GENERALIZED 3-CIRCULAR PROJECTIONS FOR UNITARY
CONGRUENCE INVARIANT NORMS

ABDULLAH BIN ABU BAKER

ABSTRACT. A projection Py on a complex Banach space is generalized 3-
circular if its linear combination with two projections P; and P, having co-
efficients A1 and Ao, respectively is a surjective isometry, where A1 and Ao are
distinct unit modulus complex numbers different from 1 and Py ® P, & P> = 1.
Such projections are always contractive. In this paper, we prove structure the-
orems for generalized 3-circular projections acting on the spaces of all n x n
symmetric and skew-symmetric matrices over C when these spaces are equipped
with unitary congruence invariant norms.

1. INTRODUCTION

The study of projections on Banach spaces is of great interest since they appear
as building blocks of more complicated operators. This is clearly demonstrated
by the powerful spectral Theory of Operators. Furthermore, spaces supporting
a rich collection of projections present a very nice structure as, for example, the
von Neumann algebras.

A class of projections, known as the generalized bi-circular projections (hence-
forth GBP), has recently attracted the attention of many mathematicians. This
class was introduced by Fosner, Ilisevi¢, and Li [9] in 2007. A projection P on
a Banach space X is said to be a GBP if P + A(I — P) is a surjective isometry
on X, where A € T\ {1}. Here, T denotes the unit circle in the complex plane.
In [9], the authors characterized GBPs on finite-dimensional Banach spaces with
respect to various G-invariant norms. Descriptions of GBPs for different Banach
spaces can be found in [1, 5, 11], and [12].

GBPs are one of the generalizations of the notion of orthogonal projections
from Hilbert spaces to arbitrary Banach spaces. To be precise, if H is a Hilbert
space, then P is a GBP on H if and only if P is an orthogonal projection, (see
[7, Proposition 3.1]).

Moreover, it was shown in [17] that GBPs are bicontractive. We say a projec-
tion P is contractive (resp., bicontractive) if || P|| =1 (resp., |P|| = ||[[ — P|| = 1).
Attempts to describe the structure of contractive or bicontractive projections on
classical Banach spaces like Cy(Q2) or L, and on spaces of operators, especially
C*- algebras, have received lots of attention in past as well as in recent time. The
seminal work by Lindenstrauss [18] and the book [13] by Lacey are two classical
references for the study of contractive projections.
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2 A. B. ABUBAKER

Furthermore, it has been shown by Benau, Lacey [4], Dutta, Rao [8] and Lima
[16] that on certain function spaces, for any bicontractive projection P, & = 2P—T
is an isometry, which implies that P is a GBP. These include the spaces L,
(1 <p< o), C(Q), C(2,X) and the space of affine continuous functions on a
Choquet simplex, A(K).

The notion of a GBP was generalized in [2, 3] as follows.

Definition 1.1. Let X be a complex Banach space. A projection Py on X is said
to be a generalized n-circular projection, (GnP, for short), n > 2, if there exist
Ay A2y A1 € T\ {1}, Ay, @ =1,2,...,n — 1 of finite order and nontrivial
projections Py, P, ..., P,_1 on X such that

(a) Ai £ Ay for i 7 ]

(b) hdPA®--- ®P,1=1

(¢) Po+ M P+ -+ \—1P,_1 is a surjective isometry.

Recently, in [2] the authors studied generalized 3-circular projections (G3Ps
for short) on C(£2), where € is a compact connected Hausdorff space. Let P,
be a G3P on C(Q); that is, Py + A\ Py + Ao P> = T for some surjective isometry
T, and \; and P; are as in Definition 1.1, 2 = 1, 2. Then it was shown that A\;
and A\, are cube roots of unity and Py, = # such that 7% = I. The main
reason for this characterization is the fact that GBPs on C(2) are of the form
L where T? = I (see [0]). This raises the question of whether G3Ps on other
Banach spaces are of the above form when GBPs are of the form %, where
L is a surjective isometry and L? = I. The obvious candidates for investigation
are finite-dimensional Banach spaces like C™ or space of matrices. If X is an n-
dimensional inner product space and ||-|| is a norm on X, which is a multiple of the
norm induced by the inner product, then any GBP is an orthogonal projection
(see [9, Proposition 2.1]); hence, we have to consider other norms like symmetric
norms or unitary congruence invariant norms.

Now, different norms on finite- or infinite-dimensional Banach spaces are useful
in many geometrical and analytical problems. The expository article by Chi-
Kwong Li [15] is a pertinent reference for the importance of studying different
kinds of norms.

The structures of G3Ps on C" and M,,,,,(C), where these spaces are equipped
with a symmetric norm, are described in [3]. The purpose of this paper is to
give complete descriptions of the structures of G3Ps on the spaces of symmetric
and skew-symmetric matrices when these spaces are equipped with a unitary
congruence invariant norm.

2. PRELIMINARIES AND NOTATION

Given two matrices A, B € M,,(C), A is said to be unitarily similar to B if
there exists a unitary U € M, (C) such that A = U*BU. Similarly, A is said to
be unitarily congruent to B if A= U'BU for some unitary U € M,,(C). Unitary
similarity is a natural equivalence relation in the study of normal or Hermitian
matrices: U*AU is normal (resp., Hermitian) if U is unitary and A is normal
(resp., Hermitian). Unitary congruence is a natural equivalence relation in the
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study of complex symmetric or skew-symmetric matrices: U'AU is symmetric
(respectively, skew symmetric) if U is unitary and A is symmetric (respectively,
skew symmetric). We refer the reader to [10] for more details on this subject.

Let us denote by

Sy (C): the space of all n x n symmetric matrices over C,

K,,(C): the space of all n x n skew-symmetric matrices over C, and

U(C™): the group of all unitary operators on C".

We recall the definition of a unitary congruence invariant norm.

Definition 2.1. A norm on X = S,(C) or K, (C) is called unitary congruence
invariant if for every A € X we have [|[U'AU|| = ||A]| for all U € U(C").

To characterize G3Ps, we first need to identify the surjective linear isometries
on S,(C) and K,(C) for unitary congruence invariant norms. The descriptions
of the isometry group of these spaces are given in the following theorems.

Theorem 2.2. [14, Theorem 2.8] For a unitary congruence invariant norm on
Sn(C), which is not a multiple of the Frobenius norm, any isometry T is given by

T(A) =U'AU, where U € U(C™).

Theorem 2.3. [14, Theorem 2.9] For a unitary congruence invariant norm on
K, (C), n # 4, which is not a multiple of the Frobenius norm, any isometry T is
given by T(A) = U'AU, where U € U(C™).

If n = 4, then any isometry T is given by either T(A) = U'AU or T(A) =
W(UAU), where U € U(C™) and ¥(A) is obtained from A by interchanging its
(1,4) and (2,3) entries, and interchanging its (4,1) and (3,2) entries.

Remark 2.4. In the sequel, whenever we mention that P, is a G3P and write
Py 4+ MNP+ M P, =T, we will always mean that T, \;, and P;, i = 1,2 are as in
Definition 1.1. The scalars A\; and A\, will be sometimes referred to as the scalars
associated with F,.

Remark 2.5. Let Py be a G3P on a Banach space X such that Py+ i P+ Py =

T. Then

(T = \I)(T = o)
(1= A1 = Ag)

(T = D)(T' = 1)

= (A1 = D) (A1 = Ag)

7P1:

and
(T = I)(T = M)
(A2 = 1)(Aa = A1)

Py =

The following Lemma will be useful later. Its proof is similar to the proof of
Lemma 2.1 in [2].

Lemma 2.6. Let X be a Banach space satisfying the following property:
whenever P is a projection on X such that P+ (I — P) is a surjective isometry,
we have A = —1.
Let Py be a G3P on X such that Py + M P, + Mo =T. Then A\ and Xy are

of the same order.
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3. STRUCTURE OF G3P FOR SYMMETRIC MATRICES

In this section we characterize G3Ps on S, (C) with a unitary congruence in-
variant norm.

Remark 3.1. Suppose that T : S, (C) — S, (C) is defined by T(A) = U'AU,
where U € U(C™). Assume that U' has eigenvalues py, jia, - . . , fin, With eigenvec-
tors x1, T, ..., Ty. Then T has eigenvalues pi;p; with eigenvectors xzxé +xjat for
1 <i,j <n. To see this, observe that, for any two eigenvalues y; and u; of U*
with corresponding eigenvectors x; and xj, we have

T(wxl + xjz;) = Uz + zz;)U
Utxixé-U + UlzziU
[T [ 4T
= pipty (i + x;527).
Now, if \ is an eigenvalue of T with eigenvector A, then U'AU = A or U'A =
MNAU*. For an eigenvalue p; of Ut with eigenvector z;, we have U'Az; = NAU*T; =
MNT; = NG AT;.  This implies that \fi; is an eigenvalue of U', and hence
M = p; for some j. As eigenvalues of a unitary matriz are of a unit modu-
lus, we have N\ = pp; or A= p? if i = j.

Theorem 3.2. Let || - || be a unitary congruence invariant norm on S, (C), which
is not a multiple of the Frobenius norm, and let Py a G3P. Then there exist an
integer p and R; = Rf = R? in M,(C) such that
p—1
Po(A) = RIARG i) (mod p),
i=0
where
(i) i=0,1,...,p—1 and p is an odd integer > 3,
(i) RiR; = 0 fori # j.

p—1
(i) > R;=1.
=0

Proof. Let Py+ X Py + Xy P, = T such that T is of the form A — U*AU for some
U € U(C"™). The spectrum of T is {1, A1, A\2}. Suppose that U has eigenvalues
H1s [2, - - -, fin. Then T has eigenvalues p;p;, 1 < 4,7 < n.

We claim that U can have two or three distinct eigenvalues.

To see the claim, suppose that U has one eigenvalue, say, . Then T" will have
eigenvalue p?, which is a contradiction.

If U has four distinct eigenvalues, say, p1, ps, p3, and g, then gy o, pqpes, p1pia
and p? are distinct eigenvalues of T, which is impossible. Similarly, U cannot have
more than four distinct eigenvalues.

So, we consider the following two steps.

Step I
Assume that py, pe, and pz are distinct eigenvalues of U. Then the set A =
{13, i pa, pa i3, 113, papiz, 3+ consists of eigenvalues of T'. The elements uf, i1 pa,



GENERALIZED 3-CIRCULAR PROJECTIONS 5

pips are all distinct. Therefore, psps = p3, which implies that p3 = pius and
ps = pipe. Then A = {u? p3, p3}. Due to the symmetry of these elements
it is sufficient to consider p? = 1, p2 = A\, and p3 = Xo. Thus, uipus = Ay,
s = Xy = M, and pdui = 1 = A )g. Therefore, \; and A\ are cube roots of
unity, and hence T%(A) = A = X'AX for all A € S,,(C), where X = U3. Putting
A =1, wehave X'X = I or X! = X!, This implies that A = X'AX = X 1AX
or XA = AX. But the centralizer of the space of symmetric matrices is £1, and
so X =1or —1I.
Let U3 = I. We put

I+ oU+afU?
— ; ,

where i = 0,1,2; ap = 1,04 = w; and as = w?. Then we have

R;

Let U? = —I. We put
I—OéiU‘i‘CYiQUQ
3 )

where i =0,1,2, ap = 1,04 = w; and a3 = w?. Then we obtain

Ri:

PyA = RSARy + RLAR, + RLAR;.

In both cases, it is straightforward to verify that R, = R} = R? for i # j,
R;R; =0, and Ry + R; + Ry = I; and hence, the theorem is proved for p = 3.

Step 11

Suppose that U has two distinct eigenvalues, say, pq and ps. Then the spectrum
of T will be {u?, u3, pipa} = {1, A1, Ao}

Lemma 2.6 and Proposition 5.1 in [9] imply that A\; and Ay have the same
order. Let p be the order of A;.

Consider the following two cases:

(a) If p2 =1, p2 = Xy, and gy = A1, then we get A2 = Ay or \; = £/ Ay,

We first claim that \; # —+v/A. To see this, if \; = —y/)s, then we have
N = (=v/A2)? = 1 or (=1)?(Ay)?/? = 1. This shows that p is odd; otherwise,
(A2)P/? = 1, which is a contradiction because the order of A, is p. Hence, we get
(A2)P/? = —1. Tt follows that A¥ = —1, a contradiction since the order of \; is p.

Thus, we must have A\; = /Ay and X = (v/A3)? = (A2)?/? = 1. This implies
that p is odd. As the order of \; is p, we have UP = [. Further, for ¢ =
0,1,...,p— 1, we have

Adding these equations, we get

—_
—_

p— p—
pPo+ (Y AND)PL+ (Y N)P=IT+T+T*+---+TP71.

(2

7

I
<)
Il
=)
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p—1 p—1
Since Z N = Z Ay = 0, we obtain
i=0 i=0

I+ T4+ T4 TP
P .

Py
We now define
1=t
R; = - Z /\7ij Uj7
b =0

where i = 0,1,...,p — 1. Tt can be easily verified that R; = R} = R? for i # j,
p—1

RiRj = O, and ZRl =1
i=0
Therefore, P, will be of the form

p—1

Py(A) =Y " RIAR (i) (mod »)-

i=0
We can also get the form of P, and P,. We first observe that P;, j = 1,2, will
have the form
CTANT AN T 4 N T

p .

P

J

But \; = )\§_1 and \? = \y, so we get

p—1

PI(A) = Z RgAR(p—l—i)(mod p)-
i=0

Similarly,

p—1

Py(A) =) RIAR (2 i)(mod p)-

1=0

Here, we note that the order of \; and Ay can be 3.
(b) If u2 = Ay, p3 = Ao, and pype = 1, then we get A\j Ay = 1. Now,

T = Py+MP+M\P,
— >\1T - P2+)\1P0—|—)\%P1

Because AT is again an isometry, we are reduced to the previous case, and so
Py will be of the form Py(A) = Zf;ol RIAR(p—i)(mod p)» Where the R;’s satisfy
conditions (i) — (i4i) of Theorem 3.2.
Proceeding in the same way as above, we can easily obtain the form of F.
This completes the proof. O
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4. STRUCTURE OF (G3Ps FOR SKEW-SYMMETRIC MATRICES

In this section, we identify the structure of G3Ps on K, (C) with a unitary
congruence invariant norm.

Remark 4.1. Suppose that T : K,(C) — K, (C) is defined by T(A) = U'AU,
where U € U(C™). Assume that U' has eigenvalues ji1, i, . . . , fn, with eigen-
vectors x1,xa,...,Ty. Then, arguing in a similar fashion as we did in Remark
3.1, we can show that T has eigenvalues p;p; with eigenvectors a:zxg — zjat for
1 <i<j <n. Now, suppose that p; is an eigenvalue of multiplicity at least 2
and x;, y; are the corresponding eigenvectors. In this case,

T(wy; —yix;) = Ul(wiy; — yar)U
= U'wiy;U —U'yiziU
= LTiY; — LYl
= i (way; — ).
Therefore, we conclude that pu? is an eigenvalue of T if the multiplicity of the
eigenvalue p; is at least 2.

The following remark will be used in the proof of Theorem 4.3 (see the remark
before Proposition 5.1 in [9]).

Remark 4.2. We note that the mapping on K,;(C) defined by A — (U AU"Y)
can be written as A — det(U)Wy(A)W?! with W = RUR, where R = Eyy —
Egs + Ezp — By

Since K5(C) is one-dimensional, we assume that n > 3.

Theorem 4.3. Let || - || be a unitary congruence invariant norm on K,(C) not
equal to a multiple of the Frobenius norm, n > 3 and Py be a G3P. Suppose the
scalars Ay and Ao associated with Py are cube roots of unity. Then one and only
one of the following assertions holds:
(a) There exist R; = Rf = R? in M,,(C) such that R;R; = 0 for i # j,
Ro + Rl -+ R2 = [, and po(A) = RBARO + RziARQ -+ RéARl
(b) n = 4 and the isometry associated with Py is of the form A —
Y(UAUY). Then there exist U € U(C*), o, 8 € C witho® = %, a = ——

det(U)’
and V € U(C*) such that »(U'AU) = aVIAV, V3 = %[, and

A+ aVtAV + o?(VH2AV?

Proof. Let Py+ M Py + \P, =T, where T(A) = U'AU for some U € U(C"). As

A1 and Ay are cube roots of unity, we have T2 = [. Thus, for all A € K,(C),

A=T3A) = X'AX, where X = U?. This is possible if and only if X = I or —1I.

If U? = I, then we define

I+ ;U + a2U?
3

: 2
R, = ,1=0,1,2, ap =1, oy = w, and ay = w”.

It follows that
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If U3 = —1I, we define

I —aqU+a2U? .
a 3+a’ ,i1=0,1,2, ap =1, oy = w, and ay = w?.

We conclude that Py has the form
A RLARy + RUARy + RLAR,.

In both cases, it can be easily verified that R; = Rf = R?, R;R; = 0 for i # j
and RO+R1+R2:I.

Thus, we get assertion (a).

Suppose that n = 4 and that there is a U € U(C*) such that

T(A) = (U'AU) = det(U)W(A)W*
with W = RUR and R = Eyy — Ey3 + Fsy — Ey. This implies that ¢)(T'(A)) =
2 (U'AU) = U'AU. Therefore,
T*(A) = T(T(A) =(U'T(A)U)
= det(U)YW(T(A)W'
= det(U)YWU'AUW!
)X'AX with X = UW*,

Ri:

It follows that
T3(A) = T*(T(A)) = det(U)X'T(A)X.
Since T® = I and XX* = X*X = I, we get T(A) = aXAX*, where o =
This implies that
T2(A) = o> X°A(X")? and T*(A) = o¥X° A(X*)?.
Since T° is the identity operator, there exists 3 € C with 3% = o3 such that

1
det(U) "

I = B(X*)3.
Hence, assertion (b) is proved. O
Theorem 4.4. Let || - || be a unitary congruence invariant norm on K,(C) not

equal to a multiple of the Frobenius norm, n > 3 and Py be a G3P. Suppose
the scalars A1 and Xy associated with Py are not cube roots of unity and n # 4.
Then there exist R; = R} = R? in M,(C), i = 1,...,p with RiR; = 0 fori # j,
RIAR; =0 for all A € K,,(C), and U € U(C™) such that one and only one of the
following assertions holds:

(a) U has three distinct eigenvalues and each has multiplicity one and

Py(A) = A— (AR; + ARy) + (AR; + ARy)' + 2(RL ARy + RLARy).

(b) U has two distinct eigenvalues and Py(A) is equal to one of the follow-

mg:

(4) Z(AR + RIA) — 2 Z RIAR;;

=1 4,j=1
i#]

p
(i) 3 R'AR;.
ij=1
ijij
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(¢) U has three distinct eigenvalues and only one has multiplicity greater
than 1. Then Py(A) is equal to one of the following:
(1) ARy + RA — RYARy — RLARy
(1) A— (AR; + ARy) + (AR; + ARy)' + 2(RY ARy + RLARy).

Remark 4.5. In the case when n = 4, we were not able to find the structure of
the G3P P,. Note that if P is GBP on K4(F), where F = R or C, then the scalar
associated with P is —1 (see Proposition 5.2 in [9]).

Since the proof of the above theorem is long, we divide it into lemmas and
propositions.

Let Py+ AP+ Mo Py =T, where T(A) = U'AU for some U € U(C™). Suppose
that U has m distinct eigenvalues, say, p1, fo, . - ., fhm.

We will first prove that the unitary matrix U has two or three distinct eigen-
values. If U has three distinct eigenvalues, then only one can have multiplicity
greater than 1. In all the possible cases we will identify the structure of the G3Ps
Fy. As we will see later, we use the spectral theorem for normal matrices, which
states that any normal matrix A is unitary diagonalizable; that is, there exist a
W € U(C") such that A = W*DW, where D is a diagonal matrix.

Let us set some notation. Let {1, po,..., ) (B < n and p; # p; with
i # 7) be the eigenvalues of U with multiplicities ny,...,n, (n; > 1) respectively.
Remark 4.1 states that p;u; (i # j) is an eigenvalue of 7. We observe that k& > 1
since otherwise U = pul and T = p?I. We also observe that if k = 2, then n; > 2
fori=1,2.

Lemma 4.6. If py, po, ..., pux are k distinct eigenvalues of U, then k = 2 or
k=3.

Proof. Suppose k > 4. Then py, po, pis, ptq are all distinct. We have that o,
W, pipg are also distinct and eigenvalues of T'. This implies that

fops = fifla, Hopa = paps and ppy = i po.
Therefore,
piofiy = puaispis = piogiy and prg = —puy.

Further, p2u, = pipy implying that pus = —po. This leads to an absurdity since
to # pg. This shows that & < 3 and completes the proof. OJ

Lemma 4.7. If k = 3, then the unitary matriz U can have only one eigenvalue
with multiplicity greater than 1.

Proof. Suppose otherwise that p, s and gz are eigenvalues of U such that n; > 1
Vi =1,2,3. Then the set A = {2, p1fi2, 143, 3, pafiz, 43} consists of eigenval-
ues of T'. Proceeding exactly as in Step I of Theorem 3.2 we have that A; and Ay
are cube roots of unity. This is impossible since \; + Ay # —1.

Now, suppose that n; > 1 for i = 1,2, then A = {2, py a2, 143, 43, popiz} and
{1y = piaps, p3 = papiz. This implies that pfus = ppeps or pz = pipe, and we
are back to the previous case. This completes the proof. O

Now, we find the structure of F, in all the possible cases.
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Proposition 4.8. With the assumptions of Theorem 4.4, suppose that the unitary
matriz U has three distinct eigenvalues each with multiplicity 1. Then there exist
R; = R; = R? in M,,(C), i = 1,2 with R;R; =0 fori # j and REAR; =0 for all
A € K,(C) such that

Py(A) =A— (AR; + ARy) + (AR; + ARy)' + 2(RY ARy + RYARy).

Proof. Suppose that py, ps and us are the eigenvalues of U. Since n; = 1V
i =1,2,3 we have n = 3. Moreover, the spectrum of T will be {11 10, f11113, propi3}
which is equal to {1, A1, \2}.

Without loss of generality, we can assume that ppe = 1, pyps = Ay and popus =
Ao. By the spectral theorem for normal matrices there exists a unitary matrix W
such that

U = W diag(p, pa, )W = W* (1 By + paEas + pzEzz) W
= W*(uiEn + peFas + pus(l — By — Ey))W.
Let R; = W*E;W, i = 1,2. Then we have R! = W!E;W. This implies that
U= psl + (pn — p3) By + (p2 — piz) Ro.
We observe that E;AE; = 0 for all A € K, (C) and hence we get REAR; =
RLAR,; = 0. Now, we have
T(A) =U'AU =
(3 A+ (1 — pa) Ry A + (2 — pi3) Ry Allps I + (1 — pz) Ba + (pi2 — 13) Ro
= p3 A+ pa(pn — ps) (ARy + RyA) + pis(pz — pis) (ARz + Ry A)
+ (g1 — pa) (2 — piz) (R1 ARy + Ry ARy).
= MAA + A (1 = X)) (ARy + RLA) 4+ Mo(1 — M) (AR, + RLA)
(1= M)(1— Ao)(RLAR, + RLAR)).
Similarly, we can show that
T*(A) = pgA + (i — 13) (ARy + R1A) + pi5(15 — p3) (AR + RyA)+
(13 — 13) (13 — 3) (RI ARy + Ry AR,)
= NAA+ (1= A (ARy + RIA) + A3(1 — X)) (ARy + RLA)
(1= A2)(1 - A2)(RLAR, + RLAR)).
Therefore, we have
T?*(A) — (AL + A)T(A) + M\ A
(T—=X)(1—=Ny)
= MAo|A— AR, — RIA — ARy — RLA] + (1 + M) (R AR, + RLAR).
Computing P?(A) and using the fact that Py is a projection, we get A\j Ay = 1.
Therefore,

Py(A) = A— (AR1 + ARy) + (AR + AR»)' + 2(R: ARy + RLARy).
This completes the proof of assertion (a) of Theorem 4.4 O

Py(A) =

Proposition 4.9. With the assumptions of Theorem 4.4, suppose that U has two
distinct eigenvalues. Then Py(A) is equal to one of the following:
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P P
(a) ;(ARi+R§A) —2 > RAR;;

1,j=1
1]
p
(b)) > RﬁARj .
i,j=1
ijsﬁj

Proof. Suppose that p; and ps are the two distinct eigenvalues of U with n; > 2.
Thus, the spectrum of T is {2, p3, prpe} = {1, A1, A2}
If 42 = \i, u2 = Xy and pypo = 1, then we get A\ Ay = 1.
If 42 =1, p2 = Xy and pype = Ap, then we get Ay = A%,
Consequently the eigenvalues of U will have one of the following patterns
(a) VALVAL VALV VeV,
(b) _\/)‘_h _\//\_1, cee _\/)\_la _\//\_27 _\//\_27 e _\//\_2’
(C) 1,1,...,17>\17>\17...,)\1 or
(d) =1,=1,..., =1, =X, =A1,. .., = A1
Now, there exists a unitary matrix W such that

U=W"diag(p, ..., p1, o, - -, ) W.

Suppose the multiplicities of p; and ps are are p and q respectively. Then we
have

U = W B+ +mEy+ pmebpipi + -+ pobpn) W
= W*(NlEn+"'+M1Epp+ﬂ2(l_E11 - "'_Epp))W
= pol + (,Ul - NZ)W*(EH T+t Epp)W
Let R, =W*E;W,i=1,...,p so that we get
U= pol + (p1 — p2)(Ry + -+ Rp).

As we observed earlier, REAR; = 0 for all A € K,,(C). Consequently, we have
T(A)=U'AU

= (oA + (= po)(RA+ -+ Ry ol + (1 — p2) (R + -+ + Ry)]

P P
= A+ pa(pn — p2) Y (AR + RIA) + (11 — 112)” > RIAR;.
i=1 ij=1
i
Similarly, we have
T%(4)
= [mA+ (il — ) (A + -+ R A5l + (] — ) (By + -+ + Ry)]
P P
= A+ 3t — 13)> (AR + REA) + (i} — 113)* ) RIAR;.
i=1 ij=1
i
If (a) or (b) holds, then the expressions of T'(A) and T?(A) become
P p
T(A) = XA+ (1-X)) (AR + RIA) + (M + A2 — 2) Y RIAR;,
i=1 ij=1

i#]
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p

T(A) = MA+(1-X3)) (AR + RIA) + (A + A3 — Z R'AR,;.
=1 ) 1
ijsﬁj
Therefore, we have
2 _
Po(A) T?(A) — (M + X)T(A) + M A
(1= A)(1 = A2)
p p
= ) (AR + RIA)—2) RIAR;.
i=1 Q=1
i#j
If (¢) or (d) holds, then the expressions of T'(A) and T?(A) are
p
T(A) = MA+ (A=A (AR + RIA) + (1 - X)° Z RIAR;,
=1 7 1
’ijij
p p
T*(A) = MA+ (A =MD (AR + RIA) + (1= X)* ) RIAR;.
i=1 ij=1
oy
Now, we have
p
ij=1
i#£]
This completes the proof of assertion (b) of Theorem 4.4. O

Proposition 4.10. With the assumptions of Theorem ./, suppose that U has
three distinct eigenvalues and only one with multiplicity greater than 1. Then
Py(A) is equal to one of the following:

(a) AR1 + RtiA — RiARQ — R;ARl,

(b) A— (AR + ARy) + (ARy + ARy)' + 2(RE ARy + RLARy).

Proof. Suppose that U has three distinct eigenvalues, say, p1, po, 3 with ny > 1.
Thus, the spectrum of T" will be

{M%7M1M27M2M37M1M3} = {1, A1, A2}
This is possible only if pu? = pops. As a result, there are two possibilities:
(i) pi = A1, pape =1, paps = Ay and
(ii) lh =1, ppe = /\h Haps = Ag.
If (i) holds, then N = 121% = 2 usps = Mo
If (ii) holds, then AjAy = papopinpiy = pi3paps = pi = 1.
Consequently the eigenvalues of U will have one of the following patterns:

(2) VA1.- s VL r

(DREV2TRNIY, e ST
(C) 1,...,1,/\1,/\201‘
(d) —1,....,—1, —A1, —o.
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Thus, there exists a unitary matrix W such that

U = W= diag(ug, pa; pias - - -, i)W
= W' peEn 4 psEas + (1 — By — Eg)|W

Using the previous notation, we get
U = poRy + psRe + (I — Ry — Ry)
= gl + (p2 — pa) Ry + (ps — ) Re
Now, we have T'(A) = U'AU
= [mA+ (p2 — ) RIA+ (s — ) Ry A[pn I + (p2 — pua) Ry +

(3 — 1) Ro) = pfA + pa(po — 1) (ARy + RYA) + pua (s — 1)
(ARy + R5A) + (o — p1) (3 — p1) (RYARy + RSARy).

Similarly, we have

T*(A) = A+ (s — pi) (AR + RUA) + pf (i3 — 117)(ARs + Ry A)
+ (1 — 1) (15 — 17) (RIARs + Ry ARy).

If (a) or (b) holds, then we have

T(A) = MA+ (1= M)(AR + RiA) + (Al = M) (AR, + Ry A)
— (1= M)’ (RIARy + RYAR)),

and

T?(A) = MA+ (1= ) (AR, + RIA) + (AT = X3 (AR, + RLA)
— (1= A)H%(RYARy + RLAR)).

Therefore, Py(A) will have the form
A AR, + R'A — RUAR, — RLAR,.
If (¢) or (d) holds, then we have

T(A) = A+ (M —1)(AR1 + R{A) + (A2 — 1)(ARy + RLA)
+ (2= X1 — X\o)(RLARy + REARy),

and

T*(A) = A+ (A —1)(AR, + RLA) 4+ (M3 — 1)(ARy + RLA)
+ (2= X = \)(RIARy + RLAR)).

Therefore, Py(A) will have the form
Avr— A— (ARy + ARy) + (ARy + ARy)' + 2(R{ ARy + RLAR,).

This completes the proof of assertion (¢) of Theorem 4.4.
Hence, the proof of Theorem 4.4 is complete. OJ



14 A. B. ABUBAKER

5. REMARKS

It is interesting to note here that the techniques used above to describe G3Ps
in the spaces of complex symmetric and skew-symmetric matrices may be used
to describe GnPs as well, for n > 3. However, as it is evident from the proofs,
the number of cases to be considered becomes increasingly larger and larger with
greater values of n.

As pointed out in the Remark 4.5, the structure of G3P on K, (C) is still
unknown when n = 4. We end this paper by stating the following conjecture.

Conjecture 5.1. Let || - || be a unitary congruence invariant norm on K,(C),
and let Py be a G3P. Then the scalars associated with Py are cube roots of unity.
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