this basis, thereby defining the functions Cγαβ = −Cγβα by

[Yα, Yβ ] = CγαβYγ .

Use Jacobi identity to derive an equation satisfied by the functions Cγαβ .

(d) Let v1.....vn be a basis of the vector space V , and let v1∗, ....vn∗ be its dual basis. Let X ∈ V and let
ω ∈ V ∗. Show that

X = Σαv
α∗(X)vα,

ω = Σαω(vα)vα∗.

[2+3+2+3]

4. Suppose f be a differentiable function on <3 defined as,

f(x, y, z) = (x2 − 1)y + (y2 + 2)z.

Let Vp = (v1, v2, v3) be a smooth vector field on <3. Find Vp[f ], at p = (1,−1,2). Evaluate the same for
Vp = (1, 2,−3). What is the interpretation of df in a differentiable manifold? [5]


