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In the first section, we explain the background and the main theme of this thesis and
provide a chapter-wise summary of its main results. In the second section, we introduce
some notation and preliminaries that will be used throughout this thesis. In the last section

we state all the main results proved in this thesis.

Introduction

Projections are basic building blocks in understanding the structure of a Banach space.

However, constructing a projection with desired properties often turns out to be a daunting



task. By a projection we always mean a bounded linear operator P such that P? = P.
We say a projection P is contractive (respectively, bi-contractive) if | P|| = 1 (respectively,
[P =1 = P|=1).

Attempt to describe the structure of contractive or bi-contractive projections on classi-
cal Banach spaces like Cy(€2) or L, and on other spaces of operators, specially C*- algebras,
had received lot of attention in past as well as in recent time. The seminal work by Lin-
denstrauss [27] and the book [22] by H. E. Lacey are two classical references for the study
of contractive projections.

In this thesis we propose to study a class of projections which are related to the isome-
tries. To motivate, consider an isometry 7' on a Banach space X such that 7" = I, for

some n > 2. Then it is immediate that P, = %

is a norm one projection on
X. Also, note that (see Theorem 0.0.13 in the next section) 7' can always be written as
T =P+ MP+ -+ X\_1P,_1, where \j,...,\,_1 are (n — 1) roots of unity and P,
1 =1,...,n — 1 are corresponding eigen projections for 7. Taking cue from above we

define the following.

Definition 0.0.1. Let X be a complex Banach space. A projection Fy on X is said to be

n-circular projection, n > 2, if there exist projections Py, P, ..., P,_1 on X such that

(CI,) PO@Pl@"'@Pn—l :],

(b) P+ P+ -+ \,_1P,_1 is a surjective isometry forall \; € T, i =1,2,...,n—1.
Definition 0.0.2. Let X be a complex Banach space. A projection Py on X is said to
be a generalized n-circular projection, n > 2, if there exist A, Ao, ..., A\,o1 € T\ {1},

Ai, ©=1,2,...,n—1 which are of finite order and projections P;, P, ..., P,_1 on X such

that
(CL) )\27&)\] fOI'Z'%j,
(b) h@Pi®---®P,y =1,

(¢) Po+MP+---+ \,_1P,_1 is a surjective isometry.
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The case of n = 2 has received recent attention. A projection satisfying the condition
of Definition 0.0.1 for n = 2 is referred as bi-circular projection. Similarly a projection
satisfying the condition of Definition 0.0.2 for n = 2 is referred as generalized bi-circular
projection (henceforth GBP). Bi-circular projections were first studied by Staché and Zalar
in [33, 34]. Their motivation to study these projections is from complex analysis, more
specifically from the study of Reinhardt domains (see [32, 34]). Jamison [19] showed
that bi-circular projections are Hermitian. Let B(X) denote the set of all bounded linear
operators on X. An operator T € B(X) is said to be Hermitian if ¢®7 is an isometry for
every # € R. Hermitian operators on various complex Banach spaces were investigated
by many authors, see for example [5], [6], [7] and [15]. As a consequence of Jamison’s
result, many results on bi-circular projections follow from previously established results on
Hermitian operators.

The notion of generalized bi-circular projection was introduced by Fosner, Ilisevi¢ and
Liin [16]. The description of generalized bi-circular projections for different Banach spaces
were studied in [9, 11, 14, 16, 26]. It was shown in [26] that GBPs are bi-contractive. P.
K. Lin in [26] proved that if P+ A(/ — P) is an isometry and A is of infinite order, then P
is a bi-circular projection.

The central theme of the results which we prove in this thesis is to understand the
structures of GBPs and of generalized 3-circular projections in general, and in particular
classical spaces like C'(€2) and spaces of matrices. It turns out that these spaces are rich
with GBPs and generalized 3-circular projections.

It is quite clear from Definition 0.0.2 and the discussion presented above that the
descriptions of GBPs and generalized 3-circular projections depend on the isometries under
a given norm. We use results related to structures of the isometry groups on the above
spaces heavily in proving our results in subsequent chapters.

We now give a chapter-wise summary of the results proved in this thesis.

In Chapter 2, we prove several results concerning the representation of projections on

Banach spaces.

An operator T € B(X) is of order k (a positive integer) if T% = I and T* # I for any
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1 < k. A reflection is an operator of order 2. An isometric reflection is both a reflection
and an isometry.

In [16], the authors show that a GBP on finite dimensional spaces with respect to various
G-invariant norms is equal to the average of the identity with an isometric reflection. This
result was further extended in [11] to many other spaces, for example C(€2) and C(2, X).
In fact it is known that, see [25, Theorem 4.4], any bi-contractive projection on C(£2) is
the average of identity and an isometric reflection. The same characterization was also
proved in [10] and [21] for GBPs on spaces of Lipschitz functions, and in [26] for L,-spaces,
1<p<oo, p#2.

This raises the question whether every GBP on a Banach space is equal to the average of
the identity operator with an isometric reflection. In other words, whether the A associated
with a GBP is always —1. We answer this question negatively in this chapter. Further
we show that if P is a GBP on X, then it is equal to the average of the identity operator
and a reflection R, where R belongs to the algebra generated by the isometry associated
with P. If the A associated with P is of even order then R is an isometry, otherwise it

I+R

may not be. We give an example of a P which is a GBP such that P = ==, and R is not

an isometry. We also give an example of a generalized 3-circular projection which is not a
GBP.

Let k be a positive integer and z = (2(0), ..., z(k—1)). We define the discrete Fourier
coefficient of z by 2(m) = Zﬁ;é z(n)p™", where p = e~?™/k Then z is the inverse discrete
Fourier transform of 2, that is, z = IDFT(Z) (see [35]). If S is a subset of {0,...,k — 1},
we denote by dg the vector with components given by (i) = 1 for ¢ € S and 6(i) = 0
otherwise.

We prove the following result.

Let P € B(X) such that P = Aol + MT + \T?% + -+ + N\, 1T, where \;; ¢

0,1,...,n — 1 are nonzero complex numbers and 7" is an operator of order n. Then P
is a projection if and only if A = (Ao, A1,...,A\y—1) is the IDFT of dg, for some S C
{0,...,n—1}.

In the last section of this chapter, we extend results proved by Botelho and Jamison
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in [11] regarding the structure of GBPs on C(£2, X), where Q is a compact connected
Hausdorff space and X has the Strong Banach-Stone property. We also characterize GBPs
on co-sums of Banach spaces.

The content of this chapter is entirely taken from [1].

In Chapter 3 we describe projections in the convex hull of 3-isometries in C'(£2).

If P is a proper projection on a Banach space X which can be written as P = o1} +
(1 — )Ty where T; € G(X), i = 1,2 and a € (0,1), then a = 5. To see this, since P is
proper, there exists 0 # z € X such that Pz = 0. Thus, oTiz = — (1 — a)Tz. Since Ty
and T, are isometries, taking norms on both sides we get a@ = % One can ask that if we
take P = an 1) + a1y + asTs, where a; > 0, T; € G(C(Q)); i = 1,2,3 and a1 +as+ a3 = 1,
whether a; = 1/3 7 In this chapter we prove that this is actually true in C(€2).

Botelho, in [9], proved that if P is a projection which is in the convex combination of
two surjective isometries on C(£2), then P is a GBP. Here, (2 is a compact Hausdorff space

We prove that a norm one projection in the convex hull of 3 surjective isometries on
C(Q) is either a GBP or a generalized 3-circular projection. We show that, if P is a
projection on C(Q2) such that P = ayT) + a1y + a3T3, where a; > 0, T; € G(C(Q2));
1=1,2,3 and a; + as + a3 = 1. Then either,

(a) oy =% for some i =1,2,3 and T; = Ty, j, k # i or

(b) o1 =g =g = % and T3, T,, Tz are distinct surjective isometries.
The surjective isometries on C'(2) is given by the Banach-Stone Theorem (see Theorem
0.0.14). If T: C(2) — C(Q) is a surjective isometry, then there exist a homeomorphism

¢ : ) — ) and a continuous map u : {2 — T such that

Tf(w) =uw)f(o(w)), ¥ fe (), wel

Let Py be a generalized 3-circular projection on X. Then as in Definition 0.0.2, we will
refer to T" and A;, Ay, the isometry and A;, Ay associated with the generalized 3-circular
projection Py respectively.

We also show that if Py is a generalized 3-circular projection on C(2), then Aj, Ay

associated with P, are cube roots of unity.



All the results of this chapter appeared in [2].

Chapter 4 gives complete description of generalized 3-circular projections on C™ with
a symmetric norm and on spaces of matrices with a unitarily invariant norm and unitary
congruence invariant norm.

A norm ||-|| on C" is called symmetric if ||IIz|| = ||z| for all z € C™ and all permutation
matrices II. A norm || - || on M, ,(C) is called unitarily invariant if |[UAV]| = ||A||, for
all A € M,,,,(C) and all unitary matrices U and V in M,,(C) and M, (C). A unitarily

invariant norm on M, ,(C) is also referred as symmetric norms (see [8]). Let S,(C) be

the set of all n X n symmetric matrices over C. A norm || - || on S,(C) is called unitary
congruence invariant if |[U*AU|| = ||A|| for all A € S,,(C), where U is any unitary matrix
in M, (C).

If Py is a generalized 3-circular projection C" with a symmetric norm, then we show
that P, is either a bi-circular projection or A\;, Ay associated with F, are cube roots of
unity. We actually find the complete structure of F.

In case of unitarily invariant norms on M, ,,(C), the structure of generalized 3-circular
projections depends on the isometry group and on \; + A\y. Let U(X) denotes the set of all
unitary operators on a Banach space X. It is known that (see Theorem 0.0.29) if m # n,
then any isometry T is of the form T'(A) = UAV where U € U(C™) and V € U(C"). If
m = n, then an isometry 7" on M, (C) has the form either T'(A) = UAV or T(A) = UA'V
where U, V are unitaries in M, (C) and A" denotes the transpose of a matrix A.

We prove that if the isometry associated with a generalized 3-circular projection P is
of the form A — UAV for some U € U(C™) and V € U(C") and \; + Ay = —1, then
Py has the form A — RyASy + R1AS) + RyAS,, where R; = Rf = R? in M,,(C) and
S; = Sr=5%in M,(C),i=0,1,2.

If the isometry associated with F, has the same form as above and A\; + Ay # —1, then
one of the following holds:

(a) Py is a bi-circular projection,

_ _MA UAV | MUAVY
(b) Fo(A) = 2(,\1—1) + Y + 21(1+,\1) )
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(c) Po(A) =377 R;AS; for some R; = Rf = R? in M,,,(C) and S; = S; = S? in M, (C),
1=0,1,...,p— 1, and some p > 3.

If the isometry associated with P, has the form A —— UA'V, then we get similar
results as above.

The structures of generalized 3-circular projections for unitary congruence invariant
norms will be also of similar nature.

The results for symmetric norms on C* and on M, ,,(C) are from [3].

In Chapter 5 we discuss questions related to algebraic reflexivity of the set of GBPs and
the set of isometries on spaces of Banach space valued continuous functions on a compact
Hausdorft space.

The notion of algebraic reflexivity was first introduced in [17].

Definition 0.0.3. Let X be a Banach space and S a subset of B(X). The algebraic closure
S® of S is defined to be the set

{T e B(X):VzeX, 3T, €S8 such that T(x) = T,(x)}.
S is said to be algebraically reflezive if S = S”.

Algebraic reflexivity in general and on certain class of isometries were studied by many
authors, see for instance [12, 13, 14, 17, 20, 23, 29, 30, 31]. Lecture Notes by Molnar [28]
gives a very comprehensive account of this theory.

For a Banach space X, let G"(X) ={T € G(X) : T™ = I}. In [14], the authors proved
that for a compact Hausdorff space Q, if G(C/(Q)) is algebraically reflexive, then G2(C(2))
is also algebraically reflexive. We prove this result for vector valued continuous functions
and for any n > 2.

The algebraic reflexivity of the set of generalized 3-circular projections on C'(€2, X) is

still open.

Remark 0.0.4. The techniques used to describe generalized 3-circular projections in Chap-

ter 3 and Chapter 4 can be applied to describe generalized n-circular projections as well,
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n > 3. However, it is evident from the proofs that the number of cases occurring becomes
increasingly large and difficult to handle. It seems that one needs some other approach to

deal with such problems for general n.

Notation and Preliminaries

In this section, we introduce some notation and recall some definitions and results that
will be used throughout this thesis.

Throughout this thesis we will assume X to be a complex Banach space. We will denote
by T, the unit circle in the complex plane.

We begin by recalling the definition of generalized n-circular projection.

Definition 0.0.5. A projection P, on X is said to be a generalized n-circular projection,
n > 2, if there exist A, Ao, ..., Aye1 € T\ {1}, \;; @ = 1,2,...,n — 1 which are of finite
order and projections Fy, Py, ..., P,_1 on X such that

(CL) )\Z 7& )‘j for i 7&]7

b)) hoPA®- - @ P =1,

(¢) P+ MNP+ -+ \_1P,_1 is a surjective isometry.

Let Py be a generalized n-circular projection, that is, Pp + \{Py + -+ Ay 1Py =T

for some surjective isometry 1" and \;, P; are as in Definition 0.0.5, 71 =1,2,...,n— 1.

Suppose that \,, = \,, for some m,n then we see that
T'=FR+MPi+-+ (P + P) + -+ A1 Pt

As (P, +P,) is a projection, we conclude that P is a generalized (n—1)-circular projection.
Similarly, if \,, = —\,, then (P,, — B,) is not a projection but (P,, — P,)*> = P,, + P,

is. Therefore, we have
T:P0+>\1P1++)\m(Pm_Pn)++>\n—1Pn—1
This implies that

T?° =P+ MNP+ -+ X (Pn+ P+ + X

n—1

P,_.

viil



Since T2 is an isometry, we conclude that P, is a generalized (n — 1)-circular projection.

So, we define the following.

Definition 0.0.6. A generalized n-circular projection Py is called proper if it is not a

generalized (n — 1)-circular projection.

Botelho in [9] introduced the notion of generalized n-circular projection as follows:
A projection P on X is said to be a generalized n-circular projection if there exists a
surjective isometry T' of order n such that

I+ T+ T
= - :

P

Remark 0.0.7. Let T € G(X) such that T" = I and P = I+T+n—+TH Then P is a

generalized n-circular projection in the sense of Definition 0.0.5.

To see this, we first note that P is a projection. Let \g = 1, A1,..., \,_1 be the n
distinct roots of identity. For ¢ = 1,2,...,n — 1, we define
CTANT AN
n

Tnfl
P, .

Then each P; is a projection, Py P& --- @ P,y =1and B+ \\Pi+---+\,_1P,_1=T.

Definition 0.0.8. A projection P on a Banach space X is said to be bi-circular projection

if P+ A — P) is a surjective isometry, for all A € T.

Definition 0.0.9. A projection on a Banach space X is said to be generalized bi-circular

projection if there exists a A € T\ {1} such that P+ \(I — P) is a surjective isometry.

Generalized bi-circular projections are not necessarily Hermitian. If P is a GBP, then

sois I — P.

Remark 0.0.10. We note that in Definition 0.0.9, it is not necessary to assume that
P+ X — P) is surjective. It follows that this isometry is always surjective. To see this,

let v € X andy = Px+ (I — P)xz. Then we have (P+A(I—P))(y) = Px+ (I — P)z = x.
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Theorem 0.0.11. /26, Theorem 1] Let X be a complex Banach space and P a projection
on X. Suppose that P+ A(I — P) is an isometry. If \ is of infinite order in T, then P is

Hermatian.

Definition 0.0.12. Let P be a generalized bi-circular projection on X. The multiplicative
group associated with P is defined to be the set

Ap={Xe€T: P+ XI— P) is an isometry}.

This set is a group under multiplication.

The relation between finite order operators and projections is given in the next theorem.

Theorem 0.0.13. Let X be a Banach space and T an operator of order n. Then there
exist pairwise orthogonal projections P;, 1 =0,1,... ,n—1 such thatT = Pp+ NPy +---+

A—1Pn_1; where Ay, ..., \y_1 are (n — 1) roots of unity.

The proof follows from [36, Theorem 5.9-E].

We denote by C'(Q2, X), the space of X-valued continuous functions on compact Haus-
dorff space 2 while Cy(€2, X) denotes the space of X-valued continuous functions on a
locally compact Hausdorff space €2 which vanish at infinity. Both C'(€2, X) and Cy(€2, X)
are equipped with the supremum norm, that is, || f|lcc = sup,ecq ||f(w)||. If X = C, the
above spaces are denoted by C(£2) and Cy(£2) respectively.

We denote by U(X) and G(X) the group of unitary operators and surjective linear

isometries on X respectively.

Theorem 0.0.14. [/, Theorem 7.1] Let Q2 be a locally compact Hausdorff space. If T :
Co(Q) — Co(Q) is a surjective isometry, then there exist a homeomorphism ¢ : Q — Q

and a continuous map u : 2 — T such that

Tf(w) =uw)f(e(w)), V fe(d), wel

For the vector-valued version of the above theorem we recall the notion of a centralizer

of a Banach space, see [18, Chapter I].



Definition 0.0.15. Let T' be a bounded linear operator on a Banach space X.
(i) The operator T is called a multiplier of X if for every element p € ext(Bx-+), there
exists ar(p) € C such that T*p = ar(p)p. The collection of all multipliers is denoted
by Mult(X).

(it) The centralizer of X is defined as
Z(X)={T € Mult(X) : 3T € Mult(X) such that az(p) = ar(p), ¥V p € ext(Bx~)}.
Definition 0.0.16. A Banach space X is said to have trivial centralizer if the dimension

of Z(X) is equal to 1; that is, if the only elements in the centralizer are scalar multiples of

the identity operator I. Obuviously, this is true if X is itself the scalar field.

Theorem 0.0.17. [4, Theorem 8.10] Let Q2 be a locally compact Hausdorff space and X
a Banach with trivial centralizer. If T : Co(Q, X) — Co(Q2, X)) is a surjective isometry,
then there exist a homeomorphism ¢ : Q@ — Q and a map u : Q — G(X), continuous

with respect to strong operator topology of B(X), such that

Tf(w) =u.(f(ow))), ¥V [e€Co(Q), wel
For simplicity, we denote u(w) by uy,.

Definition 0.0.18. /4, Definition 8.2] A Banach space X is said to have the strong

Banach-Stone property if it satisfies the condition in Theorem 0.0.17.

It is known that strictly convex spaces have trivial centralizer. In particular, they have
the strong Banach-Stone property.
The following theorem describes GBPs on C(€2, X).

Theorem 0.0.19. [11, Theorem 2.1] If Q is a connected compact Hausdorff space and
X has the strong Banach-Stone property, then Q) is a generalized bi-circular projection on

C(Q, X) if and only if one of the following statements holds:
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1. There exist a nontrivial homeomorphism ¢ : Q — Q with ¢*> = Id and a continuous

function u : Q@ — G(X) with uy, o ugw) = Id such that

QUN() = 51F() + uulf 0 9w))]
for every w € €.

2. There exists a generalized bi-circular projection on X, P,, such that Q(f)(w) =
P,(f(w)), for each w € €.

Definition 0.0.20. A projection P on a Banach space X is said to be an Lo, projection
if for every x € X

[]] = max{|[ Pz], ||+ — Pz[|}.

X has trivial La-structure if 0 and I are the only Lo, projections.

Theorem 0.0.21. [15, Theorem 2.5] Let (X,) be a sequence of complex Banach spaces
such that every X, has trivial Lo, -structure. T is a surjective isometry of @CO X, if and

only if there exist a permutation m of N and a sequence of isometric operators Uy (n) such

that

(Tx)n, = Upr(n)Tr(n) for each v = (x,) € @Xn.
co
Moreover, the space Xy = X,.
We now recall some definitions and remarks which will be used in Chapter 4.

Definition 0.0.22. Let X be a Banach space and G a closed subgroup of G(X). A norm

|- || on X is said to be G-invariant if
lg(x)| = |lz|| VgeG, veX.

Trivially, multiple of the inner product norm on C" is G-invariant.

The following theorem shows that GBPs on finite dimensional Banach spaces are or-

thogonal projections.
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Theorem 0.0.23. [16, Proposition 2.1] Let X be an n-dimensional inner product space
and || - || a multiple of the norm induced by the inner product. Suppose P : X — X is a
non-trivial linear projection and A € T \ {1}. The following conditions are equivalent:

(i) P+ A(I — P) is an isometry,

(i) P is an orthogonal projection, that is, there exists an orthonormal basis {e1, . .., e,}

for X such that P(e;) = \je; where \; € {0,1} forall j=1,...,n.

Remark 0.0.24. In the sequel, we will prove our results for G-invariant norms which are

not multiple of the inner product norm.

Definition 0.0.25. A square matriz P is called a permutation matrixz if exactly one entry

i each row and column is equal to 1, and all other entries are 0.

Every permutation matrix corresponds to a unique permutation. A permutation matrix

will always be in the form

where e,; denotes a row vector of length n with 1 in the 4% position and 0 in every other

position and
1 2 ... n

al al DY an

is the corresponding permutation form of the permutation matrix.

Definition 0.0.26. A norm || - || on C" is called symmetric if ||llz|| = ||z| for all x € C"

and all permutation matrices 11.

Let G be the group of all generalized permutation matrices, that is, matrices of the
form DP where D is a diagonal matrix with all its elements of unit modulus and P is a
permutation matrix.

The isometry group of a given symmetric norm is characterized in the following theorem.
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Theorem 0.0.27. [2/, Theorem 2.5] The isometry group of a symmetric norm on C" is
G.

Definition 0.0.28. A norm ||-|| on M,,,,(C) is called unitarily invariant if ||[UAV || = || A]],
for all A € M,,, ,(C) and all unitary matrices U and V' in M,,,(C) and M, (C) respectively.

Let G be the group of all linear operators on M, ,(C) of the form A — UAV for
some fixed unitary U € M,,,(C) and V' € M, (C).
We denote by 7 the transposition operator on M, (C), that is, 7(A4) = A".

The isometry group of a unitarily invariant norm is described in the following theorem

by Li.

Theorem 0.0.29. [2/, Theorem 2.4] The isometry group of a unitarily invariant norm

|- || on My, (C) must be of one of the following forms:
(a) Ifm#n, G(X)=G;

(0) If m=n, G(X) = (G, 7).
The following proposition will be used in Chapter 4.

Proposition 0.0.30. [16, Proposition 4.1] Let || - | be a unitarily invariant norm on
M,,, »(C) not equal to a multiple of the Frobenius norm, and K the isometry group of || - ||
Suppose P : M, n(C) — M, ,,(C) is a non-trivial linear projection and A € T\{1}. Then
P+ X — P) € K if and only if one of the following holds:
(a) There exists R € M,,,(C) with R = R* = R? such that P has the form A — RA
or there exists S € ML, (C) with S = S* = 5% such that P has the form A— AS.

(b) A= —1, and there exist R = R* = R* in M,,(C) and S = S* = S? in M,,(C) such
that P has the form A+— RAS + (I, — R)A(I,, — 95).

(¢) m =n, A\ = —1, and there is U € U(C") such that P or P has the form A
(A+UA'A) /2.
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Definition 0.0.31. A norm |- || on S,(C), the space of all n x n symmetric matrices over
C, is called unitary congruence invariant if ||[U'AU|| = ||A]| for all A € S,(C), where U is

an any unitary matriz in M, (C).

Let G be the group of all linear operators on S, (C) of the form A — U'AU for some
fixed unitary U € M, (C).
The isometry group of a unitary congruence invariant norm on S,(C) is described in

the following theorem.

Theorem 0.0.32. [24, Theorem 2.8] The isometry group of a unitary congruence invari-

ant norm on S,(C) which is not a multiple of the Frobenius norm is G.
The following proposition will be used in Chapter 4.

Proposition 0.0.33. [16, Proposition 5.1] Let || - || be a unitary congruence invariant
norm on S, (C), which is not a multiple of the Frobenius norm, and K the isometry group
of || - ||. Suppose P : S,(C) — S, (C) is a non-trivial linear projection and A € T \ {1}.
Then P+ XNI — P) € K if and only if A = —1 and there exists R = R* = R? in M,,(C)
such that P or P has the form A+ R'AR+ (I — R)A(I — R).

The next theorem gives sufficient condition regarding the algebraic reflexivity of the

set of isometric reflections on C(£2).

Theorem 0.0.34. [14, Theorem 1] Let Q be compact Hausdorff space. If G(C(Q)) is
algebraically reflexive, then G*(C(Q)) is also algebraically reflexive.

The following theorem gives conditions on X so that G(C(£2, X)) is is algebraically

reflexive.

Theorem 0.0.35. [20, Theorem 7] Suppose 2 is a first countable compact Hausdorff space
and X a uniformly convexr Banach space such that G(X) is algebraically reflexive . Then

G(C(Q, X)) is algebraically reflexive.
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Statement of Theorems
In this section we give chapter-wise statement of all the main results proved in this thesis.
CHAPTER 2

Theorem 0.0.36. Let X be a Banach space. If P is a projection such that P+ (I — P) =
T, where A\ € T\ {1} and T is an isometry on X, then R = 2P — I belongs to the algebra
generated by T

Theorem 0.0.37. Let P a bounded operator on a Banach space X. Let Ag,..., Ap_1
be nonzero compler numbers and P = Zf:_ol Ni Tt where T is an operator of order k.
Then P is a projection if and only if X = (Ao, M1, ..., A\k—1) is the IDFT of dg, for some
S cCH{0,....,k—1}.

Theorem 0.0.38. Let €2 be a locally compact Hausdorff space and X a Banach space with
trivial centralizer. Let P be a GBP on Cy(2, X). Then one and only one of the following

assertions holds.

(a) P=15TL where T is an isometry on Co(€2, X).

(b) Pf(w) = P,(f(w)), where P, is a generalized bi-circular projection on X.

CHAPTER 3

Theorem 0.0.39. Let Q be a compact connected Hausdorff space and Py a proper gener-
alized 3-circular projection on C(). Then there exists a surjective isometry T on C()

such that

(a) Py+wP, +w?Py =T, where Py and P, are as in Definition 0.0.5 and w is a cube

root of unity,

(b) T% =1.

_ I+T+77
Hence, Py = —5——.
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Theorem 0.0.40. Let €2 be a compact connected Hausdorff space. Let P be a projection
on C(Q) such that P = a1y + asTy + asTs, where Ty, Ty, Ty are surjective isometries of
C(Q), a; >0, i=1,2,3 and oy + s + a3 = 1. Then either,

(a) a; = % for somei=1,2,3 a; + ay, = %, J.k#1 and Ty =Ty, or

(b) a1 = ay = a3 = % and Ty, Ty, T3 are distinct surjective isometries. Moreover,

in this case there exists a surjective isometry T on C(Q) such that T? = I and

_ I4T4T?
p = LT

CHAPTER 4

Theorem 0.0.41. Let || - || be a symmetric norm on C* and Py a generalized 3-circular
projection. Then one and only one of the following assertions holds:

(a) Py is a bi-circular projection.

(b) There exist m > 0, k > 1, projections Py, i = 0,...,k such that Py is permuta-
tionally similar to Py ® Pyo @ -+ @ Foy © FPoo, where

1 dir  dads
1 .
Foi = 3 diadiz 1 dip | and Py = diag(p1, pa; - - -, pm)
diz dndiz 1
with p; € {0,1} for all j =1,2,...,m and djd;ad;z = 1.
Theorem 0.0.42. Let || -|| be a unitarily invariant norm on M, ,(C) and Py a generalized
3-circular projection such that the isometry associated with it is of the form A — UAV
for some U € U(C™) and V € U(C"). Suppose \y + Ao = —1, then there exist R; =
R = R? in M,,,(C) and S; = S = S? in M,,(C), i = 0,1,2 such that Py has the form
Ar— RoAS() + R1A51 + RQASQ.
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Theorem 0.0.43. Let || -|| be a unitarily invariant norm on M, ,(C) and Py a generalized
3-circular projection such that the isometry associated with Py is of the form A —— UAV
for some U € U(C™) and V € U(C™). Suppose A1 + \y # —1, then one and only one of
following assertions holds:
(a) There exists R € ML, (C) with R = R* = R? such that Py(A) = AR, or there exists
S € M,,,(C) with S = 5* = 5% such that Py(A) = SA.

In both cases, Py is a bi-circular projection.
(b) N2 =X\;,4,7=1,2 and i # j;

(b1) Ay is of order p and Xy is of order q with p = 2q. In this case we have one of

the following conditions:
(i) Py is a bi-circular projection.
(i) Py is generalized bi-circular projection and (\)P/? = (Ay)¥? = —1. Moreover,
Py has the form

AMA UAV — \NUIAVY

A .
T an—1) TT=x 20N

(b2) Xi = \/A; and Ay, Ay are of order p, where p is an odd integer greater or equal
to 5. Moreover, there exist R; = Rf = R? in M,,,(C) and S; = S; = S? in M, (C)
such that

p—1
Py(A) =) RiAS;,
=0
where i =0,1,...,p— 1.

(¢) MAy =1 and Py will have the same form as in (b2).

Theorem 0.0.44. Let || - || be a unitarily invariant norm on M, (C) and Py a generalized
3-circular projection such that the isometry associated with Py is of the form A —— UA'V
for some U, V € U(C"). Then one and only one of the following assertions holds:
(a) N2+X3 = —1 and there erist R; = R} = R? and S; = S} = S? in M,,(C), 1 =0, 1,2
such that Py has the form A —— RygASy+ R1AST + Ry ASs.
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(b) Af =]

VR Zaj = 172 andl %.]7
(b1) N2 is of order p and \3 is of order q with p = 2q. In this case, we have one of

the following conditions:
(i) Py is a bi-circular projection.

(i) Py is generalized bi-circular projection and X} = X\l = —1. Moreover, Py has the

form
A2 A UVIAUYV N (UVHIAUV )4
+ +
2(\2 —1) 11—\ 2(1+ \?)

Ar—

(b2) N2 = \;; A} and )3 are of order p, where p is an odd integer greater or equal to

5. Moreover, there exist R; = R = R? and S; = S; = S? in M,,(C) such that
p—1
i=0

where i =10,1,...,p— 1.

Theorem 0.0.45. Let || - || be a unitary congruence invariant norm on S,(C) and Py a

generalized 3-circular projection. Then there exists U € U(C™) such that one and only one

of the following assertions holds:

(a) U has three distinct eigenvalues. In this case, \y+Xy = —1. Moreover, there ezists

R; = R = R? in M, (C) such that Py has the form A — RLARy+ RY ARy + RLAR,.

(b) U has two distinct eigenvalues. In this case, one and only one of the following

occurs:

(b1) N = /Aj, 4,7 = 1,2 and i # j and \;’s are of order p, where p is an odd
integer greater or equal to 3. Moreover, there exist R; = R = R? and S; = S} = S?

in M,,(C) such that
Py(A) = pz_i R;AS;,
=0
where i =0,1,...,p— 1.
(b2) MAy =1 and Py will have the same form as in (bl).

Xix



CHAPTER 5

Theorem 0.0.46. Let 2 be a locally compact Hausdorff space and X a Banach space
with trivial centralizer. If G(Cy(§2, X)) is algebraically reflexive, then G"(Co(92, X)) is

algebraically reflexive.

Corollary 0.0.47. Let Q) be a first countable compact Hausdorff space and X a uniformly
convex Banach space such that G(X) is algebraically reflexive. Furthermore, assume that X
does not have any generalized bi-circular projections. Then the set of generalized bi-circular

projections on C(Q, X) is algebraically reflezive.

XX
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CHAPTER

Introduction

In the first part of this chapter, we explain the background and the main theme of this
thesis and provide a chapter-wise summary of its main results. In the second part, we

introduce some notation and preliminaries that will be used throughout this thesis.

1.1 Introduction

Projections are basic building blocks in understanding the structure of a Banach space.
However, constructing a projection with desired properties often turns out to be a daunting
task. By a projection we always mean a bounded linear operator P such that P? = P.
We say a projection P is contractive (respectively, bi-contractive) if | P|| = 1 (respectively,
IPll =111 - Pl =1).

Attempt to describe the structure of contractive or bi-contractive projections on classi-
cal Banach spaces like C(€2) or L, and on other spaces of operators, specially C*- algebras,
had received lot of attention in past as well as in recent time. The seminal work by Lin-
denstrauss [27] and the book [22] by H. E. Lacey are two classical references for the study
of contractive projections.

In this thesis we propose to study a class of projections which are related to the isome-
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tries. To motivate, consider an isometry 7" on a Banach space X such that 7" = I, for

some n > 2. Then it is immediate that Py = I+T+n—+T’H

is a norm one projection on
X. Also, note that (see Theorem 1.2.9 in the next section) 7' can always be written as
T =P+ MNP+ -+ X_1P,1, where \j,...,\,_1 are (n — 1) roots of unity and P,
1 = 1,...,n — 1 are corresponding eigen projections for 7. Taking cue from above we

define the following.

Definition 1.1.1. Let X be a complex Banach space. A projection Py on X is said to be
n-circular projection, n > 2, if there exist projections Py, P, ..., P,_1 on X such that

(a) hOP® - ® P =1,

(b) Po+ P+ -+ \,—1P,_1 is a surjective isometry forall \; € T, i =1,2,...,n—1.

Definition 1.1.2. Let X be a complex Banach space. A projection Py on X is said to
be a generalized n-circular projection, n > 2, if there exist A, Ay,..., Ao € T\ {1},
Ai, ©=1,2,...,n — 1 which are of finite order and projections Py, Ps, ..., P,_1 on X such

that
(a) Ai # A fori # ],
(b) Po@Pl@"'@Pnflzj,

(¢) Po+ MNP+ -+ X\_1P,_1 is a surjective isometry.

The case of n = 2 has received recent attention. A projection satisfying the condition
of Definition 1.1.1 for n = 2 is referred as bi-circular projection. Similarly a projection
satisfying the condition of Definition 1.1.2 for n = 2 is referred as generalized bi-circular
projection (henceforth GBP). Bi-circular projections were first studied by Staché and Zalar
in [33, 34]. Their motivation to study these projections is from complex analysis, more
specifically from the study of Reinhardt domains (see [32, 34]). Jamison [19] showed
that bi-circular projections are Hermitian. Let B(X) denote the set of all bounded linear
operators on X. An operator T € B(X) is said to be Hermitian if ¢*7 is an isometry for

every # € R. Hermitian operators on various complex Banach spaces were investigated

by many authors, see for example [5], [6], [7] and [15]. As a consequence of Jamison’s
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result, many results on bi-circular projections follow from previously established results on
Hermitian operators.

The notion of generalized bi-circular projection was introduced by Fosner, Ilisevi¢ and
Liin [16]. The description of generalized bi-circular projections for different Banach spaces
were studied in [9, 11, 14, 16, 26]. It was shown in [26] that GBPs are bi-contractive. P.
K. Lin in [26] proved that if P+ A(I — P) is an isometry and A is of infinite order, then P
is a bi-circular projection.

The central theme of the results which we prove in this thesis is to understand the
structures of GBPs and of generalized 3-circular projections in general, and in particular
classical spaces like C'(€2) and spaces of matrices. It turns out that these spaces are rich
with GBPs and generalized 3-circular projections.

It is quite clear from Definition 1.1.2 and the discussion presented above that the
descriptions of GBPs and generalized 3-circular projections depend on the isometries under
a given norm. We use results related to structures of the isometry groups on the above
spaces heavily in proving our results in subsequent chapters.

We now give a chapter-wise summary of the results proved in this thesis.

In Chapter 2, we prove several results concerning the representation of projections on
Banach spaces.

An operator T' € B(X) is of order k (a positive integer) if T% = I and T° # I for any
1 < k. A reflection is an operator of order 2. An isometric reflection is both a reflection
and an isometry.

In [16], the authors show that a GBP on finite dimensional spaces with respect to various
G-invariant norms is equal to the average of the identity with an isometric reflection. This
result was further extended in [11] to many other spaces, for example C'(Q2) and C(Q2, X).
In fact it is known that, see [25, Theorem 4.4], any bi-contractive projection on C(£2) is
the average of identity and an isometric reflection. The same characterization was also
proved in [10] and [21] for GBPs on spaces of Lipschitz functions, and in [26] for L,-spaces,
1<p<oo, p+#2.

This raises the question whether every GBP on a Banach space is equal to the average of
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the identity operator with an isometric reflection. In other words, whether the \ associated
with a GBP is always —1. We answer this question negatively in this chapter. Further
we show that if P is a GBP on X, then it is equal to the average of the identity operator
and a reflection R, where R belongs to the algebra generated by the isometry associated

with P. If the A\ associated with P is of even order then R is an isometry, otherwise it

may not be. We give an example of a P which is a GBP such that P = #, and R is not

an isometry. We also give an example of a generalized 3-circular projection which is not a

GBP.

Let k be a positive integer and z = (2(0),..., z(k—1)). We define the discrete Fourier

k—1
n=0

Fourier transform of 2, that is, z = IDFT(Z) (see [35]). If S is a subset of {0,...,k — 1},

coefficient of z by 2(m) = > 2mi/k

z(n)p™", where p = e~ . Then z is the inverse discrete
we denote by dg the vector with components given by (i) = 1 for i € S and 6(i) = 0
otherwise.

We prove the following result.

Let P € B(X) such that P = Aol + MT + X172 + -+ + X\, 1T, where \;; ¢

0,1,...,n — 1 are nonzero complex numbers and 7' is an operator of order n. Then P
is a projection if and only if A = (Ao, A1,..., A\y—1) is the IDFT of dg, for some S C
{0,...,n—1}.

In the last section of this chapter, we extend results proved by Botelho and Jamison
in [11] regarding the structure of GBPs on C(£2, X), where 2 is a compact connected
Hausdorff space and X has the Strong Banach-Stone property. We also characterize GBPs
on co-sums of Banach spaces.

The content of this chapter is entirely taken from [1].

In Chapter 3 we describe projections in the convex hull of 3-isometries in C'(2).

If P is a proper projection on a Banach space X which can be written as P = oT} +
(1 — )Ty where T; € G(X), i = 1,2 and « € (0,1), then @ = 3. To see this, since P is
proper, there exists 0 # = € X such that Px = 0. Thus, aTiz = — (1 — a)Tyx. Since T}

and 75 are isometries, taking norms on both sides we get a = % One can ask that if we

take P = aq Ty + aoTy + asTs, where a; > 0, T; € G(C(Q)); i = 1,2,3 and a1 +as+ a3 = 1,

4



1.1. Introduction

whether «; = 1/3 7 In this chapter we prove that this is actually true in C'(2).

Botelho, in [9], proved that if P is a projection which is in the convex combination of
two surjective isometries on C'(2), then P is a GBP. Here, Q2 is a compact Hausdorff space

We prove that a norm one projection in the convex hull of 3 surjective isometries on
C(€2) is either a GBP or a generalized 3-circular projection. We show that, if P is a
projection on C(Q2) such that P = ayT) + a1y + a3T3, where a; > 0, T; € G(C(Q2));
1=1,2,3 and a1 + as + a3 = 1. Then either,

(a) a; = % for some i =1,2,3 and Tj; =Ty, j,k # i or

(b) a1 =g = a3 = % and Ty, Ty, Ty are distinct surjective isometries.
The surjective isometries on C'(£2) is given by the Banach-Stone Theorem (see Theorem
1.2.10). If T: C(Q) — C(R) is a surjective isometry, then there exist a homeomorphism

¢ Q2 — ) and a continuous map u : {2 — T such that

Tf(w) = u@)f(6w)), ¥ f € ColQ), we Q.

Let Py be a generalized 3-circular projection on X. Then as in Definition 1.1.2, we will
refer to T" and A;, Ay, the isometry and A;, Ay associated with the generalized 3-circular
projection Fy respectively.

We also show that if Py is a generalized 3-circular projection on C(2), then Aj, Ay
associated with Py are cube roots of unity.

All the results of this chapter appeared in [2].

Chapter 4 gives complete description of generalized 3-circular projections on C™ with
a symmetric norm and on spaces of matrices with a unitarily invariant norm and unitary
congruence invariant norm.

The descriptions of GBPs on the above spaces with the said norms are given in [16].

A norm ||| on C" is called symmetric if ||I1z|| = ||z|| for all z € C™ and all permutation
matrices II. A norm || - || on M, ,(C) is called unitarily invariant if |[UAV]| = ||A||, for
all A € M,,,(C) and all unitary matrices U and V in M,,(C) and M, (C). A unitarily
invariant norm on M, ,(C) is also referred as symmetric norms (see [8]). Let S,(C) be

the set of all n x n symmetric matrices over C. A norm || - || on S,(C) is called unitary




Chapter 1. Introduction

congruence invariant if |[U'AU|| = ||A|| for all A € S,,(C), where U is any unitary matrix
in M,,(C).

If Py is a generalized 3-circular projection C" with a symmetric norm, then we show
that P, is either a bi-circular projection or A, Ay associated with F, are cube roots of
unity. We actually find the complete structure of Fp.

In case of unitarily invariant norms on M, ,,(C), the structure of generalized 3-circular
projections depends on the isometry group and on A; + Ay. Let U(X) denote the set of all
unitary operators on a Banach space X. It is known that (see Theorem 1.2.25) if m # n,
then any isometry 7" is of the form T'(A) = UAV where U € U(C™) and V € U(C"). If
m = n, then an isometry 7' on M, (C) has the form either T'(A) = UAV or T(A) = UA'V
where U, V are unitaries in M, (C) and A" denotes the transpose of a matrix A.

We prove that if the isometry associated with a generalized 3-circular projection P is
of the form A — UAV for some U € U(C™) and V € U(C") and \; + Ay = —1, then
Py has the form A — RyASy + R1AS) + RyAS,, where R; = Rf = R? in M,,(C) and
S;=Sr=5%in M,(C),i=0,1,2.

If the isometry associated with P, has the same form as above and A\; + Ay # —1, then
one of the following holds:

(a) Py is a bi-circular projection,

__MA UAV | MUYA4VY
(b) Po(A) = 2(Ai—1) + 1-x2 + 21(1+>\1) )

(¢) Po(A) =" R;AS, for some R; = Rf = R? in M,,,,(C) and S; = S} = S? in M, (C),
1=20,1,...,p— 1, and some p > 3.

If the isometry associated with Py has the form A —— UA'V, then we get similar
results as above.

The structures of generalized 3-circular projections for unitary congruence invariant
norms will be also of similar nature.

The results for symmetric norms on C" and on M, ,(C) are from [3].

In Chapter 5 we discuss questions related to algebraic reflexivity of the set of GBPs and

the set of isometries on spaces of Banach space valued continuous functions on a compact




1.2. Notation and Preliminaries

Hausdorff space.

The notion of algebraic reflexivity was first introduced in [17].

Definition 1.1.3. Let X be a Banach space and S a subset of B(X). The algebraic closure
S* of S is defined to be the set

{T e B(X):VzeX, 3T, €S such that T(x) = T,(x)}.
S is said to be algebraically reflexive if S = S".

Algebraic reflexivity in general and on certain class of isometries were studied by many
authors, see for instance [12, 13, 14, 17, 20, 23, 29, 30, 31]|. Lecture Notes by Molnar [28]
gives a very comprehensive account of this theory.

For a Banach space X, let G"(X) = {T" € G(X) : T™ = I}. In [14], the authors proved
that for a compact Hausdorff space 2, if G(C(Q)) is algebraically reflexive, then G%(C'(2))
is also algebraically reflexive. We prove this result for vector valued continuous functions
and for any n > 2.

The algebraic reflexivity of the set of generalized 3-circular projections on C'(€2, X) is

still open.

Remark 1.1.4. The techniques used to describe generalized 3-circular projections in Chap-
ter 3 and Chapter 4 can be applied to describe generalized n-circular projections as well,
n > 3. However, it is evident from the proofs that the number of cases occurring becomes
increasingly large and difficult to handle. It seems that one needs some other approach to

deal with such problems for general n.

1.2 Notation and Preliminaries

In this section, we introduce some notation and recall some definitions and results that
will be used throughout this thesis.

Throughout this thesis we will assume X to be a complex Banach space. We will denote
by T, the unit circle in the complex plane.

We begin by recalling Definition 1.1.2.
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Definition 1.2.1. A projection Py on X is said to be a generalized n-circular projection,
n > 2, if there exist A\, Ao, ..., N1 € T\ {1}, \;; i = 1,2,...,n — 1 which are of finite
order and projections Fy, Py, ..., P,_1 on X such that
(a) \i # A; for i # j,
(b) PO@PI@"'@PTL—IZIJ
(¢) Po+ MNP+ -+ N1 P,_1 is a surjective isometry.
Let Py be a generalized n-circular projection, that is, Py + M\Py + -+ Ay 1Py 1 =T

for some surjective isometry T" and \;, P; are as in Definition 1.2.1,7:=1,2,...,n — 1.

Suppose that \,, = A\, for some m,n then we see that
T=FP+MPi+ -+ u(Pn+ P+ 4+ A1 P

As (P,,+ P,) is a projection, we conclude that P, is a generalized (n—1)-circular projection.
Similarly, if \,, = —\,,, then (P,, — B,) is not a projection but (P,, — P,)*> = P,, + P,

is. Therefore, we have
T=P+MPi+ 4+ Xu(Pn—P)+ -+ Ni1Pu1.
This implies that
T2 =Py + MNP+ + X (Py+P)+---+ X _ P,

Since T2 is an isometry, we conclude that P, is a generalized (n — 1)-circular projection.

So, we define the following.

Definition 1.2.2. A generalized n-circular projection Py is called proper if it is not a

generalized (n — 1)-circular projection.

Botelho in [9] introduced the notion of generalized n-circular projection as follows:
A projection P on X is said to be a generalized n-circular projection if there exists a

surjective isometry T of order n such that

I+ T+ T
= p .

P




1.2. Notation and Preliminaries

Remark 1.2.3. Let T € G(X) such that T" = I and P = B0 Thep P s q

generalized n-circular projection in the sense of Definition 1.2.1.

To see this, we first note that P is a projection. Let A\g = 1,A1,...,\,_1 be the n
distinct roots of identity. For i = 1,2,...,n — 1, we define
P ES v R v
n

Tn—l

P;
Then each P, is a projection, Bpbd P ®---® P, =1and Fp+ A\ Pi+---+ X, 1P, 1=T.

Definition 1.2.4. A projection P on a Banach space X is said to be bi-circular projection

if P+ A(I — P) is a surjective isometry, for all A € T.

Definition 1.2.5. A projection on a Banach space X is said to be generalized bi-circular

projection if there exists a A € T \ {1} such that P + X\(I — P) is a surjective isometry.

Generalized bi-circular projections are not necessarily Hermitian. If P is a GBP, then

sois I — P.

Remark 1.2.6. We note that in Definition 1.2.5, it is not necessary to assume that P +

A — P) is surjective. It follows that this isometry is always surjective. To see this, let

z€X andy= Pz + (I — P)z. Then we have (P + \(I — P))(y) = Pz + (I — P)z = .

Theorem 1.2.7. [26, Theorem 1] Let X be a complex Banach space and P a projection
on X. Suppose that P+ A(I — P) is an isometry. If \ is of infinite order in T, then P is

Hermaitian.

Definition 1.2.8. Let P be a generalized bi-circular projection on X. The multiplicative

group associated with P is defined to be the set
Ap={Xe€T: P+ XI— P) is an isometry}.

This set is a group under multiplication.

The relation between finite order operators and projections is given in the next theorem.
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Theorem 1.2.9. Let X be a Banach space and T an operator of order n. Then there exist
pairwise orthogonal projections P;, 1 = 0,1,...,n — 1 such that T' = Py + \M\P, + --- +

A—1Pn_1; where Ay, ..., A1 are (n — 1) roots of unity.

The proof follows from [36, Theorem 5.9-E].

We denote by C(£2, X), the space of X-valued continuous functions on compact Haus-
dorff space 2 while Cy(€2, X) denotes the space of X-valued continuous functions on a
locally compact Hausdorff space €2 which vanish at infinity. Both C'(€2, X) and Cy(€2, X)
are equipped with the supremum norm, that is, ||f|lcc = supyeq ||f(w)||. If X = C, the
above spaces are denoted by C(€2) and Cy(§2) respectively.

We denote by U(X) and G(X) the group of unitary operators and surjective linear

isometries on X respectively.

Theorem 1.2.10. [/, Theorem 7.1] Let Q be a locally compact Hausdorff space. If T :
Co(Q2) — Cy(Q) is a surjective isometry, then there exist a homeomorphism ¢ : @ — Q

and a continuous map u : 2 — T such that

Tf(w)=uw)f(¢(w)), V fe(d), wel

For the vector-valued version of the above theorem we recall the notion of a centralizer

of a Banach space, see [18, Chapter I].

Definition 1.2.11. Let T be a bounded linear operator on a Banach space X .

(i) The operator T is called a multiplier of X if for every element p € ext(Bx+), there
exists ap(p) € C such that T*p = ar(p)p. The collection of all multipliers is denoted
by Mult(X).

(i) The centralizer of X is defined as
Z(X) ={T € Mult(X) :3T € Mult(X) such that az(p) = ar(p), ¥V p € ext(Bx-)}.

Definition 1.2.12. A Banach space X is said to have trivial centralizer if the dimension

of Z(X) is equal to 1; that is, if the only elements in the centralizer are scalar multiples of

the identity operator I. Obuviously, this is true if X is itself the scalar field.

10
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Theorem 1.2.13. [4, Theorem 8.10] Let Q2 be a locally compact Hausdorff space and X
a Banach with trivial centralizer. If T : Co(2, X) — Co(Q2, X) is a surjective isometry,
then there exist a homeomorphism ¢ : @ — Q and a map u : Q@ — G(X), continuous

with respect to the strong operator topology of B(X), such that

TI(w) = ul f($()), ¥ [ €Co(), wen.
For simplicity, we denote u(w) by u,,.

Definition 1.2.14. [4, Definition 8.2] A Banach space X is said to have the strong

Banach-Stone property if it satisfies the condition in Theorem 1.2.13.

It is known that strictly convex spaces have trivial centralizer. In particular, they have
the strong Banach-Stone property.
The following theorem describes GBPs on C(€2, X).

Theorem 1.2.15. [11, Theorem 2.1] If Q is a connected compact Hausdorff space and
X has the strong Banach-Stone property, then Q) is a generalized bi-circular projection on

C(Q2, X) if and only if one of the following statements holds:

1. There exist a nontrivial homeomorphism ¢ : Q — Q with ¢*> = Id and a continuous

function u : Q@ — G(X) with u, o uyw) = Id such that

1

QU(@) = 5[F(w) +1w(f 0 B(w))]

for every w € ).

2. There exists a generalized bi-circular projection on X, P, such that Q(f)(w) =
P,(f(w)), for each w € (.

Definition 1.2.16. A projection P on a Banach space X is said to be an L., projection
iof for every x € X
]| = max{|| Pz[], ||z — Pz|}.

X has trivial Loo-structure if 0 and I are the only Lo, projections.

11
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Theorem 1.2.17. [15, Theorem 2.5] Let (X,) be a sequence of complex Banach spaces
such that every X,, has trivial Lo, -structure. T is a surjective isometry of @CO X, if and

only if there exist a permutation m of N and a sequence of isometric operators Uy (n) such

that

(Tx), = Unr(n)Tr(n) for each v = (x,) € @Xn,
co

Moreover, the space Xy = X,.
We now recall some definitions and remarks which will be used in Chapter 4.

Definition 1.2.18. Let X be a Banach space and G a closed subgroup of G(X). A norm

|- || on X is said to be G-invariant if
lg(@)]| = llz]| Vge&, zeX.

Trivially, multiple of the inner product norm on C” is G-invariant.
The following theorem shows that GBPs on finite dimensional Banach spaces are or-

thogonal projections.

Theorem 1.2.19. [16, Proposition 2.1] Let X be an n-dimensional inner product space
and || - || a multiple of the norm induced by the inner product. Suppose P : X — X is a
non-trivial linear projection and A\ € T \ {1}. The following conditions are equivalent:

(i) P+ X1 — P) is an isometry,

(i) P is an orthogonal projection, that is, there exists an orthonormal basis {e1, . .., e,}

for X such that P(e;) = \je; where \; € {0,1} forallj=1,...,n.

Remark 1.2.20. In the sequel, we will prove our results for G-invariant norms which are

not multiple of the inner product norm.

Definition 1.2.21. A square matriz P is called a permutation matrixz if exactly one entry

in each row and column s equal to 1, and all other entries are 0.

12
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Every permutation matrix corresponds to a unique permutation. A permutation matrix

will always be in the form

where ¢e,; denotes a row vector of length n with 1 in the 4t position and 0 in every other

position and

1 2 - n
al al DY a/n

is the corresponding permutation form of the permutation matrix.

Definition 1.2.22. A norm || - || on C" is called symmetric if ||llz|| = ||z| for all x € C"

and all permutation matrices 11.

Let G be the group of all generalized permutation matrices, that is, matrices of the
form DP where D is a diagonal matrix with all its elements of unit modulus and P is a
permutation matrix.

The isometry group of a given symmetric norm is characterized in the following theorem.

Theorem 1.2.23. [2/, Theorem 2.5] The isometry group of a symmetric norm on C" is
G.

Definition 1.2.24. A norm ||-|| on M,,,.»(C) is called unitarily invariant if ||[UAV || = || A]],
for all A € M,,, ,(C) and all unitary matrices U and V' in M,,,(C) and M, (C) respectively.

Let G be the group of all linear operators on M,,,(C) of the form A —— UAV for
some fixed unitary U € M,,,(C) and V' € M, (C).
We denote by 7 the transposition operator on M, (C), that is, 7(A) = A".

The isometry group of a unitarily invariant norm is described in the following theorem

by Li.

13
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Theorem 1.2.25. [2/, Theorem 2.4] The isometry group of a unitarily invariant norm
|- || on M, ,(C) must be of one of the following forms:

(a) If m#n, G(X)=G;
(b) If m=n, G(X)=(G,T).

The following proposition will be used in Chapter 4.

Proposition 1.2.26. [16, Proposition 4.1] Let || - || be a unitarily invariant norm on
M, »(C) not equal to a multiple of the Frobenius norm, and K the isometry group of || - ||.
Suppose P : M, ,(C) — M., ,,(C) is a non-trivial linear projection and A € T\ {1}. Then
P+ X — P) € K if and only if one of the following holds:
(a) There exists R € M,,,(C) with R = R* = R? such that P has the form A — RA
or there erists S € M,,(C) with S = S* = 5% such that P has the form A — AS.

(b) A= —1, and there exist R = R* = R? in M,,(C) and S = S* = S? in M,,(C) such
that P has the form A — RAS + (I, — R)A(I, — 5).

(¢) m =n, A = —1, and there is U € U(C") such that P or P has the form A —
(A+UA'A) /2.

Definition 1.2.27. A norm ||-|| on S,(C), the space of all n x n symmetric matrices over
C, is called unitary congruence invariant if ||[U'AU|| = ||A]| for all A € S,(C), where U is

an any unitary matriz in M, (C).

Let G be the group of all linear operators on S,,(C) of the form A — U*AU for some
fixed unitary U € M, (C).
The isometry group of a unitary congruence invariant norm on S, (C) is described in

the following theorem.

Theorem 1.2.28. [24, Theorem 2.8] The isometry group of a unitary congruence invari-

ant norm on S,(C) which is not a multiple of the Frobenius norm is G.

The following proposition will be used in Chapter 4.

14
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Proposition 1.2.29. [16, Proposition 5.1] Let || - || be a unitary congruence invariant
norm on S, (C), which is not a multiple of the Frobenius norm, and IC the isometry group
of || - ||. Suppose P : S,(C) — S, (C) is a non-trivial linear projection and A € T \ {1}.
Then P+ M1 — P) € K if and only if X\ = —1 and there exists R = R* = R* in M,,(C)
such that P or P has the form A+ RIAR+ (I — R)A(I — R).

The next theorem gives sufficient condition regarding the algebraic reflexivity of the

set of isometric reflections on C(€2).

Theorem 1.2.30. [14, Theorem 1] Let Q be compact Hausdorff space. If G(C(Q)) is
algebraically reflexive, then G*(C(Q)) is also algebraically reflexive.

The following theorem gives conditions on X so that G(C(2, X)) is algebraically re-

flexive.

Theorem 1.2.31. [20, Theorem 7] Suppose Q2 is a first countable compact Hausdorff space
and X a uniformly convexr Banach space such that G(X) is algebraically reflexive . Then

G(C(Q, X)) is algebraically reflexive.

15






CHAPTER

Representation of Generalized

Bi-circular Projections

In this chapter we prove several results concerning the representation of projections on
Banach spaces. We characterize projections written as combination of powers of a finite
order operator and relate those to generalized n-circular projections. We also characterize
generalized bi-circular projections on Cy(€2, X), with Q not necessarily connected and X a

Banach space with trivial centralizer.

All the results of this chapter had appeared in [1].

2.1 A characterization of generalized bi-circular
projection

We recall from Definition 1.2.5 that a projection P on a Banach space X is said to be a
generalized bi-circular projection if there exists a A € T\ {1} such that P+ A(/ — P) is an

isometry on X.

We start with the following remark.

17
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Remark 2.1.1. Let P and R be operators on X such that P = #. Then P is a projection

if and only if R is a reflection.

So, there is a bijection between the set of all reflections on X and the set of all projec-
tions. If P = #, with R a reflection, then R is the identity on the range of P and —I on
the kernel of P.

Given a projection P on X, 2P — [ is a reflection, and thus P can be represented as

1+(2P—1)
2

the average of I with a reflection, that is, P = . In particular, any generalized

bi-circular projection on X is average of the identity operator and a reflection. In the next
result we show that, if P is a GBP and T is the isometry associated with P, then 2P — I

belongs to the algebra generated by T'.

Theorem 2.1.2. Let X be a Banach space. If P is a projection such that P+X(I—P) =T,
where A € T\ {1} is of finite order and T is an isometry on X, then R = 2P — I belongs

to the algebra generated by T.
Proof. We consider the following two cases:

(a) Suppose that ) is of even order. Then for some positive integer k, we have \¥ = —1,
P+ X(I —P)=T"and P+ \?*(I — P) = I = T?*. Consequently, P is represented

as the average of the identity with the isometric reflection 7%

(b) Suppose that the order of A is 2k + 1, k£ > 1. Therefore, we have
P+N({I—-P)=T’, ¥Yj=1,...,2k+1. (2.1.1)
From Equation (2.1.1) we get
k+ )P+ (A +A+ N+ NI - P)=T+T+T*+ -+ T
Since 1 + XA+ A2+ - + A% =0, we obtain

k+ VP =1+T+T*+---+T%* (2.1.2)

18
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Equation (2.1.2) implies that

P= %11 (I+T+-+T%) :izR,
with
R (1 —2k)I + 2T + - -+ + 2T%* _op
2k+1
This completes the proof. O

Corollary 2.1.3. Let X be a Banach space. If the order of the multiplicative group of a
generalized bi-circular projection P on X is even, then P s the average of the identity with

an isometric reflection.

Remark 2.1.4. If P is a projection such that P+ A(I — P) =T, where A € T \ {1} is of

infinite order, then it follows from Theorem 1.2.7 that P is a bi-circular projection.

Remark 2.1.5. It follows from proof of the above Theorem that every GBP is a generalized

n-circular projection, where n is the order of the A associated with the GBP.

We now give an example which shows that, for a projection P, if 2P — I belongs to the

algebra generated by an isometry, then P need not be a GBP.

Example 2.1.6. Let X be the space of all convergent sequences in C with the sup norm.

Let T : X — X be given by
T(I’l,xg,x3,$4, s ) - ($27[L’3,CC1,(L'4, .. ')7

which involves a permutation of the first three positions of a sequence in X and the identity

I+T+T?
3

at any other position. Let P = . It 1s clear that T s a surjective isometry and

IL‘1+JZ2+ZL‘3 Il—f-l'g—l—l'g $1+ZE2+JZ3
P(Il,I2,$3,$4,...) = s Lay oo

3 ’ 3 ’ 3

15 a projection. We set R = 2P — I. This implies that

R(xq, 29,23, T4,...) =

(—$1+2$2+21’3 2I1—SL’2+2SC3 2.T1+2.T2—I3 )
3 s 3 N 3 sy Lgyeen | -
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Therefore, we have R(0,1,1,0,...) = %(4, 1,1,0,0,...), which shows that R is not an
1sometry.

We claim that P is not a GBP. To see this, given A of modulus 1 and X\ # 1, we set
S =P+ X1 — P). In particular, we have

1 2.1 1.1 1
8(1,0,0,07):(g—f—g)\,g—g)\,g—gA,O,>

If S is an isometry on X, then max{|3 + 2A|,|3 — 5A|} = 1. We observe that |3 — 3\ < 1

and if |5 + X =1, then X = 1. This contradiction shows that P is not a GBP.

Remark 2.1.7. The projection P defined above is an example of a generalized 3-circular

projection which is not a GBP. Hence, the converse of Remark 2.1.5 is not always true.
Our next result characterizes projections which are GBPs.

Proposition 2.1.8. Let X be a Banach space. Let P be a projection on X such that T =
P+X(1I—P), for some A € T\{1}. Then T is an isometry if and only if |z —y|| = ||z — \y/|
for every x € Range(P) and y € Ker(P).

Proof. The projection P determines two closed subspaces, Range(P) and Ker(P) such that
X = Range(P) @& Ker(P). Since T is an isometry, ||z —y| = ||Tx — Ty|| for every x and y
in X. In particular, for x in the range of P and y in the kernel of P, we have Tx = x and
Ty = \y.

Conversely, for every x € Range(P) and y € Ker(P), we have Tx = x and Ty = \y.
Therefore, ||z —y|| = || — \y|| = || Tz — Tyl||. O

Corollary 2.1.9. A generalized bi-circular projection P on X is the average of the identity
with an isometric reflection if and only if for every x € Range(P) and y € Ker(P),

lz = yll = llz +yll.

The next proposition asserts that every projection on a Banach space is a generalized

bi-circular projection in some equivalent renorming of the given space.
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Proposition 2.1.10. Let P be a projection on a Banach space X. Then X can be equiva-
lently renormed so that 2P —1 is an isometric reflection and consequently, P is a generalized

bi-circular projection.

Proof. We set R = 2P —1I and observe that R? = I. This implies that R is an isomorphism.
We define ||z||; = ||z|| + || R(z)]], for all z € X. This new norm is equivalent to the original
norm on X and R relative to this norm is an isometry. In fact we have that, given z € X,

7)) = [[R@)] + [[R(R(@)]| =[] O

We now give an example to show that the A associated with a GBP may not be always

—1.
Example 2.1.11. Let X be C3 with the mazx norm, ||(z,y, 2)||e = max{|z|,|y|,|z|} and
A=exp(3) = —35+ 2‘/7?:

We consider the following projection P on C? :
1
Let T = P+ X(I — P). Straightforward computations imply that

T(z,y,2)=(azx+b(y+2z2),ay+b(x+2),az+b(x+vy))),

’wz'tha:%3 and b= 5 —
Since we have T(0,0,1) = (b,b,a), T is not an isometry. In fact, ||(0,0,1)|| =1 and

17(0,0,1)]|00 = \/Tg #1/(0,0,1)||oo. The operator T has order 3 since A3 = 1.

1 V3
2 6
We now renorm C3 so that T becomes an isometry. The new norm is defined as follows:

I(z, 5, 2) I = max{[[(z,y, 2) oo, IT(2, ¥, 2)lloo 1T*(x, 9, 2) | }-

This implies that

IT (2, y, 2)lls = max{||T(2,y, 2)llso, [1T%(z,y, 2) o, 1T°(, 9, 2)lloc}-

But we have T3 = I, so we get

1T (2,9, 2)ll = [, y, 2) 1
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Hence, T is an isometry with the norm || - |1 and therefore, P is a GBP in C3. We claim
that P can not be written as the average of the identity with an isometric reflection. To
see this, assume on the contrary that P = #. Hence, we have R = 2P — I. We show

that R is not an isometry. We observe that

R(0,0,1) = (2/3,2/3,-1/3),
(TR)(0,0,1) = % (% + ?i, % + \/75@ 2 — Z\/§> and

(T?R)(0,0,1) = % (% - \/;z % - ?w + Z\/§> .

Since we have

V7

1R(0,0, )lloo = 3 [IT'R)(0,0, Dlloe = [I(T*R)(0,0, 1)[|oc = ==,

Wl N

we conclude that

2 ﬁ} YT 0.0, = 1

|R(0,0, 1) Imax{g,? 5

Remark 2.1.12. [t is worth mentioning that the projection P above does mot satisfy

the condition stated in Corollary 2.1.9. For example, if x = (1,1,1) € Range(P), y =
(1,1,-2) € Ker(P), we have ||z + y||1 = V7 and ||z — y||, = 3.

2.2 Projections as combination of finite order operators

In this section we investigate the existence of projection defined as linear combination of
the powers of a given finite order operator. We conclude in Theorem 2.2.2 that only certain
averages yield projections.

We recall that the multiplicative group associated with a GBP P is defined to be the
set

Ap={AeT: P+ A — P) is an isometry}.

From the proof of Theorem 2.1.2, it follows that Ap is either finite or equal to T. If Ap is
infinite, then P is a bi-circular projection. We give some examples of GBPs together with

their multiplicative groups.
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Example 2.2.1. 1. Consider (o, with the usual sup norm. Let P be defined as follows:

Ty +2Ty T1+X
P(Qfl,[[)g,l‘g,...):( 12 2, 12 2,$3,"').

We show that Ap = {1, —1}. Given A € T such that T = P+ \(I — P) is a surjective

isometry, then T'(xq, T2, x3,...)

B ((1+)\)x1+(1—>\)$2 (Lt Naa (1= Ny )

2 ’ 2

Theorem 1.2.10 implies that a surjective isometry S on Ly is of the form

S(%l, To2,T3, .. ) = (/,Ll.’L'T(l), H2T7(2), - - .),

with 7 a bijection of N and {u;} is a sequence of modulus 1 complex numbers. It
follows that T is an isometry if and only if L + X =0 or 1 — X = 0. Hence, we have
A=+l1.

2. Let P and T on (C3,| -||1) be defined as in Example 2.1.11. Then we have Ap =
{1,exp(3), exp(*5)}. Since we have T = P + exp(3*)(I — P) is an isometry
on (C3, || - ), it follows that T? = P + exp(*5*)(I — P) is also an isometry and
Ap 2 {1, exp(3), exp(*:)}. We now show that Ap = {1,exp(3*), exp(*5H)}. As
in Example 2.1.11, let X\ = exp(%). Given \g = ag + iby of modulus 1 such that

Ao & {1, exp(3L), eap(*F)}, we set S = P+ Xo(I — P). Therefore, we have
S(z,y,z) = %(cx +d(y +z),cy +d(x + 2),cz + d(xz +y)),
with c =14 2X\g and d =1 — Ay and
15(0,0, 1)l = max{[|S(0,0,1)|l, |75(0,0, 1) oo, [|7%5(0, 0, 1) | }-
We now have

1 1
S(O, O, 1) = g(d, d, C), TS(O, 0, 1) = g(l — )\0)\, 1-— )\0)\, 1+ 2/\0)\)

and

1
7°5(0,0,1) = 5(1 — A%, T — AAZ 1+ 2X000%).
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It is easy to see that each of |22, 12| and ]#| is strictly less than 1. More-

over, if any of |H2|, [H20A| op |%| is equal to 1, then g = 1, \g = X\
or Ay = X2, respectively. This leads to a contradiction. It also follows from cal-
culations already done in Example 2.1.11 that [[(0,0,1)||1 = 1. Therefore, we get
I1S(0,0,1)|lx # 1|(0,0,1)|ly and hence we conclude that \g & Ap.

We now show the main result of this section on the existence of projections written as
a linear combination of operators with a cyclic property.

We recall from Introduction that, the discrete Fourier coefficient of a k-tuple z =
(2(0),...,2(k —1)) is defined as 2(m) = Zi;é z(n)p™", where p = e~2™/* Then z is the

inverse discrete Fourier transform (IDFT for short) of Z.

Theorem 2.2.2. Let P a bounded operator on a Banach space X. Let X\g,...,A\_1 be
nonzero complexr numbers and P = Zi:ol \i T, where T is an operator of order k. Then
P is a projection if and only if X = (Mo, A1,..., A\e—1) is the IDFT of dg, for some S C
{0,...,k—1}.

Proof. Suppose that P = Zi:ol A\ T%, where T is an operator of order k. Then Theorem
1.2.9 asserts that

T=Qo+pQi+ -+ p"Qr

with {Qo, ..., Qr_1} pairwise orthogonal projections. Since we have
k—1
T'=Qo+p Qi+ + o Q1 =) p7Q;,
5=0
we conclude that

P = NI+MT+-+ N TF?

k1 k—1 k—1
- )\O(Z Qj) + )\1(2 PN+ 4 M ij(k—an
Jj=0 =0 =0

o
—_

k—1

k—1 —
= Q- MWQo+ O Ne )@+ + O Qi
j=0 Jj=0

<.
o

= aoQo+ Q1+ -+ ap_1Qk—1,
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where o; = E?;& Ajp. Since P is a projection, that is, P? = P and {Qo,...,Qk-1} are
pairwise orthogonal projections, we have that a? = «;, for i = 0,..., k — 1. This implies
that (Ao, A1, ..., Ag—1) is the IDFT(dg) for some subset S of {0,...,k —1}.

Conversely, let T' = Zf:_ol p'Q; . Then we have

k-1

05(0)Qo + 0s(1)@Q1 + -+ + 05k — 1)Qr = »_ AT
=0

and

P =05(0)Qo + ds(1)Q1 + - - + ds(k — 1)Qp_1.

This implies that P2 = P and the proof is complete. O

2.3 Spaces of vector-valued functions

In this section we characterize generalized bi-circular projections on spaces of continuous
functions defined on a locally compact Hausdorff space. This characterization extends

Theorem 1.2.15 to to more general settings.

Lemma 2.3.1. Let X be a Banach space and A\ € T \ {1}. Then the following assertions

are equivalent:

(a) T is a bounded operator on X satisfying T? — (A + 1)T + X\ = 0.
(b) There exists a projection P on X such that P+ X1 — P) =T.

T -\

Proof. (a) = (b) We define P = v Then we have P + A\(I — P) = T. Moreover,

we see that

T? + X2 —2\T
(1 =)
A+ 1)T — A+ N2 —2\T
(1 =)
(1 —=A)(T = )
(1—=A)?

pP? =

= P
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(b) = (a)

T~ A+ 1D)THX = P+ NI —-P)—A+D[P+AXI—-P)+ A
= AP+ N = MA+ DI - P)+ A
= 0. O

Theorem 2.3.2. Let ) be a locally compact Hausdorff space and X a Banach space with
trivial centralizer. Let P be a generalized bi-circular projection on Co(2, X). Then one
and only one of the following assertions holds:

(a) P =5L, where T is an isometry on Co(Q, X).

(b) Pf(w) = P,(f(w)), where P, is a generalized bi-circular projection on X.

Proof. Let P+ A(I — P) =T, where A € T\ {1} and T is an isometry on Cy(2, X). From
Theorem 1.2.13, T has the form

Tf(w) =u.(f(¢Ww))), Vwe, feC(X),

where u : Q — G(X) continuous in strong operator topology and ¢ is a homeomorphism

of 2 onto itself. From Lemma 2.3.1, we have
T~ A+ 1)T+ M =0.

That is,
U © () (f($* (@) = (A + Duu(f(S(w))) + Af (w) = 0. (2.3.1)

Let w € Q. If ¢(w) # w, then ¢?(w) = w. For otherwise, there exists h € Cy(Q) such that
h(w) =1, h(p(w)) = h(¢*(w)) = 0. For f = h®@x, where x is a fixed vector in X, Equation
(2.3.1) reduces to A = 0, contradicting the assumption on A. Now, choosing h € Cy(2)
such that h(w) = 0, h(p(w)) = 1 we get A = —1. This implies that u, o ugw) = I. Let
¢(w) = w and ¢ is not the identity, then we choose an wy # ¢(wp) and conclude from above
that A = —1. This again implies that u?2 = I. Hence, in both cases P will be of the form

#andTQZI.
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2.3. Spaces of vector-valued functions

If p(w) = w for all w € Q, then we will have from Equation (2.3.1)
u? — (A + Duy, + A = 0.

Thus from Lemma 2.3.1, there exists a projection P, on X such that P, + (I — P,) = u.
Since u,, is an isometry, P, is a GBP. Therefore, we have Pf(w) = P,(f(w)).
This completes the proof. ]

Corollary 2.3.3. Let Q be a locally compact Hausdorff space and P a generalized bi-

circular projection on Co(2). Then P =L where T is an isometry on Co(9).

We recall that the L.-structure of a Banach space X is the set of all projections P
satisfying
2]} = max{[| Pz|, [z — Pz[|} VzeX.

This structure is said to be trivial if it consists only of zero and the identity.
If (X,) is a sequence of Banach spaces such that every X, has trivial L..-structure,
then the surjective isometries of @CO X, is described in Theorem 1.2.17. If T is surjective

isometry of P, Xy, then it is of the form

(Tx)y, = Upr(n)Tr(n) for each = (z,,) € @Xn.
co

Here, 7 is a permutation of N and Uy, is a sequence of isometric operators which maps
Xr(n) onto X,,.
Suppose P is a GBP on @CO X, then we have the following result.

Theorem 2.3.4. Let P is a a generalized bi-circular projection on @CO X, such that each
X, has trivial Lo-structure. Then one and only one of the following holds.

_ 4T : -
(a) P = 5=, where T is an isometry on @, Xn.

(b) (Px), = P,x,, where P, is a generalized bi-circular projection on X,,.
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Proof. Let P+ A\(I — P) =T, where A € T\ {1} and T is an isometry on p, X,. Then
T has the form (Tx), = Uprn)Tr@m) for each x = (z,,) € @CO Xy, where 7 and Upr(,) are

as above. From Lemma 2.3.1, we have
T2~ A+ DT+ =0
or for each = = (z,) € P, Xn
T°r — A+ 1)Tz + Az = 0.
Thus, for all n € N
Unr(n) © Urmym2(n) Tr2(n) — (A 4+ 1) Upr(n) Trn) + Azn = 0. (2.3.2)

For any z = (z,) € @, Xn, let e;, denote the vector in @, X, having z, in the n'
coordinate and 0 elsewhere.

Let © = (z,) € @, Xn. If 7(n) # n, then 7°(n) = n. Otherwise, by choosing e,,
in Equation (2.3.2) we get A = 0, which is a contradiction. Now, considering z = e, _,
Equation (2.3.2) implies that A = —1. Thus, Upr(n) © Urnyr2(n) = 1. If 7(n) = n and 7 is
not the identity then by choosing ng # m(ng) and proceeding as above we get A = —1 and

U? = I. Hence, assertion (a) is proved.

For the case m(n) = n for all n, Equation (2.3.2) reduces to
U2 — (AN +1DUp, + M = 0.

Lemma 2.3.1 implies that for each n € N there exists a projection P, on X, such that
P, + X — P,) = Uy,. Since U,, is an isometry, P, is a GBP and hence, (Pz), = P,x,.
This completes the proof. ]
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CHAPTER

Projection in Convex Hull of Three

Isometries

3.1 Statement of results

Let € be a compact connected Hausdorff space. The following are the main results of this

chapter.

Theorem 3.1.1. Let ) be a compact connected Hausdorff space and Py a proper generalized
3-circular projection on C(2). Then there exists a surjective isometry T on C(§2) such that
(a) Py+wP +w?Py =T, where P, and P, are as in Definition 1.2.1 and w is a cube

root of unity,

(b) T8 =1.

2
Hence, Py = #

Theorem 3.1.2. Let ) be a compact connected Hausdorff space. Let P be a projection
on C(Q) such that P = a1y + aoTy + 3Ty, where Ty, Ty, T3 are surjective isometries of
C(Q), a; >0, 1=1,2,3 and a; + as + ag = 1. Then either,
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. Jk# 1 and T; =Ty, or

(a) Oéi:%forsomez’:LQ,g Oéj+ak:%

1

(b) a1 = ag = a3 = 3 and Ty, Ty, T3 are distinct surjective isometries. Moreover,

in this case there exists a surjective isometry T on C(Q) such that T? = I and

B A
P —_— T.
All the results presented in this chapter appeared in [2].

3.2 Proof of results

Theorem 3.2.1. Let €2 be a compact connected Hausdorff space and Py a generalized 3-
circular projection on C()). Then either,

(a) Ay and Ay are cube roots of unity, or

(b) Py is a generalized bi-circular projection. In this case, A, Ay € {i,—i}.

The following two lemmas will be useful for the proof of Theorem 3.2.1 and later in

Chapter 4.

Lemma 3.2.2. Let X be a Banach space such that every GBP on X is given by %, where
L € G(X). Let Py be a generalized 3-circular projection on X and Ay, \o, P, Py are as

in Definition 1.2.1. Then A\ and Xy are of same order.

Proof. Let \T* = A\ = 1 and m # n. Without loss of generality we assume that m < n. Let
Po+ M P +XoP, =T where T € G(X). Then Py+ AP+ APy = (Py+ Py)+ Ay' Py = T™.
Since T™ is again a surjective isometry and P, = I — (Fy + P;), by the assumption on X,
we have \J' = —1. Hence n divides 2m. Similarly, we obtain \] = —1 and m divides 2n.
Thus, we have 2n = mky, 2m = nky. It follows that k1ks = 4. Since we have assumed
m < n, this implies k; = 4, ky = 1. But then —1 = A7 = A\¥™ =1 - A contradiction. Hence

m=n. UJ

Remark 3.2.3. Theorem 1.2.15 implies that any GBP on C(R) is of the form £ where

2 )
T € G(C()) and Q is a compact connected Hausdorff space. Therefore, Lemma 2.1 in [2]

follows directly from Lemma 3.2.2.
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Lemma 3.2.4. Let X be a Banach space. Then the following assertions are equivalent.

(i) There exists a generalized 3-circular projection on X.

(i) There exist Ay, Ay € T\ {1}, Ay # X2 and T € G(X) such that

(T — I)(T = M\I)(T — A1) = 0. (3.2.1)

Proof. (i) = (i1) Let Py be a generalized 3-circular projection on X. Then there exist
projections Pl, PQ, Po@Pl@Pg =] and /\1, /\2 € T\{l}, )\1 7é /\2 such that P0+/\1P1+>\2P2
is a surjective isometry. Let Py + A1 P, + Ao P, = T. By eliminating P; and P, we get

(T — MI)T — NoI)
1 )1 - )

Py =

Thus, we have

(T —I)(T — \MI)(T — XoI) =

(M — DP + (o — DPJ(1— M) (L — M) Py = 0.
(T = MI)(T = Xo1)

(11) = (i) We define Py = TSRS

(T = 2I)(T 1) ~
B ) T

(T — MINT —1)
(A2 = DA = A1)

It is easy to check Py + M Py + P, =T and Py + P, + P, = 1. Let

T = MI)(T = A1)

_
(RS IR

Then we have

2 (T —MI)(T — X))
Py = TS NE S WE [T% — (A1 4+ X)T + Ao

= S[T? =M+ X)(T —1I)— (A + X)) + Mo

= S[T? — (M + )+ 1] (Eq. (3.2.1) = S(T —1)=0)
= S[T?*—T+1— A+ M)+ AT

= S[T— M+ + NI (-S(T*-1)=0)

= S[(1=X)(1 =)
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- Po.

Similarly, we can show that P, and P are projections. Also, Equation (3.2.1) implies that
P,P; = 0 for i # j. Hence, I} is a generalized 3-circular projection and assertion (i) is

proved. [

Proof of Theorem 3.2.1

Let Py be a generalized 3-circular projection. Then there exist projections Py, P», Py ®
P @® P, =1 and A, \y € T\ {1}, Ay # Ay such that Py + \{ P, + Ao P, = T, for some
T € G(C(R)). By Theorem 1.2.10, there exist a homeomorphism ¢ on € and a continuous
function u : 2 — T such that for any f € C(2), w € Q we have T'f(w) = u(w) f(d(w)).
From Lemma 3.2.4, we have

T = MI)(T = A1)
(T=X)(1—=X\p)

Also, if we take A\; + Ay = a and A\ Ay = b, Equation (3.2.1) implies that

T°—(1+a)T*+ (a+b)T—bl =0

or
u(w)u(p(w))u(d (@) f(¢*(w)) = (1 + a)u(w)u(d(w)) f(¢*(w))
+ (a+ b)u(w) f(d(w)) = bf(w) = 0. (3.2.3)

If w, ¢p(w), ¢*(w) and ¢*(w) are all distinct, then we choose f € C(€2) such that f(d(w)) =
f(@*(w)) = f(#*(w)) = 0 and f(w) =1 to get b = 0, which is a contradiction.

So, we consider the following cases:

() w= ¢*w), w # ¢(w). Then we have ¢(w) = ¢*(w). We consider a function
f € C(Q) such that f(w) =1, f(¢(w)) =0. Then Equation (3.2.3) becomes

—(1+4 a)u(w)u(é(w)) —b =0, hence u(w)u(p(w)) = — b

Similarly, considering an f € C(Q2) such that f(w) = 0, f(¢(w)) = 1, Equation (3.2.3)
gives

u(w)u(ep(w)) = —(a+b). Thus, we have =a-+b.

+a
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That is,
(T4 A1+ A2) (A1 + Ao 4+ A A) = Aj g,

or

IS D VIR
24 M+ ht — +—+ =+ 2 =0.
FAF Ao T

By Lemma 3.2.2, there exists an n such that both A\; and A\, are n'*

roots of identity.
Hence, we may assume Ay = A" for some m.

Thus, the above equation can be written as,
AP AT AL o N e XL 1 =0,

or

M DO DT +1) =0.

Therefore, we have \; = —1, A" = —1 or A"t = —1.

If Ay = —1, then from Lemma 3.2.2 we have Ao = £1. Since A\ # 1, we get Ay = —1.
Therefore, \; = Ay - A contradiction on the assumption on A; and A,.

If \7* = —1, then we have Ay = —1 and by the same argument above we get \; = —1
which is a contradiction again.

If \'"' = —1 then we have Ay = A" = —\,. It follows that, T = Py + A\ (P, — P).
This implies that T2 = Py + A}(P, + P,). Since T? is an isometry, Py is a GBP and hence
by Theorem 1.2.15, we have A\ = —1. Therefore, we get A\; = 4i and \y = Fi.

Thus, assertion (b) is proved.

M) w= W), w# ¢(w) # ¢*(w) # w. By choosing an f € C(Q) such that
flo(w)) =1, f(w) = f(¢*(w)) = 0, Equation (3.2.3) implies that a + b = 0. Similarly, if
we choose an f € C(2) such that f(¢*(w)) =1, f(w) = f(é(w)) = 0 we get 1+ a = 0.
Thus, we have a = —1 and b = 1. This implies that \; and \; are the cube roots of identity
and hence assertion (a) is proved.

(M) w = ¢(w). In this case, Equation (3.2.3) gives u?(w) — (1 +a)u*(w) + (a+b)u(w) —
b = 0. Thus, for each w € Q, u(w) has 3 possible values. Now, if w = ¢(w) is the entire set

then from connectedness of € it follows that u is a constant function. By Equation (3.2.2),
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Py is constant multiple of the identity operator and since F, is a projection, it is either
or 0 operator.

This completes the proof of Theorem 3.2.1. O
Proof of Theorem 3.1.1

If Py is a proper generalized 3-circular projection on C(f2), then it is not a GBP. Hence,
by Theorem 3.2.1 we conclude that A\; and A\, are cube roots of unity. This completes the

proof. [l

Proof of Theorem 3.1.2

We start by observing the following fact. If P is a proper projection, then 3 f € C(Q), f #
0 such that Pf = 0. Hence, a1 f + oI5 f = —as3T3f. Since T, T, and T3 are isometries,
by taking norms we have ay + as > ag. Similarly, as + a3 > aq and a1 + a3 > «as. Thus,
if P is a proper projection then aq, as and ag are the lengths of sides of a triangle. It is
also evident that o; < 1/2,7=1,2,3.

Let T, f(w) = u;(w) f(¢i(w)), ¢ = 1,2,3 where u; is a continuous function from Q to T
and ¢; is a homeomorphism on ).

P is a projection if and only if
aru (w)]arun (¢1(w)) f (81 (w)) + asuz(1(w)) (2 0 ¢1(w)) + azuz(dr(w)) f(ds © o1(w))] +

gt (w)[anur (d2(w)) f (D1 © d2(w)) + aua(da(w)) f(95(w)) + azuz(da(w)) f(ds © da(w))] +
azus(w)]arun (63(w)) f(d1 0 d3(w)) + aua(ds(w)) f(d2 © d3(w)) + asuz(ds(w)) f(#5(w))] =
arur(w) f(¢1(w)) + anuz(w) f(d2(w)) + asus(w) f(Ps(w)).  (+%)

We partition Q as follows:

A={weN: ¢1(w) = da(w) = ¢3(w)},
Bi={weQ: w=9¢w) = dp(w) # ¢

Ci={weN: w=¢w) # ¢;(w) = dp(w)},
Di={we: w=¢i(w) # ¢;(w) # ¢r(w) # w},
Ei={weQ: w# ¢;(w) # ¢j(w) = ¢(w) # w} and
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F={weQ: noneof w, ¢1(w), ¢2(w), ¢3(w) are equal},
where 7,7,k = 1,2, 3.

Since the proof is long, we divide the proof into the following steps.

Step I. We show that Q # A (Lemma 3.2.5).

Step Il. We show that if Q = B;, i = 1,2,3 then ;; = 1/2 (Lemma 3.2.6).

Step I1l. We show that F; = F =), for i = 1,2,3 (Lemma 3.2.7).

Step IV. We show that if w € C;, i = 1,2, 3 then o; = 1/2 (Lemma 3.2.8).

Step V. We show that if w € D;, t = 1,2,3 then a1 = ay = az = 1/3 (Lemma 3.2.9).

Step VI. This is the final step. In this step we will show that only certain combinations
of B;, C; and D; are allowed (Lemma 3.2.10), ¢ = 1,2, 3. Then we will complete the proof.

Lemma 3.2.5. 2 # A.

Proof. Suppose A # () and w € A. Then we have ¢;(w) = ¢2(w) = ¢3(w). Equation (k)

is reduced to

[ (w) + agug(w) + asus(w)][enur (¢1(w)) f(PT (W) + agua(dr(w)) f(d5(w)) +
aguz(d1(w)) f(¢3(w))] = [arur (W) + agus(w) + asus(w)]f(¢1(w)). (3.2.4)

Let A1 = {W € A: OZ1U1<W) + OéQUQ(W) + a3u3(w) 7A 0} and AQ =A \ Al.

If w € Ay, then we have

a1 (91(w)) f (67 (W) + azuz(¢1(w)) f(95(w)) + asus(¢1(w)) f(95(w)) = f(d1(w))-
First evaluating at the constant function 1 we observe that
aruy (¢1(w)) + agua(e1(w)) + azus(¢r(w)) = 1.
Hence, we get u;(¢;(w)) = 1, i = 1,2,3. Thus we obtain,
a1 f(¢1(w)) + a2 f($3(w)) + as f(d5(w)) = f(d1(w))-

Now, if ¢1(w) is not equal to any of ¢?(w), i = 1,2,3 then choosing an f € C(f2) such
that f(¢1(w)) =1 and f(¢?(w) = 0, we get a contradiction. Similarly, if ¢;(w) is equal to
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one or two among ¢?(w), i = 1,2,3 then choosing an appropriate f we get either o; = 1
or a; + ai = 1, both contradicting the choices of a1, as, a3 where 5,k =1,2, 3.

Thus in this case, we must have, ¢?(w) = @3(w) = ¢i(w) = ¢1(w) or w = ¢ (w) =
¢2(w) = ¢3(w). Hence, Pf(w) = f(w) if w € A; and Pf(w) = 0 if w € Ay. In particular,
for the constant function 1, P1 is a 0,1 valued function. By the connectedness of €2 we

have €2 # A. [

Lemma 3.2.6. If Q = B, then o; = 1/2 and uj(w) = u,(w) = uj(¢i(w)) = up(p;(w)) =
wi(w)ui(¢i(w)) = 1, where i, j, k =1,2,3.

Proof. Let us consider any w € By, that is, w = ¢3(w) = ¢a(w) # ¢1(w). The case of

w € By or By is similar. Equation (k) is reduced to

(W) [ar s (61(w)) f(9F (W) + agua(dr (w)) (P2 © ¢1(w)) + agus(dr(w)) f(ds 0 ¢1(w))]

+ [asus(w) + azus(w){aqur (w) f(P1(w)) + [agus(w) + azug(w)] f(w)}

= aquy (W) f(d1(w)) + [apuz(w) + azus(w)] f(w). (3.2.5)

We claim that agug(w)+asus(w) # 0. Suppose on the contrary that agus(w)+asuz(w) = 0.
Then we get as = a3, ug(w) + uz(w) = 0 and Equation (3.2.5) becomes

arur(¢1(w)) f(¢F (w)) + asua(dr(w)) f (2 0 P1(w)) + agus(Pr(w)) f(ps 0 d1(w)) = f(P1(w)).

By the same argument applied in proof of Lemma 3.2.5, we conclude that ¢;(w) = ¢?(w) =
¢2 0 $1(w) = ¢3 0 ¢1(w), which contradicts the choice of w.

We now choose a function f € C(2) such that f(w) =1, f(¢1(w)) = f(p2 0 P1(w)) =
f(¢3 0 ¢1(w)) =0. So, Equation (3.2.5) becomes

afur (w)ur(o1(w)) f (67 (W) + [agua(w) + agus(w)]? = agus(w) + azuz(w). (3.2.6)

We observe that ¢?(w) must be equal to one of w, ¢ 0 ¢1(w) or g3 0 ¢y (w). If P (w) =
b3001(w) or pr0¢(w), then we have f(¢?(w)) = 0. This implies that asus(w)+azusz(w) =1
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as apug(w) + agusg(w) # 0. It follows that, 1 < as + ag, a contradiction to the fact that

a1 + ag + az = 1. Therefore, we get ¢3(w) = w and Equation (3.2.6) is reduced to
2uy (W)ur (o1 (w)) + [aus(w) + asus(w)]? = agus(w) + agus(w). (3.2.7)

Again, for a function f € C'(Q2) such that f(w) =0, f(¢1(w)) = 1, Equation (3.2.5) reduces

to

gtz (w) + azus(w) + agus(dr(w)) f(P2 0 d1(w)) + asus(d1(w)) f(ds 0 P1(w)) = 1. (3.2.8)

By a similar line of argument, we conclude that ¢(w) = ¢2 0 ¢1(w) = ¢3 0 ¢1(w). So,

Equation (3.2.8) becomes
ags(w) + azus(w) + asus(dr1(w)) + asus(or(w)) = 1. (3.2.9)
Now, we have

Pf(w) = ayuy(w)f(pr1(w)) + [agua(w) + azuz(w)] f(w),

which implies that

[Pf(w)] < Jagua(w) + agus(w)||f(w)] + ar] f(dr(w))]-

As Q = By, there exist wg € Q and f € C(Q) such that ||f|| = 1 = |Pf(wo)|. This shows
that |agus(wo) + azus(wo)| = ag + as. Therefore, we have ug(wo) = uz(wy) = 1. From
Equation (3.2.7) we get a3 > 1/2. Since a; < 1/2; we conclude that oy = 1/2. Also,
from Equation (3.2.9) we have ug(w) = ug(w) = uz(p1(w)) = us(¢1(w)) = 1. Moreover,
Equation (3.2.7) implies that u; (w)u (pw)) = 1. O
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Lemma 3.2.7. Fori=1,2,3 E;, =0 and F = (.

Proof. We show E; = (). For the case of Ey and E3, the proof is exactly the same.
Let w € Ey, that is, w # ¢1(w) # ¢2(w) = ¢3(w) # w. Then Equation (xx) reduces to

C“lul(W)[0‘1“1(¢1(W))f(¢§(w)) + g (d1(w)) f (P2 0 P1(w)) + azuz(P1(w)) f(Ps 0 Pr(w))] +

[crptia (w) +asus(w)] [arur (¢2(w)) f(Pr00a(w))+azua(da(w)) f (95 (w)) +asus(P2(w)) f(¢5(w))]
= a1 (W) f(P1(w)) + [ozuz(w) + azus(w)]f(P2(w)). (3.2.10)

First we claim agug(w) + azus(w) # 0. To see the claim, suppose asus(w) + agzus(w) = 0.

Then Equation (3.2.10) further reduces to

a1 (61(w)) f (07 (W) + azuz(1(w)) f(d2 0 d1(w)) + azus(1(w)) f(d3 0 P1(w)) = f(dr(w)).

By similar argument which was applied in the proof of Lemma 3.2.5, we get ¢;(w) =
¢30 P1(w) = ¢ 0 Py (w) = ¢?(w), which is clearly a contradiction to the choice of w.

Secondly, we choose a function f € C(2) such that f(¢1(w)) = 1 and f(¢2(w)) =
f(¢10da(w)) = f(¢?(w)) = 0. Equation (3.2.10) now reduces to

oy (w)[apus(d1(w)) f (P2 0 d1(w)) + azuz(¢r(w)) f(Ps 0 ¢1(w))] +

[oua(w) + asus(w)][ozuz(d2(w)) f($3(w)) + asus(2(w)) f(¢5(w)] = arur (w)  (3.2.11)

If ¢ (w) is not equal to any of the points ¢y 0 ¢1(w), P30 ¢ (w), P3(w) and ¢2(w), then we
could have chosen our f to have value 0 at these points and this would have lead us to a
contradiction. If ¢;(w) = ¢ 0 ¢1(w), then clearly we could choose f(¢3(w)) = 0. If both
¢3 0 ¢1(w) and ¢3(w) are not equal to ¢1(w), then choosing f to take value 0 at ¢3 o ¢ (w)

and ¢3(w) we have

arazuy (w)uz(¢r(w)) = arur(w)

and hence we get ay = 1, a contradiction again. Thus, either of ¢3 o ¢;(w) and ¢3(w) is

equal to ¢y (w).
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Similar consideration with ¢1(w) = ¢3 0 ¢1(w), ¢1(w) = P3(w) and ¢;(w) = P3(w) lead

us to the conclusion that ¢;(w) will be equal to exactly two elements of the set
{920 d1(w), P30 d1(w), P3(w), P5(w)}

If ¢1(w) = ¢ 0 b1 (w) = B3 0 b1 (w) then Equation (3.2.11) will imply that cwus(é:(w)) +
azus(¢pr(w)) =1 - A contradiction.

Finally, let us suppose that ¢(w) = ¢2 0 ¢;(w) = ¢3 0 ¢j(w) where i = 1,2, j = 2,3;
i # j and choose a function f such that f(¢o(w)) = 1 and f(¢1(w)) = f(d2 0 ¢y (w)) =
f(¢3 0 ¢j,(w)) = 0, where iy # i, j; # j, and iy = 1,2; j = 1,3. So, Equation (3.2.10)

becomes

ajuy (w)uy (¢1(w)) f (3 (w)) + [aua(w) + czus(w)]anuy (do(w)) f(d1 0 da(w))
= apus(w) + azusz(w). (3.2.12)

If ¢o(w) is not equal to any one of ¢?(w) or ¢ 0¢s(w), then we can choose f to be 0 at ¢?(w)
and ¢ o ¢o(w), and this will imply that asus(w) + asus(w) = 0, which is a contradiction.
If ¢a(w) = ¢1 0 ¢a(w), then by choosing f to be 0 at ¢?(w) we will get ; = 1 which is
a contradiction again. Therefore, we have ¢o(w) = ¢3(w). Similarly, ¢; o ¢o(w) must be
equal to at least one of ¢y o ¢;, (w) or ¢y 0 ¢, (w). But in this case we will be left with
3 or 4 distinct points in Equation (3.2.10). By choosing f to be 0 at ¢;(w) and ¢9(w)
and large enough at other points on the left hand side of Equation (3.2.10) we will get a
contradiction.

This shows that F;, = 0.

We now show that F = 0.

Suppose F' # (). We choose w € F, then we have w, ¢1(w), ¢o(w), ¢3(w) are all distinct.

Let us consider the following matrix:

) P2(w) )

) d20¢1(w) 30 di(w)
$10¢a(w)  P(w) (
¢10¢3(w) @20 ¢3(w) 3(w)

o1 (w

&3 (w
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We observe that points belonging to any column are all non equal. We choose f such that

f(61(w)) = 1 and f(ga(w)) = f(ds(w)) = f(¢1(w)) = f(¢1 0 da(w)) = f(d1 0 d3(w)) = 0.

Equation (#*) becomes
arug (w)[oguz(d1(w)) f(d2 © 91 (w)) + asus(d1(w)) f(P3 0 ¢1(w))] +

Qg (W) [aaus(a(w)) f (05 (w)) + azuz(Pa(w)) f(ds 0 P2(w))] +
azug(w)[agus(ds3(w)) f (B 0 P3(w)) + azus(ds(w)) f(d5(w))] = crur(w) f(1(w)). (3.2.13)

Equation (3.2.13) implies that ¢;(w) must be equal to at least 2 elements from the set

{¢20¢1(w)7 ¢30¢1(w)’ gb%(w)v ¢3o¢2(w)7 ¢20¢3(w)7 Qﬁ(w)}

Since this set does not contain three equal elements, it follows that ¢ (w) is equal to exactly

two; say ¢9 0 ¢, (w) and ¢3 o ¢;, (w) with iy, 51 € {1,2,3}. Therefore, we have
g, oty (W) (@i, (W) + ay azuy, (w)us(d, (W) = aru(w).

This implies that

(o5} S O!QO(Z'I + OZ;),Oéjl.

Similar arguments applied to ¢o(w) and ¢3(w) imply the inequalities:
ay < ooy, + agag, and asz < agag, + aag,.
Adding these three inequalities we get

1= a1 + ag + (0% S 041<Oéi2 + Oéig) + 062(061'1 + Oéjg) + Oég(Cle -+ OéjQ)

< max{alé + Qig; Oy + Qjgy Oy + ajz}'

This is impossible. Hence, we have F' = (). O
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We now set ourselves to show the following.
Lemma 3.2.8. Ifw e C;, i =1,2,3 then a; = 1/2; w;(w) = ui(¢;(w)) =1, uj(w) = uk(w),
u;(95(w)) = ur(¢;(w)) and uj(w)u;(d;(w)) =1 for j,k =1,2,3; i # j, k.

Proof. We prove the result for ¢ = 1. For i = 2 and 3 the argument is similar.

Let w € C4, that is, w = ¢1(w) # ¢2(w) = ¢3(w), then Equation (xx) reduces to
ayuy (w)]onur (W) f(w) + azup(w) f(ga(w)) + azus(w) f(da(w))] +

[agus (w) +azuz(w)][arur ($2(w)) f(Pr0¢2(w)) +agus(d2(w)) f(93(w)) +azus(d2(w)) f(¢5(w))]
= ayur (W) f(w) + [guz(w) + azus(w)]f(¢2(w)).- (3.2.14)
We note that in this case we must have agug(w)+ asus(w) # 0; otherwise Equation (3.2.14)
will give us oy = 1.
We choose a function f € C(§2) such that f(ds(w)) =1, f(w) = f(#3(w)) = f(¢3(w)) =
0 which will reduce Equation (3.2.14) to

aqug (w)[agus(w) + azuz(w)] + [aug (W) + azus(w)]arur (P2(w)) f(P1 0 a(w))

= s (w) + asuz(w). (3.2.15)

Since agus(w) + azug(w) # 0, we obtain

arur (w) + arug (d2(w)) f(¢1 0 da(w)) = 1.

This implies that ¢; o ¢o(w) = ¢o(w) and a3 > 1/2. Since o; < 1/2, Vi we conclude
a; = 1/2 and u;(w) = uy(¢2(w)) = 1.
Choosing a function f such that f(w) = f(¢2(w)) = 0, Equation (3.2.14) becomes

iz (62(w)) f($3(w)) + sz (d2(w)) f(¢3(w)) = 0.

The points ¢3(w) and ¢3(w) must be equal to one of w or ¢o(w). Since ¢3(w) and ¢3(w)
cannot be equal to ¢s(w), we have ¢3(w) = ¢3(w) = w. We now choose a function f such
that f(w) =1, f(¢2(w) = 0, Equation (3.2.14) is reduced to

1

[aous(w) + azuz(w)][azus(d2(w)) + asus(da(w))] = e
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or

0 ()1(62()) + ey () (B2()) + a3t () (0()) + 03yt (Ba()) = 7.

Since we have as + a3 = %, it follows that

uz(W)uz(da(w)) = uz(w)us(d2(w)) = us(w)ua(2(w)) = us(w)uz(d2(w)) = 1.
This implies that ug(w) = uz(w) and us(p2(w)) = uz(pe(w)). O
Lemma 3.2.9. Ifw e D;, i =1,2,3 then oy = ag = az = 1/3.

Proof. Let w € Dy, that is, w = ¢1(w) # ¢2(w) # ¢3(w) # w. Equation (xx) reduces to
ayuy (w)]onuy (W) f(w) + aguz(w) f(P2(w)) + asus(w) f(gs(w))] +

gty (W) [artr (2(w)) f (1 © Pa(w)) + aua(da(w)) f(93(w)) + azus(da(w)) f(ds 0 da(w))] +
agus(w)[arur (P3(w)) f(1 0 ¢3(w)) 4 aaua(ds(w)) f(¢2 0 d3(w)) + azus(ds(w)) f(P3(w))] =
aquy (W) f(w) + agug(w) f(da(w)) + asug(w) f(ds(w))- (3.2.16)

We divide the proof into three steps.
Step |. We claim that if w = ¢ 0 ¢;(w), i = 2 or 3, then w = ¢3 0 ¢;(w), j =2 or 3.
Step Il. We partition the set D; into six disjoint sets and for each of these sets we show
that o = ap = a3 = 1/3.
Step I1l. We obtain conditions on u;(w) and u;(¢;(w)), ¢ = 1,2,3 and j = 2, 3, for each

partitioned set.

Proof of Step |

Let f € C(Q) satisfies f(w) =1, f(¢2(w)) = f(d3(w)) = f(¢10¢2(w)) = f(dr10¢3(w)) = 0.
Then Equation (3.2.16) becomes

afui(w) + anuz(w)[azus(@2(w)) f(92(w)) + azus(d2(w))(¢s © d2(w))] +

azuz(w) [anus(d3(w)) fda 0 P3(w)) + azuz(ds(w)) f(P5(w))] = anus (w). (3.2.17)
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If p3(w), P30 da(w), doods(w) and ¢2(w) are all different from w, by choosing our function

f to take value 0 at all these points we will have afu?(w) = ayu;(w) and hence o; = 1.

Thus, not all these points are different from w.

Claim: If w = ¢ 0 ¢;(w), i =2 or 3, then w = ¢3 0 ¢;(w), j =2 or 3.

To see the proof of the claim, let w = ¢ 0 ¢;(w), i = 2 or 3, then in Equation (3.2.17),
f(p20¢;(w)) =0, j=2or 3 and j # i. Suppose to the contrary that w # ¢3 o ¢y (w) for

k = 2,3 then by choosing our f to be 0 at these points we get from Equation (3.2.17)
aud(w) + agaui(w)ug(ds(w)) = arur (w). (3.2.18)
This implies that
(03] S Oé% + a0, (3219)
We now choose a function f € C(Q) such that f(¢2(w)) = 1 and f(w) = f(o3(w)) =
f(#3(w)) = f(p2 0 p3(w)) = 0. Then Equation (3.2.16) is reduced to

it (w)ug(w) + aguz(w)[rur (P2 (w)) f(d1 0 Pa(w)) + asus(da(w)) f(@s 0 ga(w))] +

vtz (w)[arur (93(w)) f (1 0 P3(w)) + azus(ds(w)) f(P3(w))] = aaus(w). (3.2.20)

Again, if all ¢1 o da(w), ¢3 0 Pa(w), ¢1 0 P3(w) and ¢3(w) are different from ¢y(w), by
choosing f initially to take value 0 at all these points we could have a; = 1. Suppose

¢2(w) = ¢1 0 ¢, (w) where iy = 2 or 3. Then we could choose f in Equation (3.2.20) such
that f(¢1 0 ¢i(w)) =0, 45 =2 or 3 and iy # iy. If Po(w) # P30 di, (w), i3 = 2,3. Then by

the same argument we get from Equation (3.2.20)
ag oty (w)ug(w) + agay, uy (w)ug (¢, (W) = agug(w). (3.2.21)

This implies that
as < ag(ag + ayy). (3.2.22)

If i = 4y, then adding the Inequalities (3.2.19) and (3.2.22) we get oy + o > 1 - A

contradiction.
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If i = 2 and 4; = 3, then Inequality (3.2.22) becomes as < aj(az + az) = ag(1 — aq).
Adding this and Inequality (3.2.19) we get a; + s < aj + a3 or ap > 1 - A contradiction
again.

If i = 3 and 4; = 2, then from Inequality (3.2.22) we have ay > 1/2. Since oy < 1/2
for all £ = 1,2,3, we conclude that a; = 1/2. Now, Inequality (3.2.19) is reduced to
1/4 < asaz < az/2 or ap > 1/2. This implies that ay = 1/2 - A contradiction.

Therefore, we get ¢o(w) = ¢3 0 ¢, (w), i4 = 2 or 3. Choosing a function f such that
fw) = f(p2(w)) = f(¢p3(w)) = 0 in Equation (3.2.16) we will be left with three points,
that is, ¢1 0 ¢;;(w) (is # i1), P20 P4 (w) (i6 # 1) and @5 0 ¢y (w) (17 # ia), 45,76, i7 = 2 or 3,
and we have 0 on the right hand side. It is also clear that ¢3 o ¢;.(w) is not equal to any
of w (because of our assumption), ¢o(w) or ¢3(w). So, it has to be equal to at least one
of ¢1 0 ¢ (w) or ¢y 0 P (w). But in all these cases we can choose f large enough to get a

contradiction.
Proof of Step Il

Choosing a function f € C(Q) such that f(¢e(w)) =1, f(w) = f(ds(w)) = f(P3(w)) =

f(¢2 0 ¢3(w)) = 0 and then a function f such that f(¢s3(w)) = 1, f(w) = f(Pa(w)) =
f(#2(w)) = f(d30¢2(w)) = 0 in Equation (3.2.16), we will get the following two equations.

v i (W) up (W) + g (w)[arur (P2 (w)) f(d1 0 Pa(w)) + asus(da(w)) f(ds 0 d2(w))] +

auz(w)[arun (¢3(w)) f(d1 © d3(w)) + azus(ds(w)) f(#3(w))] = azus(w). (3.2.23)
arauy (w)ug(w) + agug(w)[orus (¢2(w)) f(d1 © Pa(w)) + agua(da(w)) f(B5(w))] +
azug(w)[arur (d3(w)) f(@1 0 P3(w)) + aruz(Ps(w)) f(d2 0 P3(w))] = asus(w).  (3.2.24)

From the above claim we have the following disjoint and exhaustive cases which may occur.
Dy ={w € Di: w=d3(w) = d30¢2(w), 2(w) = d5(w) = 610 ¢2(w), d3(w) =
¢10 ¢3(w) = ¢2 0 P3(w)},
Dy ={w € D1 1 w = ¢3(w) = d30 ¢2(w), ¢2(w) = d(w) = ¢10 ¢3(w), d3(w) =
$10 P2(w) = ¢2 0 P3(w)},
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Dz ={w € Di: w=¢20¢w) = d30¢2(w), $2(w) = ¢3(w) = ¢10da(w), P3(w) =
10 ¢3(w) = P3(w)},

Diy={w € D1: w=dy0h3(w) = P30 ha(w), da(w) = P3(w) = ¢1 0 B3(w), Pa(w) =
10 ¢a(w) = d3(w)},

Dis = {w € D1 1 w = ¢i(w) = $i(w), d2(w) = ¢10da(w) = @30 ¢2(w), ¢3(w) =
P10 ¢3(w) = ¢2 0 P3(w)},

Dig ={w € Di: w=¢3(w) = ¢3(w), $2(w) = d10¢5(w) = d30 ha(w), d3(w) =
é1 0 a(w) = ¢g 0 d3(w)}.

Now for any w € Dy;, Equation (3.2.16) is reduced to

{afui(w) + aus(w)[opus(da(w)) + asus(da(w))]} f(w) +

{aroaus (w)ua(w) + aroou (da(w) Jus(w) + adus(w)us(ds(w)) }f(da(w)) +
{arazuy (w)uz(w) + azuz(w)[agur (¢3(w)) + aaua(Pz(w))]}f (d3(w))
= ayu (W) f(w) + azuz(w) f(P2(w)) + asuz(w) f(Ps(w))- (3.2.25)

Since w # ¢o(w) # ¢3(w) # w, choosing appropriate functions we get
ay < af +ag(ag +a3), ay < 20100 + a3 and 1 < 20 + as. (3.2.26)
For w € Dy, we have
{afui(w) + agus(w)[agus(¢o(w)) + asus(a(w))]}f(w) +

{anazui (w)us(w) + asus(w)]aru (¢3(w)) + azus(ds(w))]} f(d2(w)) +
{onazur (W)us(w) + ananuz(w)ur(de(w)) + azozus(w)uz(ds(w)) }f (¢3(w))
= a1 (w) f(w) + azuz(w) f(P2(w)) + asus(w) f(d3(w))- (3.2.27)
This implies that

o < 04? + ag(ag + ag), as < ajas + az(a; + asz) and

(08 S Q109 + [0 D)0 %} -+ i3y . (3228)
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For w € D;3, we have
{afui(w) + agasfug(w)us(da(w)) 4 us(w)ua(Ps(w))]}f(w) +
{aroou (w)us(w) + arapug(w)ur (¢a(w)) + agus(w)us(ds(w)) }f(da(w)) +

{onasus (w)us(w) + aguz(w)us(¢2(w)) + crasus(w)ur (d3(w)) 1 f(ds(w))

= a1 (W) f(w) + azuz(w) f(P2(w)) + azuz(w) f(Ps(w))- (3.2.29)

This implies that

ap < af + 203, ay < 20004 + ozg and g < 2003 + 0. (3.2.30)
For w € Dy4, we have

{afui(w) + asaslus(w)us(da(w)) + us(w)ua(ds(w))]}Hf(w) +

{aragus (W)us(w) + azuz(w)arur (¢3(w)) + azus(dz(w))]} f(Pa(w)) +
{arazuy (w)uz(w) + azug(w)[agur (d2(w)) + aaua(Pz(w))]}f (d3(w))
= oqup (W) f(w) + aguz(w) f(p2(w)) + azuz(w) f(P3(w)). (3.2.31)

This implies that
ay < af + 203, ay < ajan + as(a; + as) and

(6% S a1z + 062(041 + 042). (3232)

For w € D5, we have
{afui(w) + agus(w)uz(da(w)) + ajus(w)us(ds(w)) }Hf(w) +

{arapus (w)ug(w) + azus(w) [ ur (P2 (w)) + azus(Pe(w))]} f(2(w)) +
{anazus (w)uz(w) + azus(w)arur(g3(w)) + agua(ds(w))]}f(gs(w))
= ayu (W) f(w) + azuz(w) f(P2(w)) + asuz(w) f(Ps(w))- (3.2.33)
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This implies that
oy <al+al+ ag, 1 <201 +az and 1 < 2a; + . (3.2.34)
For w € Dyg4, we have
{olul(w) + aquz(w)uz(2(w)) + agus(w)us(ds(w)) Hf(w) +

{onagu (W)us(w) + auagug(w)us(de(w)) + arazuz(w)ur(gs(w))} f(d2(w)) +
{arasug (w)ug(w) + agasus(w)uy (P2(w)) + asasug(w)ua(Ps(w)) }f(Ps(w))

= aqup(w) f(w) + aguz(w) f(p2(w)) + azuz(w) f(P3(w)). (3.2.35)

This implies that
a; < Ozf + 043 + ag, s < ajag + vy + g and

(0% S Q1Qg + Qo3 + i3y (3236)

To summarize, we have the following equations.
ay < af +ag(ag + a3), ay < 20100 + a3 and 1 < 20 + as. (3.2.37)

aq < Oé% + Oég(CkQ + ag), (0%} < a0 + 043(041 + ag) and (6%} < 10 + oy + Qi30Yy . (3238)

a; < a% + 20003, o < 20100 + 043 and a3 < 203 + a%. (3.2.39)
ap < a2 4+ 203, ay < ajan + as(ag + as) and as < ajas + ag(ag + a). (3.2.40)
ap <al+as+a;z 1<2a;+azand 1< 20 + as. (3.2.41)

o <at+ai+ ozg, ay < ajag + asas + azag and ag < ajag + asas + azag. (3.2.42)

In the above six equations, it is easy to observe that o; = 1/3, i = 1,2,3 is the only

solution.
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Proof of Step IlI

In this step we will find conditions on u;(w) and u;(¢;(w)) for i =1,2,3 and j = 2,3. We
substitute a; = 1/3 in Equations (3.2.25), (3.2.27), (3.2.29), (3.2.31), (3.2.33) and (3.2.35)
and we choose three sets of functions for each equation. Firstly, a function f € C(Q)
such that f(w) = 1, f(d2(w)) = f(é3(w)) = 0. Then a function f € C(2) such that
f(p2(w)) =1, f(w) = f(¢3(w)) = 0 and finally a function f € C(£2) such that f(¢s(w)) =
1, f(w) = f(¢2(w)) = 0. Moreover, by observing that u;(w) and u;(¢;(w)) lie on the unit
circle and all the points on the circle are extreme points we get the following conditions on
w;(w) and u;(¢;(w)) where i =1,2,3 and j = 2, 3.

For w € Dy; we get

uz(w)uz(Pz(w)) = uz(w) and uy(P3(w)) = uz(gs(w)) = 1.
For w € D5 we get
Uy (w) = ug(w)ua(Pa(w)) = ua(w)uz(d2(w)) =1, uz(w)ur(dz(w))

= uz(w)uz(¢3(w)) = ug(w) and ug(w)ui(P2(w)) = uz(w), uz(ps(w)) =1

For w € D3 we get

uz(w)uz(@s3(w)) = uz(w) and ug(w)uz(pa(w)) = uz(w), wi(gs(w)) = 1.

For w € D14 we get

uz(w)us(pz(w)) = ua(w) and ug(w)ui(Pa(w)) = uz(w)uz(d2(w)) = uz(w).

For w € D5 we get

ul(w) = UQ(M)UQ(¢2<W)) = U3(W)U3(§Z§3(u}>) = 1,
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ui(P2(w)) = us(¢2(w)) = 1 and ui(ds3(w)) = uz(d3(w)) = 1.
For w € D we get

uy(w) = ug(w)ua(Pe(w)) = uz(w)uz(ps(w)) = 1, uz(ga(w)) =1,

ug(w)ur(ds(w)) = uz(w) and ug(w)ur(d2(w)) = us(w), ua(ds(w)) = 1.

Thus, the proof of the Lemma is complete. O
We will need one more lemma to complete the proof of Theorem 3.1.2.

Lemma 3.2.10. With the assumption in Theorem 3.1.2, one and only one of the following
conditions is possible: (In all the cases i,j,k =1,2,3)

(iii) Q= AU B; UC;.

(V) N=A U C,
(vi) Q= D,;.

(Viii)Q:AUDijUDkl,lzl,...,G.
(IX) N=A U Dh‘ U ng U ng.

Proof. Suppose that Q = AU B; U By U Bs. Let w be a limit point of B;, 2 = 1,2,3. Then
there exists a net w, € B; such that w, — w. Since w, € B;, we have w, = ¢j(w,) =
ok (wa) # ¢i(wy). This implies that w = ¢j(w) = ¢(w) and hence w € AU B;.

We now consider the following cases:
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(a) If all B;’s are closed, then by the connectedness of 2 and observing that A is closed,
we have Q = A, Q = By, Q = By or {2 = Bs. Since  # A, we conclude that Q = By,
) = By or Q = Bs. Thus, (i) is proved.

(b) If only one of the B;’s, say Bj, is closed. Then as we have shown earlier, any limit
point of B; belongs to AU B;. Thus, AU B; U By, is closed. Hence, by the connectedness
of (1, either Q = B or Q = AU B; U By,

Suppose that Bj is closed and 2 = AU B; U B,. Rest of the cases are exactly similar.
Since Bj is not closed, there exists a net w, € B; such that w, — w and w € A. This
implies that ¢;(w) = ¢2(w) = ¢P3(w).

If we Aj, then uy(w) = uz(w) = uz(w) = 1 and ¢;(w) = w. Since w, € By, we have

from Equation (3.2.7)
a3y (We)u1 (1 (wa)) + [otia(wa) + asus(we)]? = ous(we) + asus(wy). (3.2.43)
Noting that each of uy, us and ug are continuous and taking the limit both sides we get
a2y (w)uy (¢1(w)) + [agug (W) + asus(W)]? = agug(w) + asus(w). (3.2.44)

Since u;(w) = 1,7 =1,2,3 and ¢;(w) = w, we have a3 + [ag + a3)* = az + a3 or oy = 1/2.
If we As, then ajuy(w) + agus(w) + asus(w) = 0. Since w, € By, Equation (3.2.9)
shows that

aots(Wy) + asus(wy) + aus(Pr(wy)) + asus(pr(w,)) = 1. (3.2.45)

Taking limits we get
OégUQ(W) + OégUg(W) + Oéng(gbl(W)) —+ 043U3(¢1(W)) =1 (3246)

or — ajui(w) — aqui(w) = 1. This implies that oy = 1/2.

Similar argument for By will give us ay = 1/2 - A contradiction.

Thus, 2 # AU B; U Bs.

(c) If two of the B;’s, say B, and By, are closed, then we will have Q = B;, Q = B, or
= AU B,. Thus, (i) is proved.
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Suppose 2 = AU B;. Then as B; is not closed, there exists a net w, € B; such that
wo — w and w € A. Proceeding as above we conclude that o; = 1/2 and from Equation
(3.2.9) and (3.2.7) we will get u;(w) = u(w) = u;(¢i(w)) = up(di(w)) = wi(w)u;(p;(w)) =1
for all w € B;.

(d) Suppose that no B; is closed, then Q = AU B; U By U Bs. Proceeding in the same
way as in (b), we can see that this case is also not possible.

From Lemma 3.2.8 one can see that none of C, C5 or ('35 can occur together. Suppose
that Q = AU B; U B; U B, U C;. Lemma 3.2.8 also implies that o; = 1/2.

We claim that B;, By and AU B; U C; are closed. To see the claim, suppose to the
contrary that B; is not closed. Then there exists a net w, € B; such that w, — w and
w € A. An argument similar to case (b) above will give us a; = 1/2, which is a contradiction
since o; = 1/2.

Similarly, one can show that Bj is closed.

Now, let w be a limit point ;. Then there exists a net w, € C; such that w, — w.
Since wy € C;, w = ¢;(wa) # ¢j(wa) = ¢r(wa). This implies that w = ¢;(w), ¢;(w) = Pr(w)
and hence w € AU ;. We have seen earlier that limits points of B; belong to A U B;.
Therefore, AU B; U C; is also closed. From connectedness of {1 we conclude that (2 = Bj,
=B, or AUB;UC,;.

Let Q2 = AU B; UC;. If both B; and Cj are closed, then €2 = B; or Q = C;. If only B;
is closed, then 2 = B; or Q = AU C;. If only C; is closed, then Q2 = C; or Q = AU B;. If
neither B; nor C; is closed, then Q = AU B; U C;.

Suppose 2 = AU B; U}, then as a; = 1/2, from Equation (3.2.9) and (3.2.7) we will
get u;(w) = ug(w) = uj(Ps(w)) = ug(Pi(w)) = ui(w)u;(¢i(w)) =1 for all w € B;.

This proves assertions (iii) — (v).

It is clear from Lemma 3.2.8 and 3.2.9 that for i = 1,2, 3 C; cannot occur with D;. We
also observe that any limit point of D; belongs to A U D;. Moreover, for fixed i = 1,2, 3
no two or more D;;, 7 =1,...,6 can occur simultaneously.

Suppose that Q2 = AU B; U Dy; U Dy, U Ds;, where ¢ = 1,2,3 and j,k,l =1,2,...,6.

Lemma 3.2.9 shows that a3 = ap = a3 = 1/3.
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Suppose that neither B; nor any one of D,,,,,’s is closed, where m = 1,2,3 and n = 7, k, [.
Then we will get ay; = 1/2 by an argument similar to case (b) above and this will lead us
to a contradiction. So, no B; can occur with any of the D,,,’s and hence either B; or all
of D,,,,’s must be closed.

If B; is not closed, then we will have 2 = D,,,,, for some m and n. Hence, assertion (vi)
is proved.

If B; is closed, then either 2 = B; or Q@ = AUD;;U Dy, UDsg;. If Q = AUD;;U Dy, UDsg
and some D,,,’s are closed, then by arguing in a similar way we will get cases (vii) — (ix).

The proof of the Lemma is complete. O

Completion of the proof of Theorem 3.1.2

In any of the cases (i) — (v) in Lemma 3.2.10, we have seen that

uj(w) = ur(w) = u;(¢i(w)) = ur(9i(w)) = ui(w)ui(¢i(w)) = 1 for any w € B; and

ui(w) = ui(g;(w)) = 1, uj(w) = up(w), u;(9;(w)) = ur(;(w)) and u;(w)u;(¢;(w)) =1
for any w € C;. Moreover, o; = 1/2.

Therefore, we have T} f(w) = T f(w) for all f € C(), w € B; U ;. Thus, we have

p =5

Therefore, the proof of Theorem 3.1.2 (a) is complete.

It remains to consider the case when Q2 = AU Dy; U Dy; U D3, We further assume that
i,k <4, j > 5. The remaining cases for the conditions (vi) — (viii) are similar.

Our aim is to show that there exists a surjective isometry 7" on C(Q) such that 7% = I

and P = T Since P = 1(Ty + Ty + T3) is a projection, we have
P= %(Tf + Ty + Ty + Ti Ty + TyTy + ThTs + TTy + ToTs + T3T).
Using the conditions obtained earlier on w;(w)’s and w;(¢;(w)) we see that for any w € Dy;
Tif(w) =T f(w) = f(w), T3 f(w) = Taf (w), TiTaf (w) = ToT1f(w) = Taf (w),

LTif(w) = Thf(w) = T f(w) = Tif(w), ToTsf(w) = f(w).
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That is,

Pfw) = ([—I—Tg—l-Tg2

2 £ and T = ),
Similarly, if w € D19, D13 or Dy4 we have

Pi) = (P ) and T 1(0) = ),

If w € Dy5 or Dyg, we get

Pf(w) = <1+T§+Tg> ) = <I+T2T3;(T2T3)2>f(w)

and (TyT3)% f(w) = f(w). The cases of w € Dy or Dy is similar.

We now define

up (W) if we A
ug(w) if we Dli
u(w) =
u(w)uz(r(w)) if w € Dy,
\Ul (w) if we Dgy
and
'¢1(w) if we A
¢(w) _ ¢3(W> if w S Dli

¢3 o ¢1(w) if w € ng

¢1<W) if w € ng

\

Define T'f(w) = u(w) f(¢(w)). We have seen earlier that any limit point of D;; belong
to AU D,;, it follows that u is continuous and ¢ is a homeomorphism. Hence, the proof of

Theorem 3.1.2 (b) is complete. O
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CHAPTER

Structure of Generalized 3-circular
Projections on C" and on Some

Spaces of Matrices

In this chapter we will find the structures of generalized 3-circular projections on C" with
symmetric norm, and on some spaces of matrices with unitarily invariant norm and unitary
congruence invariant norm.

Let G be a closed subgroup of G(X). We recall that a norm | - || on a Banach space X

is said to be G-invariant if
lg(@)]| = |lz]| VgeG, ve€X.

Most of the contents of this chapter are from [3].

4.1 Symmetric norms

We start with the following lemma.
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Lemma 4.1.1. Let Po+ MNPy + o Py =T, where T € G(X) and Ay, \o, Py and Py are as

i Definition 1.2.1. If Py is a bi-circular projection, then so is Fy.

Proof. We first note that if P, is a bi-circular projection, then sois I — P, = Py + P. As

9(P0 +P2)

every bi-circular projection is hermitian, e’ is an isometry for all # € R. Suppose

there exists 0 # x € X such that |[e?z| < ||z||. Then we have
]| = [|le? P Pg]| = [l ox | < [lePall < ],
a contradiction. O

In this section we will find the structures of generalized 3-circular projections on C"
with a symmetric norm.

The isometry group of a given symmetric norm (see Theorem 1.2.23) is the group of
generalized permutation matrices, that is, matrices of the form 7" = DR, where D is a
diagonal matrix with entries from the unit circle and P is a permutation matrix. We will

denote this group by G.

Remark 4.1.2. Let R be a permutation matriz such that the permutation associated with
R fizes m elements, m > 0, and has k disjoint cycles of lengths ny,ng, ..., ng. Let 7 be
the cycle (12 ... j—1j) and R; the permutation matrix for the cycle m,,, j =1,2,... k.
Then R is permutationally similar to R B Ry ® -+ ® Ry & I,,.

Theorem 4.1.3. Let || - || be a symmetric norm on C" and Py a generalized 3-circular
projection. Then one and only one of the following assertions holds:
(a) Py is a bi-circular projection.
(b) There exist m > 0, k > 1, projections Fy,;, i = 0,...,k such that Py is permuta-
tionally similar to Poy @ Poa @ -+ @ Fo i © Poo, where
1 dii  didi
1 .
PO,i - g digdig 1 diQ and PO,O - dlag(plap% ce 7pm)
diz  dindiz 1

with p; € {0,1} for all j =1,2,...,m and djd;ad;z = 1.
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Proof. Suppose Py + A\iP; + AP, = T where \; and P;, ¢ = 1,2 are as in Definition
1.2.1. Since the isometry group for the symmetric norm is G, T = DR where D is
a diagonal matrix whose elements are of unit modulus and R is a permutation matrix.
By Remark 4.1.2, R is permutationally similar to Ry & Ry & --- & Ry & I,,. We write
D=D®Dy&---& Dy ® Dy accordingly. Then T" will be permutationally similar to

DRy 0 0

0 DyRy - 0
(4.1.1)

0 -~ DpRr 0

0 0 oDy

By Lemma 3.2.4, the eigenvalues of T" are {1, A\;, Ao} which is the union of eigenvalues of
D;R;,i=1,2,...,k and Dy. We also note that D;R; has n; distinct eigenvalues.
Suppose k = 0. Then T"'= D and from Lemma 3.2.4,

(D = MI)(D = Xo)
(T—=X)(1 =)

Hence, P, is a diagonal matrix whose elements are 0 or 1. This implies that for any

P():

A€ T\ {1}, By+ A(I — P) is a diagonal matrix with entries 1 or A and hence an isometry.
Thus, Py is a bi-circular projection and assertion (a) follows.

Suppose k£ > 0. Then Equation 3.2.1 implies that
(D;R; — I,,)(D;R; — M 1,,)(D;R; — \o1,,,) =0
Vi=1,2,...,kand
(Do — In) (Do — M 1Ly) (Do — Ao1y) = 0.
Hence, the eigenvalues of D;R; and Dy are {1, A1, A\o}. We again note that the eigenvalues

of D;R;, i = 1,...,k are distinct. Therefore, we have n; = ny = --- = n, = 3. Suppose
Dz' = diag(dﬂ, dz‘g, d13> Then we have
dqpn 0 0 010
D;R; = 0 dip O 0 01
0 0 ds 100
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0 dp O
diz 0 0

Since tr(D;R;) = 0, we have 1+ X+ Xy = 0. Thus, A\; and A, are the cube roots of identity.

As T is permutationally similar to the matrix displayed in Equation 4.1.1 and Py =

—IH;“TQ, we obtain P is permutationally similar to Py @® P2 @ - - ® Py @ Foo; where
I3+ D;R; + (D;R;)?
Poi = ,
’ 3
i=1,2,... kand
I, + Dy + D?
Py = %

This implies that

1 dip  dindy
R = % diodiz 1 dip | and Poo = diag(p1, pa, - - -, pm)-
dis  dindiz 1
Here, p; € {0,1} for all j =1,2,--- ,m.
Moreover, det(D;R;) = d;1d; 2d; 5 = 1.
Thus, the proof of assertion (b) is complete. O

4.2 Unitarily invariant norms

In this section we will characterize generalized 3-circular projections on M, ,(C) with a
unitarily invariant norm.

From Theorem 1.2.25 we know that if m # n, then any isometry T is of the form
T(A) = UAV where U € U(C™) and V € U(C"). If m = n, then an isometry 7" on M, (C)
has the form either T(A) = UAV or T(A) = UA'V where U, V are unitaries in M, (C)

and A! denotes the transpose of a matrix A.

Remark 4.2.1. Let Py be a generalized 3-circular projection. Then 3 Ay, Ay, P, and
P, as in Definition 1.2.1 such that Py + AP, + Ao, = T. By Lemma 3.2.4, T has
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spectrum {1, A\;, Ao}. Let us assume that U has eigenvalues uy, ..., u,, and V has eigen-
values vy,...,v,. If T(A) = UAV, then identifying M,, ,(C) as R™ ® R", we see that
T(x®y") =Ux®y'"V. Thus, T has eigenvalues w;vj, i = 1,2,...,m; j =1,2,...,n.

Theorem 4.2.2. Let || - || be a unitarily invariant norm on M, ,(C) and Py a generalized
3-circular projection such that the isometry associated with it is of the form A — UAV
for some U € U(C™) and V € U(C™). Suppose \y + \o = —1, then there exist R; =
R = R? in M,,,(C) and S; = S = S? in M,,(C), i = 0,1,2 such that Py has the form
Ar— RyASy + R1AS) + Ry AS;.

Proof. Let Py + A\ Py + Ao Py =T where A\{, Xy, P, and P, are as in Definition 1.2.1. We
first note that 1 + \; + Ay = 0 which implies that A\; and Ay are cube roots of unity. By

Lemma 3.2.4, T has spectrum {1,w,w?}. Assume that U has eigenvalues u1, ..., u, and V
has eigenvalues vy, ...,v,. Then by Remark 4.2.1, T" has eigenvalues uv;, 1 = 1,2,...,m;
j=1,2,...,n. Without loss of generality we may assume that u; = v; = 1. Thus, the

spectrum of U and V is a subset of {1,w,w?}. Hence, we have U? = [ and V3 = I. Let

LU0 e IV (V)

R; ;
3 3

where i = 0,1,2; g = 1, pt; = w and pe = w?. So, we have

P [+ U + 2(U?) I+ 202 + U _R
L 3 - 3 S

because U? = I and y;’s are cube roots of unity.
Further, we have

g = L mU U+ 20U + 2007 + 20307
v 9
31+ 3u,U + 3u2U?

= 5 (using U® = I, p? =1)

Similarly, we will get S; = Sf = S2.

Finally, we observe that

Py(A) = RoASy + R1AS; + RyAS,. O
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Theorem 4.2.3. Let || - || be a unitarily invariant norm on M, ,(C) and Py a generalized
3-circular projection such that the isometry associated with Py is of the form A —— UAV
for some U € U(C™) and V € U(C™). Suppose A1 + \y # —1, then one and only one of
following assertions holds:
(a) There exists R € M, (C) with R = R* = R? such that Py(A) = AR, or there
exists S € M,,(C) with S = S* = 5% such that Py(A) = SA. In both cases, Py is a

bi-circular projection.
(b) N2 =X\;,4,7=1,2 and i # j;
(b1) Ay is of order p and Xy is of order q with p = 2q. In this case we have one of
the following conditions:
(i) Py is a bi-circular projection.
(i) Py is generalized bi-circular projection and (A\)P/? = (Ay)¥? = —1. Moreover,

Py has the form

MA L UAV DAV
20 — 1) 1—=A2 " 2(14N\)

Ar—

(02) A = \/A; and A\, Ag are of order p, where p is an odd integer greater or equal
to 5. Moreover, there exist R; = Rf = R? in M,,(C) and S; = Sf = S? in M, (C)
such that
p—1
Py(A) =) RiAS;,
=0
where i =0,1,...,p— 1.

(¢) MAy =1 and Py will have the same form as in (b2).

Proof. Let Py + \M{P; + A\oP, = T where A\, Xy, P and P, are as in Definition 1.2.1.
Lemma 3.2.4 implies that T has spectrum {1, A1, \o}. Proceeding in the same way as in
the beginning of proof of Theorem 4.2.2 we can say that the spectra of U and V' are any

one of the following sets:

{1}7 {1,)\1}, {1,/\2} or {1,/\1,/\2}‘

So, we will have the following three cases.
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Case |

Suppose the spectrum of U is {1}.

If the spectrum of V' is {1}, {1, A1} or {1, Ao} then the spectrum of T"is {1}, {1, A1} or
{1, A2} respectively, a contradiction.

Therefore, the spectrum of V' will be {1, A1, Aa}. In this case, U = I and T'(A) = AV
From Lemma 3.2.4, we have

(T = M)(T = daI)A

hod = 1= )1 =)

We define
V=M1V = XI)

(1—=X1)(1=Ny)
Then we obtain Py(A) = AR. We claim that R = R*. To see the claim, from the expression

ol

of R we have

VZ=(1-=M)1 =X )R+ M\ + )V = Mol (4.2.1)

Equation (4.2.1) implies that
(V)2 = (V) = (1= W)(1 = W) R* + (0 + ) V" — Aol (42.2)
From Equation (3.2.1), we have (V — I)(V — X\ I)(V — X\oI) = 0, that is,
V3= (14+ M+ A) V2 + (A 4+ A+ M)V — Aol = 0.
Multiplying both sides by V* we get
V2= (1+ A+ A)V 4+ (A + Ao+ M) — MV =0. (4.2.3)
Multiplying again by V* we have
V— (14 A+ 2) T+ (A + A+ M)V = (V92 =0. (4.2.4)
Adding Equations (4.2.3) and (4.2.4), we get

V2 - ()\1 + )\Q)V + (/\1)\2 - 1)[ + (/\1 + )\Q)V* — /\1>\2<V*)2.
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Substituting V2 and (V*)? from Equations (4.2.1) and (4.2.2), we get R = R*. Moreover,
as P, is a projection we get R? = R.

We observe that for any p € T\ {1},

[Po+p(I — P)]A = PoA+ u(A— RA)
= AR+ (A — AR)
— A[R+pu(I - R)|
— AW,

where W = R+ pu(I — R). To show that Py + u(I — Fp) is an isometry, we need to show
that W is a unitary. We consider

WW* = [R+u( —R)[R + 7l - R)]
= [R+u( - R)[R+7a - R)]
— R+I-R
= [=W'W.

Therefore, F, is a bi-circular projection.

Hence, assertion (a) is proved.
Case Il

Suppose the spectrum of U is {1, A\ }.

The case in which the spectrum of U is {1, A2} is exactly similar.

So, the choices of spectrum of V are {1, A1}, {1, A2} or {1, A1, A2}.

(A) If the spectrum of V' is {1, \; }, then T will have spectrum {1, A;, A\?}. This implies
that A2 = \,.

Let p and ¢ be the order of A\; and As respectively. Then we have /\fq =\ =1 and
AP = A = 1. This implies that p divides 2¢ and ¢ divides p or 2¢ = kip and p = kyq for
some positive integers k; and ko. Thus, we have k1ky = 2. So, either k; = 1, ky = 2 or
ki =2, ko = 1.

If iy =1 and ky = 2 we get p = 2q.
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If iy, =2 and ky = 1 we get p = q.
Suppose p = 2q. Then we have

Tq - P0—|—)\1{P1—}—)\gp2

= FBy+ AP+ P

It follows that P; is a GBP. Proposition 1.2.26 implies that P, is either a bi-circular
projection or A\{ = —1.

If P, is a bi-circular projection, then by Remark 4.1.1 we conclude that F, is also a
bi-circular projection.

Hence, assertion (i) is proved.

If P, is not a bi-circular projection, then we have \f = —1.

Suppose A1 = /A, then we get (\g)?/? = —1.

Suppose A\; = —v/Ag, then we get (—1)%(\y)%? = —1. This shows that (\y)?/? = —1,
otherwise if (A\y)%? = 1 then we will get A? = 1, which is a contradiction.

So, in both cases we have (A)#/2 = —1. Since ¢ = p/2 we also have \?/? = —1.

For the form of P we consider the following three equations,

PO—P1+P2 = Tq
P0+)\1P1+>\2P2 - T

Ph+P+P = I

Eliminating P, and P, we get

vi T VA

Py = .
TSV I U TT W

(4.2.5)

Hence, assertion (i7) is proved.

Suppose p = q and \; = £/ \o.

If \; = —v/ )2, then we have \! = (—/X3)? = 1 or (—1)?(\y)?/?2 = 1. This shows that p
is odd, otherwise (A\2)?/? = 1, a contradiction because the order of )\, is p. Hence, we get

(A2)P/? = —1. Tt follows that \¥ = —1, a contradiction since the order of ), is p.
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If A\, = /Ay, then we have A} = (v/X2)? = (\2)?/2 = 1. This again implies that that p
is odd. Since, we have A\; + Ay # —1 we conclude that p > 3. As the order of \; is p, we
have UP =1 and VP = I. Let

[y

=l i Pl iy
Ri = ,UZ_ and Sz = Z Hi s
p p

I
o

J J=0
where i =0,1,...,p—1and po =1, 11, ..., ftp—1 are the p distinct roots of unity. We also
observe that R; = Rf = R? and S; = Sf = S2. Thus, we conclude that Py is of the form

~1

i=0
Hence, assertion (b2) is proved.

(B) If the spectrum of V' is {1, A2}, then T" will have spectrum
{1, A1, Aa, Ay A2}, This implies that A;Ay = 1 and hence A\; and Ay are of the same order.

Now, we have

T = Py+MP+M\P,

- )\1T = P2+)\1P0+>\%P1

Because AT is again an isometry, we are reduced to the previous case and we get assertion
(©).
C) If the spectrum of V' is {1, A\;, A2}, then T will have spectrum
( p ;AL At p
1, A1, A2, A\idg, A2}, This implies that \Ae = 1 and A2 = \,. Therefore, we have \? =
1 1 1

A3 = 1, a contradiction since A\; + Ay # —1.
Case Il

Suppose that the spectrum of U is {1, A\, A2 }.

(A) If the spectrum of V' is {1}, then V = I. We proceed in the same way as in Case
| to get S € M,,(C) such that S = S* = 5% and PyA = SA. Thus, P, is a bi-circular
projection.

(B) If the spectrum of V' is {1, A1} or {1, A2}, then we proceed exactly as the case in
which the spectrum of U is {1, \;} and of V' is {1, Ay, Ao }.

64



4.2. Unitarily invariant norms

(C) If the spectrum of V is {1, A1, Ao}, then the spectrum of 7' will be {1, A{, Ao, A A2, A2,
A2}. Thus, we have M)Ay = 1, A2 = Ay and A3 = \;. Hence, 1 = A\ Ay = M A2 = A2, Simi-

larly, we have A3 = 1. Thus, we get A\; and )\, are cube roots of unity, a contradiction. [J
We now give an example to demonstrate assertion (b1)(ii) of the above theorem.

Example 4.2.4. We start with a GBP P, on M3(C) with a unitarily invariant norm such
that P, = # Here, S is an isometry on M3(C) given by S(A) = UAV, where

1 0 0 1 0 O
U=10 -1 0]l andV =101 0
0 0 1 00 -1

For A = (a;;) € M3(C), we define projections Py and Py as follows:

0O 0 0 0 0 a3
PO(A) = | a1 Q992 01, P2<A> =10 0 0
0O 0 0 0 0 ass

Then we have Py ® P, ® P, = 1.
Let T be an isometry on M3(C) defined as T(A) = WAZ, where

w 0 0 1 0 0
W=|0 1 0|landZ=|0 1 0
0 0 1w 0 0 w

Then we have T = Py + M P, + Xy Py, where \j = iw and g = —w?.
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Chapter 4. Structure of Generalized 3-circular Projections

Theorem 4.2.5. Let || - || be a unitarily invariant norm on M, (C) and Py a generalized
3-circular projection such that the isometry associated with Py is of the form A —— UA'V
for some U, V € U(C™). Then one and only one of the following assertions holds:
(a) N2+X3 = —1 and there erist R; = R} = R? and S; = S; = S? in M,,(C), 1 =0, 1,2
such that Py has the form A —— RgASy + R1AST + Ry ASs.

(b) A} = A2

VR zaj: 172 andl#];

(b1) A2 is of order p and N3 is of order q with p = 2q. In this case, we have one of

the following conditions:

(i) Py is a bi-circular projection.

1) Py 1s generalized bi-circular projection an = Ay = —1. Moreover, Py has the
P lized b [ dXN) =\ M, Py has th
form
N2A UVIAUYV  N3(UVHIAUWV )4
Ar— +
2(\2 —1) 1— M 2(1+ \?)

(b2) N2 = \j; A3 and N3 are of order p, where p is an odd integer greater or equal to

5. Moreover, there erist R; = Rf = R? and S; = S = S? in M, (C) such that
p—1
Py(A) =) RiAS;,
i=0

where 1 =0,1,...,p— 1.

Proof. Let Py+ A\ Py + Mo P, =T where A1, Ay, P, and P, are as in Definition 1.2.1. Now,
as T(A) = UA'V we have

By Lemma 3.2.4, the spectrum of 7% is {1,A2,\3}. Let X = UV' and Y = U'V. We
observe that X and Y are unitary matrices. Since eigenvalues of X and X' = VU" are
same, and y = U'V, X, Y have same eigenvalues. Let the eigenvalues of X be vy, 15, ..., 1.
Then the eigenvalues of T2 is vv;, 1 < i,j < n. Without loss of generality we can assume
that 13 = 1. Hence, the spectrum of X is a subset of {1, A\?, A\2}. We assume v; = A\? and

Vo = )\%
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4.2. Unitarily invariant norms

Suppose v; + v5 = —1. Then the the spectrum of X is a subset of {1,w,w?} and hence
we have X3 =T and Y3 = I. Let

T X 4 X and S:J+My*+ﬂg(y*)2

R; ;
3 3

where i = 0,1,2; pp = 1, py = w and py = w?. Tt can be easily verified that R; = R} = R?
and S; = Sf = S?. Also, we have

Py(A) = RyASy + Ry AS) + RyAS,

and assertion (a) follows.
Now, we suppose that v; + vy #% —1. Then the spectrum of X will be one of the

following;:
{1}, {1, 1}, {1, 0} or {1,114, 10}

If the spectrum of X is {1}, then X is the identity matrix and so is Y. It follows that T2
is the identity operator and A2 = 1 = A3. This implies that A; = Ay = —1, a contradiction.

So, we consider the following two cases.
Case |

Suppose the spectrum of X is {1,1}.

The case in which the spectrum of X is {1,145} is exactly similar.

So, the spectrum of T2 is {1,v,v¢}. This implies that v} = 1. We proceed in the
same way as in part (A), Case Il of Theorem 4.2.3. We see that if 11 and v, are of different
order, then either Fy is a bi-circular projection or P, is a GBP. If P, is a GBP, and the
order of v; and vy is p and ¢ respectively, then we have p = 2¢q. Moreover, Py will be of

the form
VlA XAY I/1XqAYq
+ 5 + .
2 —1) 1—vi 214w

Ar—

Hence, assertion (b1) follows.
If 11 and v, are of same order, say p, then by arguments similar to part (A), Case Il of

Theorem 4.2.3, we can show that 1y = /1, and p is an odd integer greater than or equal
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Chapter 4. Structure of Generalized 3-circular Projections

to 5, since 14y + 15 # —1. In this case we have X? =1 and Y? = . Let

Pl X Pl iy
Ri=>"H2" and 5= B0
j=0 p Jj=0 p

where i =0,1,...,p—1and py =1, 1, ..., pp—1 are the p distinct roots of unity. Clearly,
we have that R; = R} = R? and S; = S} = S? and we conclude that P is of the form

-1

=0

Thus, assertion (b2) is proved.
Case Il

Suppose the spectrum of X is {1,115}, 1 # vy # vy # 1, then the spectrum of T2 is
{1,V1,I/2,V1V2,I/12,I/22} - {17V17V2}'

We observe that 1415 #£ 171 or 1o; otherwise vy = 1 or vy = 1. It follows that v, = 1. We
also see that v? # 1 or v;. If so, we will have v; = 15 or v; = 1 respectively, both leading
to a contradiction. So, the only possibility is that v? = 1. Similarly, we can show that
V22 = vy. But this implies that 14 and vy are cube roots of unity, which contradicts our

assumption that vy + vy # —1. O

4.3 Unitary congruence invariant norms

In this section we characterize generalized 3-circular projections on S,(C) with a unitary
congruence invariant norm.
We recall Theorem 1.2.28, that is, for a unitary congruence invariant norm on S, (C),

any isometry T is given by T'(A) = U'AU, where U is a unitary in M, (C).

Remark 4.3.1. Suppose T : S, (C) — S, (C) is defined by T(A) = U'AU, where U €
U(C™). Assume that U' has eigenvalues uy,us, ..., u, with eigenvectors xi,Ts,...,T,.
Then T has eigenvalues u;u; with eigenvectors xl:cg + xjal for 1 <id,5 <n. To see this,

we first note that xzxz + xjxt is a symmetric matriz. Then we see that

T(wxl + xja;) = Ul(wal + za;)U
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4.3. Unitary congruence invariant norms

= Utxia:;U + Ulz;ziU
— t t
= UTU T + UGT UL,

= wu, (3:2932 + z;2t).
So, if i = j we have T(z;xt) = Ulw;xlU = u?(x;xl).

Theorem 4.3.2. Let || - || be a unitary congruence invariant norm on S,(C) and Py a
generalized 3-circular projection. Then there exists U € U(C™) such that one and only one
of the following assertions holds:

(a) U has three distinct eigenvalues. In this case, Ay + Ao = —1. Moreover, there exist

R; = R = R? in M, (C) such that Py has the form A — RLARy+ RY ARy + RLAR;.

(b) U has two distinct eigenvalues. In this case, one and only one of the following

occurs:

(b1) X = /Aj, 4,7 = 1,2 and i # j and \;’s are of order p, where p is an odd
integer greater or equal to 3. Moreover, there exist R; = R = R? and S; = S} = S?

in M,,(C) such that
p—1
Py(A) =) RiAS;,
=0
where i =10,1,...,p— 1.

(b2) MAy =1 and Py will have the same form as in (bl).

Proof. Suppose T is of the form A —— U'AU for some U € U(C"). Let By+ A\ P+ AP =
T. By Lemma 3.2.4, T has spectrum {1, A1, \a}. Suppose U has eigenvalues u;, usg, . . . , Uy,.
Then T has eigenvalues w;u;, 1 <1i,7 <n.

We claim that U can have two or three distinct eigenvalues.

To see the claim, suppose that U has four distinct eigenvalues, say, uq, us, ug and uy.
This implies that wqus, uius, uius and u% are distinct eigenvalues of T" which is impossible.
Similarly, U cannot have more than four distinct eigenvalues.

If U has one eigenvalue, say, u then 7" will have eigenvalue u?, which is a contradiction.

So, we consider the following two steps.
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Chapter 4. Structure of Generalized 3-circular Projections

Step |

Suppose U has three distinct eigenvalues, say, u, us and us.

This implies that
{U%J ugv U%, U2, U2U3g, U1U3} - {]-7 )‘17 )‘2}

None of ujus, usus or ujuz are equal and u% is equal to one and only one of u%, u%, UgUs
because if u? = u3 = u3, the spectrum of 7' will have have four distinct eigenvalues, namely,
Uy Uz, Uz, U U3, u? which is not possible.

Suppose that u? = u3. Then u3 = uyuy. This implies that u?, ujus, usug, ujuz are four
distinct eigenvalues of T', which is impossible.

Therefore, we conclude that u? = wguz, u3 = wjuz and u3 = wjus. Thus, we have
{uf, uj F=A1 AL A0}

Uy, Uz, U1z = 1, A1, Agy.
Let u? = A\j, u2 = Ay, wyus = 1 (= u). Then for i,5 =1,2;i # j

3 213 3 2. .3 3 4 2.4
A= (u7)° = (ujus)’ = UTUUS = UUZU U3 = U Uy = Uy = 1.

Let u? = 1, u3 = Xy, ujug = A;. Then for the the triples (4,7, k) = (1,2,3) or (2,3,2)
we have

3 3_ 2 3 3 2 4
A; = (wjur)” = wjujuy = upugujuy = upuiuy = 1.

So, we have A\; and Ay become the cube roots of unity and hence T3(A) = A = X'AX for
all A € S,(C), where X = U3,

Suppose X = (z;;). By putting A = Eyy, Fa, ..., By, we get 23, =1fori=1,2,...,n
and rest of the elements of X to be zero. Similarly, by putting A = FEi5 + FEs1, E13 +

Esi, ..., By, + E, we get ©17 = x99 = -+ = x,,. Therefore, we conclude that X = I or
—1I.
Let U? = I. We put
R — I+ ,uz-U3+ ,u§U27

where i = 0,1,2; g = 1, 41 = w and po = w?. Then we have

PyA = R\ ARy + R AR, + RLAR,.
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Let U3 = —I. We put
= U + U2

Ri )
3

where i = 0,1,2, g = 1, t; = w and py = w?. Then we obtain
PyA = R,ARy + RLARy + RLAR,.

In both cases, we have R; = R} = R?.
Step Il

Suppose U has two distinct eigenvalues, say, u; and us, then the spectrum of T will be
{u?, u2, uyus} = {1, A\, Ao}

Lemma 3.2.2 and Proposition 1.2.29 implies that A\; and Ay have the same order.

If u? = 1, u3 = Ay and ujus = Ay, then we get A\ = \y. We proceed as in part (A),
Case Il of Theorem 4.2.3 to get assertion (b1). Here, we note that the order of A\; and Ay
can be 3.

If u? = Ay, u3 = Xy and ujup = 1, then we get A\ = 1. We proceed as in part (B),
Case Il of Theorem 4.2.3 to get assertion (b2). O
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CHAPTER

Algebraic Reflexivity of the Set of

Isometries of Order n

We recall the definition of algebraic reflexivity. A subset S of B(X) is said to be algebraic

reflexive if S = S”. The algebraic closure S8* of S is defined as follows:
T € 8" if for every x € X there exists T, € S such that T'(z) = Ty(z).
We also recall that T'€ G"(X) <= T € G(X) and T" = I
In this chapter we prove that if G(Cy (2, X)) is algebraically reflexive, then G™(Cy(£2, X))

is algebraically reflexive. Here, {2 is a locally compact Hausdorff space and X is a Banach
space with trivial centralizer. As a corollary to this, we show that the set of generalized
bi-circular projections on C'(2, X) is algebraically reflexive. This answers a question raised

in [14].

5.1 Statement of results

We recall Theorem 1.2.13.

T € G(Cp(92, X)) if and only if 3 a homeomorphism ¢ : @ — Q and a map u : Q —
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Chapter 5. Algebraic Reflexivity of the Set of Isometries of Order n

G(X), continuous in strong operator topology, such that

Tf(w) =uu(f(dw))), ¥ [feC(), wel
Our first result is the following.

Theorem 5.1.1. Let Q) be a locally compact Hausdorff space and X a Banach space
which has the strong Banach-Stone property. If G(Cy(£2, X)) is algebraically reflexive, then
G"(Co(Q, X)) is algebraically reflezive.

Combining the above Theorem with Theorem 1.2.31 we immediately have the following

corollary.

Corollary 5.1.2. Let ) be a first countable compact Hausdorff space and X a uniformly
conver Banach space such that G(X) is algebraically reflexive. Then G™(C(Q2, X)) is alge-

braically reflexive.
We also have

Corollary 5.1.3. Let Q) and X be as in Corollary 5.1.2. Furthermore, assume that X
does not have any generalized bi-circular projections. Then the set of generalized bi-circular

projections on C(Q, X) is algebraically reflezive.

5.2 Proof of results

We start with the following lemma.

Lemma 5.2.1. T € G"(Cy(22, X)) if and only if 3 a homeomorphism ¢ of Q and a map
u: Q — G(X) satisfying

Uy O Ug(w) © * O Ugn—1(y = I, ¢"(w) =w, Y w e
where I denotes the identity map on X and T is given by

Tf(w) = uu(f(o(w))), V fe (), wel
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Proof. We first note that since ' € G(Cy(€2, X)), 3 a homeomorphism ¢ : Q — Q and a
map u : 2 — G(X) such that

Tf(w) = ual f(6(), ¥ € Col@), wen
Secondly, as T' € G"(Cy(Q2, X)) we have T" f(w) = f(w). This show that
Uy © ’LL¢(w) 0---0 u¢n_1(w)(f(¢"(w))) = f(w) (521)

For any fixed x € X and fixed w € 2 we consider a function f, € Cy(€2, X) such that

fz(w) = x. Applying Equation 5.2.1 to f, we get
Uy O Ug(w) O+ * * O Ugn-1(y)(T) = .
Since this can be done for each x € X and each w € €2 we conclude
Ugy O Ug(ey) O+ * O Ugn—1(,) = I.
This also implies that f(¢"(w)) = f(w) for all f € Cy(£2, X). Hence, we get ¢"(w) =w. O

Proof of Theorem 5.1.1

Let T € G*(Co(Q2, X))". Then for each f € Cy(€, X) we have Tf(w) = ul (f(or(w)))

where u/ : ) — G(X) is continuous in strong operator topology and satisfies

! f ! _
Yoo @ W) @777 O Uiy = 1

and ¢y is a homeomorphism of  such that ¢%(w) = w for all w € Q. In particular
T € G(Cy(Q, X))". By the algebraically reflexivity of G(Co(€2, X)), we conclude that T is
a surjective isometry on Cy(€2, X') and hence 3 a homeomorphism ¢ : 2 — 2 and a map

u: 2 — G(X) such that

Tf(w) =uu(f(0Ww))), ¥ [feC(), wel
To show that G"(Cy(£2, X)), we need to prove that 7™ = I, that is, by Lemma 5.2.1

Ugy O Ugp(e) O =+ O Ugn-1(,y) = I and ¢"(w) =w, YV w e Q.
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Suppose f = h ® x, where h is a strictly positive function in Cy(2) and 0 # = € X. Then

we have

Tfw) = ul(f(¢;w))) = uu(f(¢(w)))

ul,(h(¢5(w)z) = uu(h(d(w))x)

[l (795 (w)2) | = [[us (A($(w))) |

1h(gs (@)l = Ih(¢(w))all (. uf and u,, are isometries)
h(¢f(w)) = h(od(w)) (.- h is strictly positive)

ul (2) = uy(z).

w

Pl

I

Hence, we have u/ = u,, for all w € Q.

Let w be any point in €2. We consider the following cases.
Case |

Assume that w = ¢(w). Then we have

(W) = (d(- -+ (p(w))--+)) (n times) = w.

We choose h € Cy(Q) such that 0 < h(w) < 1and h™'(1) = {w}. For f = h®z,0# 2z € X,

evaluating T'f at w we get

Tfw) = wl(f(dWw))=ul(f(dsw))

= uu(h(¢(w))7) = ul(h(¢(w))z)
= uu(@) = uf(h(é(w))x) (- h(bw)) =hw) =1)
= Juo(@)]| = [ul(h(¢s(w))2)]
— W(¢sw) =1 (u, and u/ are isometries)
— ¢;(w)=w (by the choice of h)
= W)= =9} (W) =w.
So, we have
I = ufouj ooty
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Case Il

We assume that ¢(w) # w, ¢"(w) = w such that m divides n and ¢*(w) # w for all s < m.

As m divides n, there exist some positive integer ¢ such that n = mgq. Therefore, we

have

¢"(w) = @™ (w) = " (@™ (- (¢™(w))) -+ ) (g times) = w.
We now choose h € Cy(2) such that 1 < h(w) < m and

hoH(1) ={w}, A7 (2) ={oW)},-.., B (m) = {¢" "(w)}.

Let f =h®x for 0 # x € X. Evaluating T'f at w we get

Tfw) = w(f(¢w)))=ul(f(prw))

= u,(h(o(w))r) = ul(h(ds(w))x)

= u,(27) = ul(M(¢;(w))r) (. h(g(w)) =2)

= [uo(22)]| = Jul,(h(ds(w))z)|

— h(¢;(w)) =2 (u, and u/ are isometries)

— ¢;(w) = (w) (by the choice of h).
Similarly, by applying Tf at ¢(w), ..., ¢™ L(w) we get

¢ (w) = ¢"(w), for 2 <p<m.

We note that ¢7'(w) = ¢™(w) = w. It follows that

¢7 T w) = o(9F (W) = d5(w) = P(w) = H(¢™(w)) = o™ ().

Thus, we have

P (w) = ¢ (w), form+1<p<n-—1.
Using the above and the fact that u,, = u/ for all w € Q, we have

f

uwou¢(w)o--~ou¢n71(w) = u{)oquf(w)o...ouf

o (w)
= I
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Case Il

We assume that ¢(w) # w, ¢"(w) = w such that m does not divides n and ¢*(w) # w for
all s <m.
Therefore, 3 integers r and ¢ such that n = mg+r, 0 < r < m. We choose h € Cy(Q2)

such that 1 < h(w) < m and

Wt (1) ={w}, h7H(2) = {o(W)},-.., B (m) = {¢" " (w)}.

By applying T'f at w, ¢p(w), ..., ¢™ !(w) and proceeding in the same way as in Case Il we
will get

P(w) = ¢"(w), forl<p<n-—1.

We now see that

TG W) = U1 (f(¢"W)) = sy (f(05(6" (@)
—> g1 () (A" (W))2) = ul s ((Bp(6] 7 (w))))
— Ugn1() (M(¢"(W))2) = uls  (R(P}(W))2)
—> Ugr1) (A($"(W))2) = Ul (Bw)T) (2 G W) = w)
— g1 (" (W))a) = uly o (2) (o h(w) =1)
—> [[tgn1w) (A($"(@)2) | = [ty (@)
—> h(¢"(w)) =1 (ugn1() and ul, ., are isometries)

I

¢"(w) =w (by the choice of h).
But, our assumption that ¢™(w) = w implies that ¢™(w) = w. Hence, we have
w=¢"(w) =¢""(w) = ¢"(¢"™(w)) = ¢"(w),

a contradiction because r < m.
Case IV

We assume that w, ¢(w),..., ¢" }(w) are all distinct.
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Choose h € Cp(©2) such that 1 < h(w) < n and
R (1) ={w}, b7 (2) ={o(w)},.... h7H(n) = {¢" (W)}
Proceeding the same way as in Case Il we get
" (w) = w and Uy, 0 Ug() © -+ 0 Ugn-1(y) = I.

This completes the proof of Theorem 5.1.1. U
Proof of Corollary 5.1.3

We denote the set of all generalized bi-circular projections on C'(2, X)) by P. Let P € P
Then for each f € C(Q,X), there exist Py € P such that Pf = Prf. Therefore, by

Theorem 2.3.2 and the assumption on X, for each f there exists a homeomorphism ¢ of

O, ul : Q — G(X) satisfying

¢7(w) = w and ul ouf;f(w) =1, Vwe Q
such that
P(w) = 5lF@) + wl(f(6:@))]
Therefore, for each f € C(Q, X), we get (2P — I) f(w) = uf (f(¢7(w))). This implies that
2P -1 ¢ ma. The conclusion follows from Corollary 5.1.2. g
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