PROBLEM SET 03: CAUCHY SEQUENCES AND SUBSEQUENCE

(1) Prove that the sum of two Cauchy sequences is Cauchy.
(2) Prove that the product of two Cauchy sequences is Cauchy.
(3) Let (z,) be a sequence and let a > 1. Assume that |23, — 21| < a™* for all k € N. Show
that (z,) is Cauchy.
(4) Let (z,) be defined by
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Show that (x,) converges.

(5) Show that the sequences (x,,) defined below are Cauchy.

(a) vy =1 241 = 2+1
(b) T = ]. Tntl = %(l’ + 8)
(c) &y = % %(m +2).

Tn+Tnt1
(d) X1 =a, g = b, Tpyo = “nlont. 2n+

(e) Let 0 <a <z <9 <b, Tpio = \/Tnt1Tn-

(6) Show that the following sequences cannot converge.

, where a and b are two distinct real numbers.

(@) 2= L f bt gl
(b) Zp=1+34+3+ -+

(7) Let (z,,) be a sequence such that |z,| < for all n. Prove that (x,) is Cauchy.
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(8) Show that if a monotone sequence has a convergent subsequence, then it is convergent.
(9) Let (r,) be an enumeration of all rational numbers in [0, 1]. Show that (r,) is not conver-

gent.

(10) (Elaborate version of Bolzano-Weierstrass Theorem) Let (z,,) be a sequence. If

(x,,) is bounded above and does not diverge to —oo, then prove that (x,) has a convergent

subsequence. Likewise, if (z,) is bounded below and does not diverge to oo, then prove

that (x,) has a convergent subsequence.



