STRUCTURES OF GENERALIZED 3-CIRCULAR
PROJECTIONS FOR SYMMETRIC NORMS

A. B. ABUBAKER AND S DUTTA

ABSTRACT. Recently several authors investigated structures of general-
ized bi-circular projections in spaces where the descriptions of the group
of surjective isometries are known. Following the same idea in this paper
we give complete descriptions of Generalized 3-circular Projections for

symmetric norms on C" and M, x»(C).

1. INTRODUCTION

Let X be a complex Banach space and T a surjective isometry of X such
that T™ = I, for some n > 2, where I denotes the identity operator on
X. Then P = “‘T“'in*'TH is a projection on X. Such a projection is
called generalized n-circular projection, see [4]. Let Ag = 1, A1, Aay ..., Adp—1
be the n distinct roots of unity. For ¢ = 1,2,...,n — 1, we define P; =
]+’\7"T+/\72T2Z"'+En_1w71. Then each P; is a projection, Py P ® Po®--- @

P,_1=TITand Pp+ M P+ P+ -+ X\—1P,—1 =T. Motivated from [4],

we have the following definitions. We denote the unit circle of the complex

plane by T.

Definition 1.1. Let X be a complex Banach space. A projection Py on X is
said to be n-circular projection, n > 2, if there exist non trivial projections
P, P, ...,P, 1 on X such that

(a) &P ® - ®Py =1

(b) Po+A1Pr+---+ A—1P,—1 is a surjective isometry for all \; € T,

1=1,2,...,n— 1.

Definition 1.2. Let X be a complex Banach space. A projection Py on X
is said to be a generalized n-circular projection, (GnP, for short) n > 2, if
there exist A1, Aa,..., An—1 € T\ {1}, A\;, ¢ =1,2,...,n — 1 of finite order
and non trivial projections Pi, Py, ..., P,_1 on X such that
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(@) Aj # \jfori#j
b) b P& ® Py =1
(¢) Po+MP1L+ -+ A—1P,_1 is a surjective isometry.

In the case n = 2 a projection satisfying conditions in Definition 1.1 (re-
spectively, Definition 1.2) is referred as bi-circular projection (respectively,

generalized bi-circular projection - henceforth, GBP).

Remark 1.3. Definition 1.2 seems to be a more natural one to start with
compared to the definition given in [4], if we want to put the definition of
GBP in this general set up. As we will see later in Theorem 3.2, not every
G3P is of the form %, where T is a surjective isometry such that
T3 =1.

Generalized bi-circular projection has been studied by many authors (see
the subsequent paragraph and references at the end of this paper). In partic-
ular, Botelho and Jamison extensively investigated the structures of GBPs
for different Banach spaces whose isometry group has concrete description
4,5, 6,7, 8]

In [8], it was shown that a GBP on spaces of continuous functions on a
compact, connected and Hausdorff space, C(2) and C (€2, X), is equal to
the average of the identity with an isometric reflection. The same result
was proved in [1] for Cy(€, X), with © a locally compact Hausdorff space
(not necessarily connected) and X a Banach space with trivial centralizer.
Similar characterization also holds for GBPs on L,-spaces (1 < p < co,p #
2) [14], minimal norm ideal of operators [5], spaces of Lipschitz functions
[6], JB*-triples [11] and certain Hardy spaces [12].

We note that if P+ A\(I — P) is a surjective isometry and A € T\ {1} is of
infinite order then P is a bi-circular projection (see [14]). Such Projections
were called trivial in [9, 14].

It is easy to observe that any GBP is a bi-contractive projection (see [14]).
In general, any GnP is a contractive projection.

Recently in [2] the authors gave complete description of G3Ps for the
space C'(€2). It was also shown in the same paper that if the convex com-

bination of three surjective isometries on C(f) is a projection P, then P is
either a GBP or a G3P.

We recall the definition of symmetric norm on C" and M, (C).
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Definition 1.4. A norm || -|| on C" is called a symmetric norm if for every

permutation matrix IT we have ||IIz|| = ||z|| for all z € C™.

A norm on M;,x,(C) is called a symmetric norm if for every A €
My xn(C), |J[UAV| = ||A||, for all m x m unitary matrix U and for all

n X n unitary matrix V.

A symmetric norm on M,,«,(C) is also referred as unitarily invariant
norm (see [3]).

In [10] the authors described GBPs on C" with symmetric norm and on
spaces of matrices with symmetric norms and unitary congruence invariant
norms. Much in the spirit of their work, in this note we describe G3P on

C™ and M, %, (C) where these spaces are equipped with symmetric norm.

For our purpose we strongly use the structure of the isometry groups on
the above spaces for symmetric norms. Fortunately for us, such descriptions
are well known. For a symmetric norm on C", which is not a multiple
of inner product norm, any isometry 7T is given by T" = DR where D is
a diagonal matrix with diagonal entries from the unit circle T and R is
a permutation matrix (see [13, Theorem 2.5]). For a symmetric norm on
M xn(C), m # n, which is not a multiple of the Frobenius norm (that is
the Hilbert-Schmidt norm) any isometry T is given by T(A) = UAV where
U is a unitary in M,,(C) and V is a unitary in M,,(C). If m = n then an
isometry 7" on M, (C) has the form either T(A) = UAV or T(A) = UA'V
where U,V are unitary matrices in M, (C) and A! denotes the transpose of
a matrix A (see [13, Theorem 2.4]).

Remark 1.5. It follows from [10] that if a norm on C" is multiple of inner
product norm, then any GBP or G3P is a bi-circular projection and it is

precisely an orthogonal projection.

It is also interesting to note here that the techniques used to describe
GG3Ps in the spaces mentioned above can be tried to describe GnPs as well,
for n > 3. However, as it is evident from the proofs in the next sections, the
number of cases to be considered become increasingly large and larger with
greater values of n.

In the sequel, whenever we mention that Py is a G3P and write Py +
MPL + XoPy, =T, we will always mean T, A\; and F;, ¢ = 1,2 are as in
Definition 1.2.
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2. STRUCTURE OF G3P FOR SYMMETRIC NORM ON C"

As described in the introduction, for a symmetric norm on C", any isom-
etry T is given by T' = DR where D is a diagonal matrix with diagonal

entries in T and R is a permutation matrix.

We note the following simple fact. Let R be a permutation matrix such
that the permutation associated with R fixes m elements, m > 0, and has k
disjoint cycles of lengths n1,na, ..., ng, where n = m+n1+---+ny. Let 7;
be the cycle (12 ... j—1j) and R; the permutation matrix for the cycle 7,
j=1,2,...,k. Then R is permutationally similar to R1® Ro®- - - D R, D I,.

We will identify the structure of G3P for a symmetric norm which is not

a multiple of inner product norm on C” up to permutation similarity.

We will need the following result proved in [10]. Since, we are only con-

cerned with complex field, we state it according to our need.

Theorem 2.1. [10, Proposition 3.1] Let || - || be a symmetric norm on C"
which is not a multiple of the norm induced by the inner product, and P a
generalized bi-circular projection. Then one and only one of the following
holds:

(a) P is a bi-circular projection.

(b) There exist m = n — 2k, k > 1 such that P is permutationally
similar to Py ® Po & --- & Py ® diag(p1,p2, - .., pm) with p; € {0,1}
forallj=1,2,...,m; and

1
O
2\dy 1
with dildigzl, izl,...,k.

The following simple lemma will be used to describe the structure of G3P

on C" and later on M,,x,(C) for a symmetric norm. We omit the proof.

Lemma 2.2. Let Py be a G3P on a Banach space X such that Py+ AP +
Mo Py =T. If Py or Py is a bi-circular projection, then so is Py.

Remark 2.3. Let Py be a G3P on a Banach space X such that Py-+ M\ P+
)\2P2 =T. Then
(T — M I)(T — X21) (T — I)(T — XoI)

S TR ¥ I R vy R P vy vy
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and
(T —I)(T —MI)
P = .
(A2 = D2 = A1)
Theorem 2.4. Let ||| be a symmetric norm on C"™ which is not a multiple

of the morm induced by the inner product, and Py a generalized 3-circular
projection. Then one of the following assertions holds:
(a) Py is a bi-circular projection.
(b) Py is a generalized bi-circular projection.
(¢) There exist m > 0,k > 1, projections Py;, i =0, ...,k such that
Py is permutationally similar to Py1 ® Po2® -+ @ Py @ Poo where
Poo = diag(p1,p2,...,pm) with p; € {0,1} for all j = 1,2,...,m;
and

with dildiQ =1 or

P

1
i=3 diad;3 1 d;i2

diz  did;s 1
with dildigdig =1.
Proof. Let Py 4+ APy + AoPo, =T and T'= DR. Let R be permutationally
similar to Ri @ Ro®--- PR, ® I,,. Wewrite D=D1 S Dy®---P Dy B Dy

accordingly. Then T will be permutationally similar to

DiRy 0 e 0

0 DoRy - 0

(1) : : RPN
0 e DR, O
0 0 . Do

We note that D;R; is a matrix of order n;. By Remark 2.3
(T = MI)(T — A1)
CT A=)
Hence, Equation (1) implies that P is permutationally similar to Py @
Poo® -+ @ Py @ Pop where
Py — (D;R; — MI)(D;R; — )\21)7
’ (I =2M)(1 = Ag)
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i=1,2,....k and

P (Do — M I)(Dg — AoI)
0,0 =
(1=X)(1—X2)
We first consider the case k = 0. Then T' = Dy and entries of the diagonal

matrix Dy are 1, A1 and Ao.

Hence, Py is a diagonal matrix whose elements are 0 or 1. This implies
that for any A € T\ {1}, Py + A({ — I%) is a diagonal matrix with entries 1
or A and hence an isometry. Thus, Py is a bi-circular projection.

We now consider £ > 0. Since the eigenvalues of T' are {1, 1, A2}, we
conclude that the eigenvalues of D;R;, for each i, and of Dy is a subset of
{1, A1, A2}

Claim. If R is the permutation matrix associated with the cycle
(12 ... m—1m)and D = diag(dy,...,dm), then all the eigenvalues
of DR are distinct.

To see the claim we observe that the characteristic polynomial of DR is
A" — (dy ...dp) =0. Thus, DR has m distinct eigenvalues.

From the claim we conclude that each D;R; has n; distinct eigenvalues.
Therefore, n; = 2 or n; = 3.

We consider both the cases. Let n; = 2 for some ¢ = 1,...,k. Then
eigenvalues of D;R; can be {1,\1}, {1, 2} or {A1,\2}. Suppose D; =
diag(d;1, d;2).

(a) Suppose the eigenvalues of D;R; is {1, A;}. Then

DR, — din 0 0 1
0 dip 1 0

B 0 dn

~ \dip 0

Since tr(D;R;) = 0, we have 1 + X\ = 0 or \; = —1. Further, det(D;R;) =
—d;1dio = A1 or djidio = 1.

We also note Py— Py +Xo Py = T. Thus, Py+P1+\3P = (I—Py)+\3P, =
T? is an isometry. Therefore, by Theorem 2.1 we have P, is either a bi-
circular projection or )\% =—1.

If P, is a bi-circular projection, then by Lemma 2.2 P is also a bi-circular

projection.
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If A2 = —1, then Ay = +i. Further,

(D;R; — MI)(D;R; — AoI)

Py
i (1= )1 = )
 (DiR; + I)(D;R;  il)
N 2(1 F 1)
_ 11 da
 2\dp 1)
and
P (Do +I)(Do Fil)
0,0 = :
2(1F1)
= diag(p17p2a"'apm)-

Here, p; € {0,1} for all j =1,2,...,m.

The case when {1, A2} is the eigenvalues of D;R; is similar.

(b) Suppose the eigenvalues of D;R; is {A1, A2}. Then tr(D;R;) = 0 =
A1 + Ag. Hence, A\ = —Xg. Moreover, det(D;R;) = —djdi2 = MA2 or
di1dso = /\%. Now, Py+ A1 (P —P;) = T. This implies that Py+ A} (P +P) =
T?. By Theorem 2.1 Py is either a bi-circular projection or a GBP.

Let n; = 3 for some ¢ = 1,...,k. Then the eigenvalues of D;R; are
{1, )\1, )\2}. Suppose Di = diag(dil,dig,dig). Then

da 0 0 010
D;R; = 0 dip O 0 01
0 0 ds 1 00

0 di O

= 0 0 dp

diz 0 0

Since tr(D;R;) = 0, we have 1 + A; + Ay = 0. Thus, A; and Ay are the cube

roots of identity. This implies that

Py =

I+ DiR; + (D;iR;)?

)

i=1,2,...,k and
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We conclude
) 1 di1  didio
Py = 3 diod;s 1 dio and Py = diag(p1,p2; - - - Pm)-
diz  dadiz 1
Here, pj € {0,1} for all j =1,2,...,m.
Moreover, det(D;R;) = d;d;2d; 3 = 1.
The proof is complete. O

Remark 2.5. (1) Inthe casen; = 2 and eigenvalues of D;R; are {1, A1}
(or {1, X2}), Po,; appearing in the proof is a GBP. In the case n; = 3,
Py, is a G3P.
(2) For a G3P Py it may happen that n; =2 for alli =1,... k. In this
case, Py will be a GBP and in our proof we recover the structure of
GBP described in Theorem 2.1.

3. STRUCTURE OF G3P FOR SYMMETRIC NORMS ON My, (C)

For a symmetric norm on M,,x,(C), m # n, any isometry is given by
T(A) = UAV where U € M,,,(C) and V € M,,(C) are unitary matrices. If
m = n then any isometry is given by either T'(A) = UAV or T(A) = UA'V
where U,V € M, (C) are unitary matrices. For convenience of reading we
separate out the cases where isometries are of the form T(A) = UAV and
T(A)=UAV.

Remark 3.1. Let us assume that U has eigenvalues uy, ..., u, and V has
eigenvalues vy, ..., v,. If T(A) = UAV then identifying M,,«,(C) as R™ ®
R™ we see that T'(z @ y') = (Uz) ® (y'V). Thus, T has eigenvalues u,v;,
1=1,2,....,m; j =1,2,...,n. Without loss of generality we may assume
that u; = vy = 1. Therefore, the spectrum of U and V is a subset of
{1, A1, A2}. (This will determine Py up to a multiple of ujvy).

Theorem 3.2. Let ||-|| be a symmetric norm on My,x,(C) and Py a gener-
alized 3-circular projection such that the isometry associated with it is of the
form A— UAV for some U € M,(C) and V € M,(C), U, V are unitary
matrices. Then one and only one of the following assertions holds.
(a) Py is a bi-circular projection. In this case, there exist R € M, (C)
with R = R* = R? such that Py(A) = AR or there exist S € M,,(C)
with S = S* = 5% such that Py(A) = SA.
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(b) Either Py or Py is a generalized bi-circular projection. If P; is a

generalized bi-circular projection, i1 = 1,2, then

Al T A

P:
TPV R GG W W

where q is the order of A\j, j = 1,2 and j # i.
(c) There ezist R; = Rf = R? in M,,(C) and S; = S} = 5% in M, (C)

such that
p—1
Py(A) =D R;AS;,
i=0
where

(i) i=0,1,...,p—1 and p is an odd integer > 3,
(ii) RiRj = 0, SZSJ =0 fOT' ] 7é j,

p—1 p—1
(it)) > Ri=1Tand ) Si=1.
i=0 =0

Proof. Suppose that Py is a G3P and Py+ A\ P1 + Ao P> =T. Since we have
assumed that u; = v; =1 (see Remark 3.1) we get that spectra of U and V'
are any one of the following sets:

{1}, {1, M1}, {1, A2} or {1, A1, Ao}

So we have following three exclusive cases:

Case 1

Suppose the spectrum of U is {1}. Therefore, the spectrum of V' will be
{1, A1, A2}. In this case, U = I and T(A) = AV. From Remark 2.3, we have

(T — MI)(T — M)A
(1 =A)(1 = Ag)

PyA = — AR,

where
V —MI)(V = XoI)
(1=21)(1 = A9)

It is routine to verify that R = R*. Since P, is a projection it also follows
that R? = R.

o
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We now show that Py is indeed a bi-circular projection. Let p € T\ {1}.
We have,

[Po+ p(l — Ro)|A = PyA+ p(A— RA)
— AR+ p(A— AR)
= AR+ u(I - R)]
= AW,

where W = R+ u(I — R). It is now easy to verify that W*W = WW* = I.
Therefore, Py is a bi-circular projection.

Similarly, if the spectrum of V' is {1} we will get Py(A) = SA for some
S € M,,,(C) with S = §* = S2.

Hence, assertion (a) is proved

Case 11
Suppose the spectrum of U is {1, A1 }.
So, the choices of spectrum of V' are {1, A1}, {1, A2} or {1,A1,\2}. We

consider following three possible subcases here.

(A) If the spectrum of V is {1, A1} then T will have spectrum {1, A1, A}}.
This implies that A% = \,.

Let p and ¢ be the order of A\; and As respectively. Then we have )\fq =
A =1 and \; = A}’ = 1. This implies that p divides 2¢ and ¢ divides p.
Thus, 2q = k1p and p = koq for some positive integers k1 and ko. Hence, we
have k1ko = 2. So, either k1 =1, ko =2 or k1 =2, ko = 1.

If k1 =1 and ko = 2 we get p = 2q.

If ki =2and ks =1 we get p =q.

(1) Suppose p = 2¢g. Then we have

T! = PQ—I-)\({Pl—i-/\gPQ
= Po—{—)\(%Pl—l—Pg

This implies that P; is a GBP. By [10, Proposition 4.1] we get that P; is
either a bi-circular projection or P; is a proper GBP (not bi-circular) with
A= 1.
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If P, is a bi-circular projection, then by Lemma 2.2 we conclude that Py

is also a bi-circular projection. Thus, we get assertion (a) back.

If Py is not a bi-circular projection, then A\{ = —1. Since A\? = \g, we
consider the following two cases:

Suppose A\; = /A2, then we get (A\p)?/% = —1.

Suppose A\; = —v/Aa, then we get (—1)9(\2)%/? = —1. This shows that
(A2)?/? = —1, otherwise if (A\2)9/? = 1 then we will get \Y = 1, which is a
contradiction.

So, in both cases we have (\2)¥/? = —1. Since ¢ = p/2 we also have
PULEN.T

For the form of Py we consider the following three equations,

Py— P+ P T4
Po+MPi+XP =T
Ph+P+P = I

Eliminating P, and P> we get

ML T T
M—1)  1-X"2(1+N)

P0:2

Hence, assertion (b) is proved.

(2) Suppose p = gq. Since A\? = Ao, we have \; = £/ Xo.

We first claim that A\; # —/As. To see this, if \] = —v/\2 then we have
M = (=y/A2)P = 1 or (=1)P(A\2)?/? = 1. This shows that p is odd, otherwise
(A2)P/2 = 1, a contradiction because the order of Ay is p. Hence, we get
(A2)P/2 = —1. Tt follows that A¥ = —1, a contradiction since the order of \;
is p.

Thus we must have Ay = v/Ao. Hence, X = (v/A2)? = (\2)P/2 = 1. This
implies that p is odd. As the order of A1 is p, we have UP = [ and VP = [.
Further, for : = 0,1,...,p — 1, we have

Py+ N\ Py 4+ \oPy = T°.

Adding these equations, we get
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p—1 p—1
PP+ O _X)PL+ O XN)P=T+T+T%+--- 417",
i=0 i=0
p—1 p—1
Since Z N = Z My = 0, we obtain
i=0 i=0
I+T+T*4 -+ 717!
Py = .
p
We now define
12t 1=
R, = fZ)\zljUj and S; = 72)\71‘7‘/3,
P P
wherei = 0,1,...,p—1. It is straightforward to verify that R; = R} = R?,
p—1 p—1
Si =87 =82 fori#j; RiRj =0, 85 =0and Y R;=1,) S=1I.
i=0 i=0

Therefore, Py will be of the form
p—1
Py(A) =D R;AS;
=0

and assertion (c¢) is proved.

We can also get the form of P; and P». We first observe that P;, j = 1,2,

will have the form

T NT AN T2 44 0T
. .

But )\7 = A?il and \? = )y, so we get

P;

p—1

PI(A) = Z RiAS(i—I—l)(mod p)*
=0

Similarly,
p—1

PQ(A) = Z RiAS(iJrQ)(mod p)*
1=0

(B) If the spectrum of V is {1,\2}, then T will have spectrum
{1, A1, A2, A1 A2 }. This implies that A\; Ay = 1 and hence A\; and Ay are of the

same order. Now,
T Py+MP+ MNPy
— MT = P+ MPy+MP.
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Because AT is again an isometry, we are reduced to Case II, part (A) (2).
So, P, will be of the form Py(A) = Zf:_ol R;AS;, where R; and S; are as in

assertion (c).

Proceeding in the same way as above, we can easily obtain the form of
P.

Therefore, we get back assertion (c).

(C) If the spectrum of V' is {1, A1, A2}, then T will have spectrum
1, A1, A2, A1 A2, A2}, This implies that A\; A2 = 1 and A\? = \y. Therefore, we
{ 1 1
have A3 = A3 = 1. Here, we get assertion (c) with p = 3.

Case III The spectrum of U is {1, A2}. This case is symmetric to Case
II.

Case IV
Suppose that the spectrum of U is {1, A1, A2 }.

(1) If the spectrum of V is {1}, then V' = I. We proceed in the same
way as in Case I to get S € M,,(C) such that S = S* = S? and
PyA = SA. Thus, Py is a bi-circular projection.

(2) If the spectrum of V' is {1, A1} or {1, A2}, then we proceed exactly
as in Case II above.

(3) If the spectrum of V' is {1, A1, A2}, then the spectrum of 7" will
be {1, A1, A2, A1 A2, A2, A3}, Thus, we have \jAy = 1, A2 = \g and
A2 = A1 Hence, 1 = A\ Aa = M A2 = A, Similarly, we have A3 = 1.
Thus, we get assertion (c¢) for p = 3.

This completes the proof of the Theorem. ([

Remark 3.3. (1) In case (b) of Theorem 3.2, we do not know if Py
1s itself a GBP. However as the proof shows, in this case we do have
Aj? = —1 and X! = —1.
(2) Condition (c) in Theorem 3.2 is sufficient for p = 3. To see this,
define
Pi(A) = RgAS1 + R1ASs + Ry ASy,
Py(A) = RgASs + R1ASy + RoASy,
U=Ry+wR; + w2R2 and
V = Sy + w?S| 4+ wSs, where w is cube root of unity.
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It can be easily verified that P; and Py are projections. Further,
fori# j; PP =0 and Py+P+P> = 1. Also, U and V are unitary
matrices such that (Py + w?Py +wP)A = UAV.

This implies that Py is a generalized 3-circular projection.

We now consider the case m = n and the associated isometry T is of the
form T(A) = UA'V for some unitary matrices U and V in M,,(C).

Let Py + AP+ XoPy =T and T(A) = UA'V. Then we have
T2(A) = Py(A) + N3Py (A) + M3 Py(A) = UV AUV

Let X =UVtandY = U'V. So, T?(A) = X AY, where X and Y are unitary
matrices. Following the same idea of the proof of Theorem 3.2 above, we

get the following result.

Theorem 3.4. Let ||-|| be a symmetric norm on My, (C) and Py a generalized
3-circular projection such that the isometry associated with it is of the form
Av—— UAYV for some unitary matrices U and V in M, (C). Then one and
only one of the following holds:

(a) Py is a bi-circular projection.

(b) Py or Py is a generalized bi-circular projection. If P;, i = 1,2, is

a generalized bi-circular projection, then Py is of the form

A A UVIAUYV  N(UVHIAUV )4

A
o T 21+ 23

where q is the order of A?, j=1,2 and j # 1.
(c) There exist R; = R} = R? and S; = S; = Sf in M,,(C) such that

p—1
Py(A) =) R;AS;,
1=0

where
(i) i=0,1,...,p—1 and p is an odd integer,
(1) RiR; =0, S;5; =0 fori#j,

p—1 p—1
(ii)) > Ri=Tandy Si=1
=0 =0
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