
UNIVARIATE AND MULTIVARIATE CALCULUS - ASSESSMENT I

SECTION D

Question. Given nonempty subsets A and B of positive real numbers, define

AB = {xy : x ∈ A, y ∈ B}.

Show that sup(AB) = supA supB.

Solution. Let supA = α and supB = β. Then

x ≤ α for all x ∈ A and y ≤ β for all y ∈ B. [1]

=⇒ xy ≤ αβ for all x ∈ A and y ∈ B. Thus, αβ is an upper bound of AB. [1]

Let γ be any upper bound of AB. Then xy ≤ γ for all x ∈ A and y ∈ B.

In particular, x ≤ γ
y
for all x ∈ A. This implies that α ≤ γ

y
by definition of supremum. [2]

=⇒ y ≤ γ
α
for all y ∈ B. Hence, β ≤ γ

α
or αβ ≤ γ. [1]
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