Problem Set 07: Mean Value Theorem

(1) Let f,g : R — R be differentiable. Assume that f(0) = ¢g(0) and f'(z) < ¢'(z), Va € R.
Show that f(z) < g(z) for x > 0.

(2) Let f: R — R be differentiable. Assume that 1 < f/(z) < 2 for x € R and f(0) = 0.
Prove that < f(z) < 2z for > 0.

(3) Use the mean value theorem (MVT) to establish the following inequalities
(a) e >14z, Vo ek

)

(c) 2\/3m<\/n+1—\/ﬁ<ﬁ,VneN.
)
)

(I1+h)* < 14ah, for0<a<l,

(I+h)* > 14ah, fora>1.

(4) Prove that S22 is strictly decreasing on (0,7/2).

(5) Let f:]0,1] — R be differentiable such that |f'(z)| < 1, V x € [0,1]. Show that f has
at most one fixed point.

(6) Let f:]0,1] — R be differentiable and f(0) = 0. Suppose that |f'(z)| < |f(z)|V z €
[0,1]. Show that f = 0.

(7) Let f:(0,1] — R be differentiable with |f’(z)| < 1. Define a,, := f(1/n). Show that
(an) converges.

(8) Let f:[0,1] — R and ay, := f(£) — f(n%rl) Prove the following:
(a) If f is continuous, then Y > | a, converges.
(b) If f is differentiable and | f/(z)| < , V @ € [0, 1], then 3% ;| a,(cos n)y/n converges.

(9) Let f : [a,b] — R be differentiable and a > 0. Using Cauchy mean value theorem, show

that there exist ¢, ¢ € (a,b) such that 7f;(+c,1)) = flz(ccj)-

(10) Let f : R — R be such that f”(c) exists at some ¢ € R, Using L’Hopital rule, show
that

o Fleth) = 27(c) + fle = h)
h—0 h?

= ")

Show with an example that if the above limit exists then f”(¢) may not exists.



