PROJECTIONS IN THE CONVEX HULL OF THREE
SURJECTIVE ISOMETRIES ON C(Q)

A. B. ABUBAKER AND S. DUTTA

ABSTRACT. Let Q be a compact connected Hausdorff space. We define gen-
eralized n-circular projection on C(2) as a natural analogue of generalized

bi-circular projection and show that such a projection P can always be repre-
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n

sented as P = where [ is the identity operator and T is a

surjective isometry on C(€2) such that T™ = I. We next show that if convex
combination of three distinct surjective isometries on C(2) is a projection,

then it is a generalized 3-circular projection.

1. INTRODUCTION

Let X be a complex Banach space and T denote the unit circle in the complex
plane. A projection P on X is said to be a generalized bi-circular projection (hence
forth GBP) if there exists a A € T \ {1} such that P + A\(I — P) is a surjective

isometry on X. Here I denotes the identity operator on X.

The notion of GBP was introduced in [7]. In [2] it was shown that a projection
on C(§), where © is a compact connected Hausdorff space, is a GBP if and only if
P = “‘TT7 where T is a surjective involution of C'(Q), that is 72 = I. Similar result
was obtained for GBP in C(€, X) when X is a complex Banach space for which
vector-valued Banach Stone Theorem holds true. In [4] it was shown that the set of
GBP’s on C(9) is algebraically reflexive and a description of the algebraic closure

of GBP’s in C(€2, X) was also obtained.

In [1] an interesting characterization of GBP’s on C(f2) was obtained. It was
shown that if P is any projection on C(€) such that P = o7 + (1 — a)T3, « €
(0,1), Ty, T» are two surjective isometries on C(2), then o = % and P can be
written as HTT for some surjective isometry T such and 72 = I. This shows any
projection which is convex combination of two surjective isometries on C(f2) is
indeed a GBP. Motivated by this, in the same paper, the author introduced the
notion of generalized n-circular projection as follows. A projection P on a Banach
space X is a generalized n-circular projection if there exists a surjective isometry L

on X of order n, that is L™ = I, such that P = M It was suggested
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2 ABUBAKER AND S DUTTA

in [1] that any projection which is in the convex hull of 3 surjective isometries on
C(€2) should be a generalized 3-circular projection. It was proved in [3] that if

P = %, where T;, i = 1,2, 3 are surjective isometries on C(2) and P is a

I+T+T12
3

projection then there exists a surjective isometry 71" such that P = and

T3 = I, hence P is a generalized 3-circular projection.

In this paper we try to complete this circle of ideas on generalized 3-circular
projections on C(f2) as obtained in [1] for GBP’s. We start with the following
definition of a generalized n-circular projection which is a more natural one to start

with if we want to put the definition of GBP in this general set up.

Definition 1.1. Let X be a complex Banach space. A projection Py on X is said
to be a generalized n-circular projection, n > 3, if there exist Aj, Ao, -+ , Ap_1 €
T\ {1}, \;, i =1,2,--- ,n—1 are of finite order and projections Py, Py, -+, P,_1
on X such that

(a) Ifi#4,4,7=1,2,--- ;n—1then \; # £,

(b) hePi®---®P,1=1

(¢) Po+ AP+ -+ A—1P,_1 is a surjective isometry.

Note that in the case of GBP, if P + A(I — P) is a surjective isometry and
A € T\ {1} is of infinite order then P is a hermitian projection (see [8]). Such
projections were called trivial in [4, 8]. Thus in Definition 1.1 it is natural to start

with \;’s which are of finite order.

If P is a projection on C(§2) such that P = M for a surjective isom-
etry T such that T™ = I then it is easy to show that P is a generalized n-circular
projection in the sense of Definition 1.1. To see this, let \g = 1, A1, Ao, -+, A1
be the n distinct roots of identity. For ¢ = 1,2,---,n — 1, we define P, =
H’\iTJ“/\iQTzZ"'H‘inilTnfl . Then each P, is a projection, PGP, & Po®---®P, 1 =1
and Py + MNP+ P+ -+ XNy 1P 1=1T.

Our first result shows that the definition of generalized n-circular projection
given in Definition 1.1 is equivalent to the one considered in [1, 3] for the space
C(£2). We prove our result for n = 3 and the proof in the general case follows the

same line of argument. In particular we show

Theorem 1.2. Let § be a compact connected Hausdorff space and Py a generalized
3-circular projection on C(2). Then there exists an surjective isometry L on C(Q)
such that
(a) Py+ wPy +w?Py = L where Py and P> are as in Definition 1.1 and w
s a cube root of identity,
(b) L3 =1.

2
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Next we prove that a projection in the convex hull of 3 isometries is either a

GBP or a generalized 3-circular projection.

Theorem 1.3. Let ) be a compact connected Hausdorff space. Let P be a projection
on C() such that P = an Ty +aoTa+asTs where Ty, Ta, T3 are surjective isometries
of C(R), a; >0, i=1,2,3 ay + as + ag = 1. Then either,
(a) a; = % for somei=1,2,3 oj + o, = %7 Jk#iand T; =Ty
or
() a1 = ag = az = % and Ty,T>, T3 are distinct surjective isometries.
Moreover in this case there exists a surjective isometry L on C(92) such
that L3 = I and P = 1FLELY

A few remarks are in order.

Remark 1.4. (a) If P is a proper projection which can be written as P =
1

oTy + (1 —a)Ty where T, Ty are surjective isometries on C(£2), then a = 3.
To see this, since P is proper, there exists f € C(Q), f # 0, such that
Pf =0. Thus oT1f = —(1 — a)Tof. Since T1,T5 are isometries, taking
norms on both sides we observe that a = %

(b) As mentioned above, in [3] it was already proved that if a projection P
on C(Q) can be written as P = D14L24Ts for 3 distinct surjective isometries,
then it is indeed a generalized 3-circular projection in the sense of definition
in [1] and hence a generalized 3-circular projection by Theorem 1.2. Our
proof for this part of Theorem 1.3 essentially follows the same idea as in
[3].

(¢) Throughout the next section where we present the proofs of Theorem 1.2
and Theorem 1.3 we will use standard Banach Stone Theorem, that is a
surjective isometry T of C(Q) is given by T f(w) = u(w) f(¢(w)), f € C(Q),
where ¢ is a homeomorphism of  and « is a continuous function v :  — T
(see [5]).

(d) For the case of C(Q,X), X is a complex Banach space where vector-
valued Banach stone Theorem holds true (see [6]), same proof with obvious
modification will give us the corresponding results.

(e) The assumption of connectedness is essential. In [3], a GBP on {, was
constructed which is not given by average of identity and a surjective isom-
etry of order 2. For generalized 3-circular projections, a similar example
can easily be constructed on £.

(f) Although the proof of Theorem 1.3 suggests that similar result should
be true for n > 4 (and this is also mentioned in [1, 3]), the number of cases
occurring in the proof becomes increasingly difficult to handle. It seems

that one needs some other approach to prove Theorem 1.3 for general n.
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2. PROOF OF MAIN RESULTS

We will need the following lemma in the proof of Theorem 1.2.

Lemma 2.1. Let Q) be a compact connected Hausdorff space and Py, Py, P> are
projections on C() such that Py ® Py ® P, = I. Let A, A2 € T be of finite order
such that Py + A\ Py + Ao Py is a surjective isometry on C(2). Then A1 and A2 are

of same order.

Proof. Let A\T" = Ay = 1 and m # n. Without loss of generality we assume that
m < n. Let Py+ A\ P+ \oPy = L where L is a surjective isometry on C(€2). Then
Py+ AT P+ APy = (Py+P1)+Ay P, = L™. Since L™ is again a surjective isometry
and P, = I — (Py+ P1), by [2, Theorem 1] we have A\J* = —1. Hence n divides 2m.
Similarly we obtain A} = —1 and m divides 2n. Thus 2n = mky, 2m = nks. Thus,
ki1ko = 4. Since we have assumed m < n, this implies k1 = 4,k = 1. But then

—1=A? = \¥™ =1 - A contradiction. Hence m = n. O

Proof of the Theorem 1.2
Let Py Py ® P>, =1 and Py+ A\ Py + A2 P> = L where L is a surjective isometry
on C(Q). Note that this implies Py + APy + A\3P, = L2. Thus eliminating Py, P,

we obtain

(L = M1 = (4 + X)L = D)

Fo = =)= A)

(4)
By classical Banach Stone Theorem there exists a homeomorphism ¢ of Q2 and a
continuous function u : @ — T such that for any f € C(Q), Lf(w) = u(w)f(p(w)).

Next we observe that (L — A\oI)(L — M I)(L — I) = 0. Taking Ay + A2 = a and
A1z = b this implies,

LP —(1+a)L*+ (a+b)L — bl =0. (%)

We consider the following cases:

(@) w = ¢*(w), w # ¢(w). Then we have ¢(w) = ¢3(w). We consider a function
f € C(Q) such that f(w) =1, f(¢(w)) = 0. Then Equation (*) becomes —(1 +
a)u(w)u(p(w)) —b = 0, hence u(w)u(p(w)) = *1-%1' Similarly considering a f €
C () such that f(w) = 0, f(¢(w)) = 1, the Equation (x) gives u(w)u(p(w)) =
—(a +b). Thus we have 1+La =a+b.

That is, (1+ Ar + A2) (A + Az + Aide) = A do,

or

24 M+ ho+ -+ L H =0

1
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By Lemma 2.1, there exists an n such that both A; and Ay are nth roots of

identity. Hence we may assume Ay = AJ* for some m.
Thus the above equation can written as,

A AT AP AT AT N 1 =0,

or
M A DA+ DR+ 1) =0.
Since A\; # —1, we will have \* = —1 or A"""! = —1. If A7* = —1 then
Ao = —1 which is a contradiction on the assumptions on Ay and if )\’1”71 = —1 then
A2 = A" = —)A1 - A contradiction again.

Thus this case is not possible.

(II) w = P (W), w # d(w) # ¢*(w) # w. We choose respectively, f € C(£)
such that f(w) = 1, f(¢(w)) = 0, f(¢*(w)) = 0, f € C(Q) such that f(w) =
0, f(¢(w)) = 1, f(¢*(w)) = 0 and f € C(Q) such that f(w) = (¢(w)) =
0, f(¢*(w)) =1 to get a = —1 and b = 1. Also we have u(w )u(qb(w))u( 2(w ))
Thus A; and Ay are the cube roots of identity and u(w)u(¢p(w))u(¢?(w)) =

(IIT) w = ¢(w). In this case Equation (x) gives u®(w) — (1 + a)u?(w) + (a +
b)u(w) —b = 0. Thus for each w € Q, u(w) has 3 possible values. Now if w = ¢(w) is
the entire set then from connectedness of 2 it follows that u is a constant function.
By Equation (7), in this case Py is constant multiple of the identity operator and
since Py is a projection, it is either I or 0 operator.

In conclusion we have A\; and )y are cube roots of identity and L3 = I.

It is now straight forward to see that Py = %

This completes the proof of Theorem 1.2.

Proof of Theorem 1.3: We start by observing the following fact. If P is a proper
projection, then 3 f € C(Q), f # 0 such that Pf = 0. Hence, o111 f + anTaf =
—agTsf. Since Ty,T5,T5 are isometries, by taking norms we have oy + as > as.
Similarly, as + ag > a3 and a1 + a3 > as. Thus, if P is a proper projection then
a1, ag, a3 are the lengths of sides of a triangle. It is also evident that «; < 1/2, i =
1,2,3.

Let T; f (w) = ui(w) f(¢s(w)), i = 1,2, 3, where u; and ¢; are given by the Banach
Stone Theorem.

P is a projection if and only if

aqu () [aru (¢1(w)) f(9F (w))+aouz(d1(w)) f(d20¢1 (w))+asus(pr(w)) f(psod: (w))]+

azuz(w)[arur (¢2(w)) f($1002(w))+azuz(¢2(w)) (95 (W) +azus(d2(w)) f($3002(w))]+
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azug(w)[erur (¢3(w)) f(Pro¢s(w)) +azua(ps(w)) f(P200s(w))+asus(ds(w)) f(¢5(w))]

= aru (W) f(d1(w))+azus(w) f(d2(w))+azus(w) f(d3(w)). (o)

We partition 2 as follows:

A={weQ: ¢1(w) = d2(w) = d3(w)},
Bi={weN: w=9¢;w)=dp(w) #
Ci={weQ: w=¢iw) # ¢j(w) = dx(w
Di={weQ: w=¢w)# ¢jw) # )
Ei={weQ: w#¢iw) # ¢j(w) = ¢p(w) # w} and

F = {w € Q : none of w, ¢1(w), p2(w), ¢p3(w) are equal },
where 7,5,k =1,2,3.
Suppose A # 0. If w € A, ie, ¢1(w) = Ppa(w) = P3(w), then Equation (k) is

reduced to
[ u1 (W) + aous(w) + asus(w)][arur (61 (w)) f(F (W) + aoua (1 (w)) f(d5(w))+

azu(d1(w)) F(95(w))] = [erur (w) + azuz(w) + azus(w)]f (61 (W) (4)
Let A1 = {w € A: aquy (w) + agua(w) + agug(w) # 0} and Ay = A\ A;. fw € Ay,
then

a1 (61(w)) (1 (W) + aua(d1(w)) (93 (w)) + agus(91(w)) f(95(w)) = f(¢1(w))-
First evaluating at constant function 1 we observe that ajui(fr(w)) +

agug(¢1(w)) + azusg(é1(w)) = 1. Hence u;(¢i(w)) =1, i =1,2,3. Thus we obtain,
af(G @) + 0 f(G3w)) + asf(B3w) = F(61(w)). Now if, ¢1(w) is not equal
to any of ¢?(w), i = 1,2,3, then choosing an f € C(Q) such that f(¢;(w)) = 1
and f(¢?(w) = 0, we get a contradiction. Similarly if ¢1(w) is equal to one or two
among ¢?(w) i = 1,2,3 then choosing an appropriate f we get either a; = 1 or
o + oy, = 1, both contradicting the choices of aq, o, as.

Thus in this case, we must have, ¢?(w) = ¢3(w) = P3(w) = ¢1(w) or w =
$1(w) = P2(w) = ¢3(w). Hence, Pf(w) = f(w) if w € A1 and Pf(w) =0if w € A,.
In particular, for the constant function 1, P1 is a 0,1 valued function. By the

connectedness of 2 we have Q # A.
Lemma 2.2. If P is a projection, then fori=1,2,3, E; =0 and F = (.

Proof. We show E; = (). For the case of F5 and Ej3 the proof is exactly the same.
Let w € Fy, ie w # ¢1(w) # d2(w) = d3(w) # w.

Then Equation (xx) reduces to
arur (W) [onun (91 (w)) f (97 (W) +azuz(1(w)) f (92001 (W) +asus(p1 (w)) f(¢301 (w))]
+Hooua(w) + agus(W)][orus (d2(w)) f(é1 0 d2(w)) + azua(P2(w)) f(¢5(w))+
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azuz(92(w)) f(93(w))] = arur (W) f(¢1(w)) + [azuz(w) + azus(W)]f(¢2(w)). (E1)
We claim asus(w) + agus(w) # 0. To see the claim, if asus(w) + azuz(w) = 0, then

Equation (E1) further reduces to
aru(¢1(w)) f (07 (W) + azuz(¢1(w) f(¢2 0 91(w)) + azuz(1(w)) (3 0 $1(w))

= f(¢1(w)).
An argument similar to case (A) above shows that ¢1(w) = ¢3001(w) = ¢20¢1 (w) =
#?(w), which is clearly a contradiction to the choice of w € Ej.
We choose a continuous function f € C() such that f(¢1(w)) = 1 and
f(d2(w)) = f(¢1 0 pa(w)) = f(¢3(w)) = 0. Equation (E1) now reduces to

aru (w)[puz (1 (w)) f(P20h1(w)) +azuz(pr(w)) f(Pzod1 (w))]+[aguz(w) +azuz(w)]

[azuz(¢2(w)) F(95(w)) + asus(d2(w)) f(#3(w))] = arur (w) (E2)
If ¢1(w) is not equal to any of the points ¢ 0 ¢1(w), P30 ¢1(w), P3(w) and ¢3(w),
then we could have chosen our f to have value 0 at these points and this would
have lead us to a contradiction. If ¢;(w) = ¢2 0 ¢1(w) then clearly we could choose
f(¢3(w)) = 0. If both ¢3 0 ¢1(w) and ¢3(w) are not equal to ¢1(w), then choosing
f to take value 0 at ¢3 o ¢1(w) and ¢3(w) we have

ayanuy (w)ug (P (w)) = agug (w)
and hence ay = 1, a contradiction again. Thus either of ¢3 o ¢1(w) and ¢3(w) is
equal to ¢1(w). Similar consideration with ¢ (w) = ¢3 0 ¢1(w), ¢1(w) = ¢3(w) and

$1(w) = ¢3(w) lead us to the conclusion that ¢;(w) will be equal to exactly two

elements of the set
{¢2 o ¢1(w)a ¢3 o ¢1(w)7 ¢%(W), ¢§(W)}

If ¢1(w) = ¢ 0 P1(w) = @3 0 ¢1(w) then (E2) will imply that asus(dr(w)) +
aguz(¢1(w)) = 1 - A contradiction. Now, suppose that ¢1(w) = ¢2 0 ¢;(w) =
¢3 0 ¢j(w) where 7,5 € {1,2,3}. Choose f such that f(d2(w)) =1 and f(¢1(w)) =
f(p20 ¢, (w)) = f(d2 0 ¢j, (w)) = 0, where i1 # 4, j1 # j, and 41,51 = 1,2,3. So,
Equation (E1) becomes

afur (w)ur (61(w)) f (67 (@) + arui (92(w) f(d1 0 P2(w))[azuz (W) + azuz(w)]
= mouz(w) + agug(w). (E3)
If ¢o(w) is not equal to any one of ¢?(w) or ¢ o go(w), then we can choose f to be
0 at ¢?(w) and ¢y o ¢h2(w), thereby getting asus(w) + azus(w) = 0, a contradiction.
If ¢1(w) = ¢1 0 ¢a(w), then by choosing f to be 0 at ¢?(w) we will get a; = 1 which

is a contradiction. Therefore, we have ¢o(w) = ¢?(w). Similarly, ¢; o ¢2(w) must

be equal to atleast one of ¢3 0 ¢;, (w) or @2 0 ¢;, (w). But in this case we will be
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left with 3 or 4 distinct points in Equation (E1). By choosing f to be 0 at ¢ (w)
and ¢2(w) and large enough at other points on the right hand side we will get a

contradiction.

Now, suppose that w € F, i.e all w, ¢1(w), pa(w), P3(w) are distinct.
Consider the following matrix:

$1(w) P2 (w) )
) $20¢1(w) @30 ¢1(w)
$1 0 p2(w) ¢3(w) #3 0 P2(w)
$10¢3(w) @20 ¢3(w) $3(w)

¢3(w

&2 (w

Observe that points belonging to any column are all non equal. Choose first f

such that f(¢1(w)) = 1 and f(¢2(w)) = f(Ps(w)) = f(#T(w)) = f(¢1 0 P2(w)) =
f(¢1 0 ¢3(w)) = 0. Equation (**) becomes

arur (w)[aua(d1(w)) f(P2 0 d1(w)) + azuz(d1(w)) f(d3 o d1(w))]+

gz (w)[agug(d2(w)) f(3(w)) + asus(dz(w)) f(¢s o g2 (w))]+
aguz(w)[oous (¢3(w)) f(da 0 d3(w)) + asus(ds(w))f(¢3(w))]
= aquy (W) f(d1(w)). (F1)

Equation (F'1) implies that ¢;(w) must be equal to at least 2 elements from the
set

{620 01(w), P30 D1(w), P3(W), b3 © Pa(w), P2 © P3(w), B5(w)}-
Since this set does not contain three equal elements, it follows that ¢ (w) is equal
to exactly two; say ¢2 0 ¢;, (w) and ¢ 0 ¢, (w) with i1,71 € {1,2,3}. Therefore,
gy oty (W)ua (i, (W) + oy asug, (w)us(Pg, (w)) = arur(w).
This implies that
a1 < apqy, + azay, .
Similar arguments applied to ¢2(w) and ¢3(w) implies the inequalities:
g < aqog, + ozoyg, and az < o, + azag,.
Adding these three inequalities we get

l=oa1+az+az < ai(a, + i) + e, +aj,) +as(ag, +aj,)

< max{aiz + QG Q)+ Qg Oy ajz}'

This is impossible.

Now we set ourselves to show the following:
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Lemma 2.3. Ifw e C;,i=1,2,3 then a; = 1/2 and u;(w) = u;(¢;(w)) = u;(w) =
up(w) = u;(¢;(w)) = up(p;(w)) =1 for j =1,2,3 and j #i. Ifw € Dy, i=1,2,3
then a; = ag = a3 = 1/3.

Proof. We prove the result for ¢ = 1. For ¢ = 2 and 3 similar argument is true. Let
w € Ch,iew=¢1(w) # ¢a(w) = ¢3(w), then equation (xx) reduces to

arur (w)[arur (w)) f(w) +agua(w) (P2 (w)) + azus(w) f(d2(w)] + [a2uz (w) + azus (w)]

[y (¢2(w) f (91 © P2(w)) + zua(d2(w) f(d5(w)) + asus(da(w)) f(d3(w))] =
arur (W) f(w) + [azuz (W) + azuz(w)] f(P2(w)). (C1)

Note that in this case we must have aguz(w) + asus(w) # 0; otherwise (C1) will
give us a1 = 1.

We choose a function f € C(2) such that f(da(w)) = 1, f(w) = f(¢3(w)) =
f(#3(w)) = 0 which will reduce (C1) to

arur (w)[uz(w) + azuz(w)] + arui(g2(w)) f(P10¢2(w))[azuz(w) + azus(w)]
= agus(w) + azuz(w). (C2)

Since apus(w)+asus(w) # 0 we obtain agu; (w)+ayug (P (w)) f(Pro¢2(w)) =1
Thus, ¢1 0 ¢2(w) = ¢2(w) and a; > 1/2. Since a; < 1/2, Vi we conclude o = 1/2
and ug (w) = u1(¢2(w)) = 1. Using a function f such that f(w) =0, f(¢2(w)) =1
Equation (C1) becomes

azuz(d2(w)) f(93(w)) + azus(¢2(w)) f($5(w)) =

The points ¢3(w) and ¢3(w) must be equal to one of w or ¢a(w). Since ¢3(w) and
#3(w) cannot be equal to ¢o(w) we have ¢3(w) = ¢3(w) = w. Now choose a function
f such that f(w) =1, f(¢2(w) =0, Equation (C1) is reduced to

[oua(w) + azuz(w)][aoua(d2(w)) + azuz(pz(w))] = 1/4.

Since ae + ag = 1/2, we have aquz(w) + agug(w) = agua(Pa(w)) + asus(p2(w)) =
1/2. This will imply that us(w) = ug(w) = uz(d2(w)) = us(¢2(w)) = 1.

We show that if w € Dy then a1 = ag = a3 =1/3. w € D; = w = ¢1(w) #
¢ha2(w) # ¢3(w) # w. Equation (#x) reduces to

aqur(w)]onur (w) f(w) + aguz(w) f(d2(w)) + asus(w) f(¢s(w))] + azuz(w)
[nun (¢2(w)) f(d1 © da(w)) + agua(¢2(w)) f(¢3(w)) + azuz(P2(w)) f(¢3 0 P2(w))]+
agug(w)[aru (43(w)) f (Pr0¢3(w))+azus(¢3(w)) f(P2003(w))+azus(3(w)) f (65 (w))]
= ar1u1 () f(w) + azuz(w) f(P2(w)) + asus(w) f(ds(w)). (D1)
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We can choose a function f € C(Q) satisfying f(w) =1, f(d2(w)) = f(d3(w)) =
f(é10d2(w)) = f(¢p1 0 p3(w)) = 0. Then (D1) reduces to

ajul(w) + agus(w)[azus(da(w)) f(95(w)) + asus(ga(w)) f(¢s o ga(w))] + asus(w)

[z (¢3(w)) (2 0 d3(w)) + azus(¢3(w) f($3(w))] = arur(w). (D2)
If ¢p2(w), @30 p2(w), P20 ¢3(w) and ¢p3(w) are all different from w, by choosing
our function f to take value 0 at all these points we will have a?u?(w) = aju; (w)

and hence oy = 1. Thus not all these points are different from w.
Claim: If w = ¢ 0 ¢;(w), ¢ = 2 or 3 then w = ¢3 0 ¢;(w), j =2 or 3.

First we assume the claim and complete the proof then establish the claim.
Choosing a function f € C(Q) such that f(¢2(w)) = 1, f((w)) = f(Ps(w)) =
f(P3(w)) = f(p2 o ¢3(w)) = 0 and then a function f such that f(¢3(w)) =
L, f((w)) = f($2(w)) = f(#3(w)) = f(¢30h2(w)) = 0 in Equation (D1) we will get

the following two equations.
o opuy (w)uz(w) f(d2(w)) + azuz(w)[anur (¢2(w)) f(¢1 0 d2(w)) + azus(a(w))

F(#3 0 ¢2(w))] + azuz(w)[arur (d3(w)) f(d1 © P3(w)) + zuz(¢3(w)) (93 (w))]
= aguz(w) f(d2(w)). (D3)

onazuy (w)us(w) f(d3(w)) + azuz(w)[anur (P2(w)) f(¢1 0 d2(w)) + azuz(g2(w))

F(95(w))] + agug(w)[arur (¢3(w)) f(¢1 0 ¢3(w)) + azua(ds(w)) f(d2 © d3(w))]
= azuz(w) f(P3(w)). (D4)

From the above claim we have the following disjoint and exhaustive cases which

may OCCur.
Dip={weD: w= ¢§(w) = ¢30h2(w), d2(w) = ¢§(w) = pr1opa(w), ¢3(w) =
¢1 0 d3(w) = P2 0 P3(w)}.
Do ={w € Di: w=¢3(w) = d30¢a(w), ¢2(w) = $3(w) = ¢10d3(w), ¢3(w) =
¢1 0 Pp2(w) = P2 0 p3(w)}.

D3 = {w € D : = ¢2 0 ¢p3(w) = @30 Pa(w), Pa(w) = P3(w) = 1 0
P2(w), ¢3(w) = ¢10d3(w ) P5(w)}.
Dy = {w € D; : = ¢o 0 P3(w) = P30 Pa(w), P2(w) = P3(w) = ¢1 0

P3(w), d3(w) = @10 ga(w ) ¢3(w)}.

Dis ={we Di: w=dj(w) = ¢3(w), ¢2(w) = dp10¢a(w) = ¢30¢ha(w), ¢3(w) =
¢10¢3(w) = P20 d3(w)}-

Dig={we Di: w=¢3(w) = d3(w), 2(w) = d10d3(w) = d30ha(w), d3(w) =
$10 d2(w) = g2 0 P3(w)}.
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Now for any w € D11, Equation (D1) is reduced to
{afui(w) + agus(w)[azus(ga(w)) + asus(¢2(w)]}f(w)+
w) + aragu (¢2(w))uz(w) + ajus(w)us(ds(w))] f(¢2(w))
Haorazur(w)us(w) + azug(w)enur (¢3(w)) + azua(ds(w))]}f(ds(w))
= aquy (W) f(w) + aguz(w) f(P2(w)) + azus(w) f(P3(w)). (D11)

Since w # ¢2(w) # ¢3(w), choosing appropriate functions we have

[aq gy (w)us

(
)

a1 < a2+ az(ag 4 az), az < 20qa2 + a2 and 1 < 2a; + ay. (D11)
For w € D1, we have
{afuf(w) + azgus(w)[azuz(¢2(w)) + azus(da(w))]}f(w)+
[aragur (w)uz (w) + azus(w)orur (P3(w)) + azus(ds(w))] f(d2(w))+
{arazur (w)us(w) + aragus (W) (d2(w)) + azazus(w)uz(ds(w)) Hf (P3(w))
(

= aqur (W) f(w) + asua(w) f(¢2(w)) + asus(w) f(¢s(w)). D12)
This implies that

a1 < o + ag(ag + as),as < ajas + az(ag + az) and
az < ajag + asas + asag. (D12)
For w € D;3, we have
{afuf(w) + asasuz(w)us (g2 (w)) + uz(W)us(ds(w))]}f W)+
[ g (W)ua (w) + anagus(wW)u (¢a(w)) + aFus(w)us(Ps(w))] f (da(w))
Hanazui (w)us (W) + ajuz (W)uz(2(w)) + arazuz(w)ur (¢3(w)) Hf(¢3(w))

= a1u1 (W) f(w) + apus(w) f(d2(w)) + azus(w) f(P3(w)). (D13)
This implies that

a1 < af +2000a3), a9 < 20109 + a3 and a3 < 20103 + a3. (D13)
For w € Dy4, we have
{aful(w) + azasluz(w)us(d2(w)) + uz(w)ua(ds(w))]} fw)+
{lonaour (w)uz(w) + azus(w)[arur (¢3(w)) + azus(ds(w))]}f (d2(w))
H{arazui (w)us(w) + azuz(w)[arur(d2(w)) + azuz(P2(w))]}f(¢3(w))

= a1u1 (W) f(w) + apus(w) f(d2(w)) + azus(w) f(P3(w)). (D14)
This implies that

a; < a% + 2a003), aa < ajas + ag(ag + az) and

Q3 S a1os + Oég(al + 042). (D14)/
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For w € Dq5, we have
{afui(w) + afua(w)uz(¢2(w)) + afuz(w)us(ds(w)) }Hf (w)+
{lonaour (w)uz(w) + azuz(w)[arur (¢2(w)) + azus(P2(w))]}f (P2(w))
H{owazur (wus(w) + azus(w)[arui (¢3(w)) + azuz(ds(w))]}f (d3(w))
= a1u1 (W) f(w) + azuz(w) f(d2(w)) + azus(w) f(d3(w)). (D15)
This implies that
a1 <ot +as+a2,1 <2 +az and 1 < 207 + as. (D15)’
For w € Dy, we have
{afui(w) + afua(w)uz(¢2(w)) + afuz(w)us(és(w)) }H f (w)+
{arasur (W)uz(w) + azagus (w)us(d2(w)) + arazus(w)ur (ds(w)) }f (2(w))
Hoarazur(w)us(w) + croguz(w)ur (d2(w)) + azagus(w)uz(¢s(w))}f(Ps(w))
= aqu (W) f(w) + aguz(w) f(P2(w)) + azus(w) f(d3(w)). (D16)
This implies that
o < a4 a3+ a3 and ay < ajas + asas + aza;. (D16)’

For Equations (D1¢)',i = 1,...,6 it is easy to observe that o; = 1/3, 4 =1,2,3 is
the only solution.

We now need to find the condition on u;(w) and u;(¢;(w)) where 4,5 = 1,2,3.
We substitute a; = 1/3 in Equations (D1i), ¢ = 1,...,6 and we choose three sets
of functions for each Equation. Firstly, a function f € C(Q) such that f(w) = 1,
f(p2(w)) = f(d3(w)) = 0. Then, a function f € C(Q) such that f(p2(w)) = 1,
f(w) = f(¢3(w)) = 0 and finally a function f € C() such that f(¢s3(w)) = 1,
f(w) = f(¢2(w)) = 0. Moreover, by observing that u;(w) and u;(¢;(w)) lie on the
unit circle and all the points on the circle are extreme points we get the following
conditions on u;(w) and u;(¢;(w)) where ¢,5 =1,2,3:

For w € Dy1 we get
u1 (W) = uz(w)uz(d2(w)) = ua(w)us(d2(w)) = L ui(¢2(w)) =1,

uz(w)uz(¢s(w)) = uz(w) and ui(d3(w)) = uz(p3(w)) = 1.
For w € Dy5 we get

uy (W) = ug(w)ua(d2(w)) = ua(w)uz(d2(w)) = 1, ug(w)ur (d2(w)) = uz(w),

uz(w) = uz(w)ur(g3(w)) = uz(w)us(w)us(¢s(w)) and uz(dz(w)) = 1.
For w € Dq3 we get

u1 (w) = ug(w)us(P2(w)) = us(w)ua(ds(w)) = 1, u1(d2(w)) = ur(¢s(w)) = 1,
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uz(w) = uz(w)us(d3(w)) and uz(w) = uz(w)uz(d2(w)).

For w € Dy4 we get

ur(w) = uz(w)us(g2(w)) = uz(w)ua(ds(w)) = 1, uz(w) = uz(w)ui(ds(w)) =

uz(w)uz(¢s(w)) and us(w) = uz(w)uz(p2(w)) = uz(w)ui (P2 (w)).
For w € D15 we get
ur(w) = uz(w)uz(g2(w)) = us(w)us(dz(w)) = 1 and ui(¢2(w)) = ui(¢s(w)) =
uz(p2(w)) = uz(p3(w)) = 1.

For w € Dyg we get

ur(w) = uz(w)uz(d2(w)) = uz(w)uz(¢ps(w)) = 1, uz(w) = uz(w)ui(¢s(w)),

uz(w) = ug(w)ur(P2(w)) and uz(d2(w)) = uz(¢3(w)) = 1.
(]

Proof of the claim. Let w = ¢9 0 ¢;(w), © = 2 or 3 then in Equation (D2)
f(p200;(w)) =0, j =2or3and j #i. Suppose to the contrary that w # ¢3odi(w)
for k = 2,3 then by choosing our f to be 0 at these points we get from (D2)

023 (w) + aduz(@)ua(¢2(w)) = arur (). (DL.1)

This will imply that a3 < a? + a3. We now choose a function f € C(f2) such

that f(¢2(w)) =1 and f(w) = f(¢s(w)) = f(#3(w)) = f(¢2 © ¢3(w)) = 0. Then
Equation (D1) is reduced to

arauy (w)ug(w) + azgug(w)[arur (¢2(w)) f (P10 d2(w)) + azuz(p2(w)) f (P30 P2 (w))]+

aguz(w)[arur (¢3(w)) f($1003(w)) +azus(ds(w)) f(#5(w))] = asuz(w). (D1.2)
Again, if all ¢1 0 ¢2(w), 30 da(w), 10 ¢3(w) and ¢3(w) are different from ¢o(w),
by choosing f initially to take value 0 at all these points we could have a; = 1.
Suppose ¢2(w) = ¢1 0 ¢;, (w) where i3 = 2 or 3. Then we could choose f in (D1.2)
such that f(¢1 0 ¢i,(w)) = 0, i2 = 2 or 3 and iz # i1. If ¢2(w) # ¢3 0 @iy (W),
i3 = 2,3. Then by the same argument we get from (D1.2)
gy (w)uz(w) + agag, us, (W)ug (¢i; (w)) = agus(w). (D1.3)

This implies that s < aj(as+aq;,). For iy = 2 we get oy = 1/2 and (D1.1) implies
that ag = 1/2 and for iy = 3 we will have ag = 1, a contradiction in both the cases.

Now, if ¢o(w) = ¢3 0 ¢, (w), i4 = 2 or 3. So, by choosing a function f such
that f(w) = f(é1(w)) = f(¢3(w)) = 0 in Equation (D1)we will be left with three

points, i.e., ¢10 i, (w) (is # i1), $20 is(w) (i # 1), ¢30¢i;(w) (i7 # is) and we
have 0 on the right hand side. It is also clear that ¢3 o ¢;, (w) is not equal to any of
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w, Ppa(w), or ¢3(w). So, it has to be equal to at least one of ¢y 0¢p;. (w) or P 0d;, (w).

But in all these cases we can choose f large enough to get a contradiction.

We will need one more lemma to complete the proof of Theorem 1.3.

Lemma 2.4. With the assumption in Theorem 1.3, one and only one of the fol-
lowing conditions is possible: (In all the cases i,j,k =1,2,3)
(i) A=A U B;.
(i) ©
(iii) Q= AU B;UC;.
(iv) Q
(v) Q= AUC’
(v)
(vid) Q= AUDZJ
(vitt) Q=AUD;; UDw, 1 =1,...,6.
(iz) Q=AU D1;UD2; JDsg.

Proof.  We have seen in the beginning of proof of Theorem 1.3 that Q # A.
Suppose 2 = A|JB;|JB2UBs. Let us consider any w € By, i.e w = ¢3(w) =
¢2(w) # ¢1(w). The case w € By or Bs are similar. Equation(*x) is reduced to

[asug(w) + apuz(w)][asus(w) f(w) + aguz(w) f(w) + arur (w) f(d1(w))] + arug (w)

[asug(f1(w)) f (@3 0 ¢1(w)) + agua(d1(w)) f(d2 0 d1(w)) + arur (¢1(w)) (7 (w))]

= [azuz(w) + agua(w)] f(w) + crur (W) f(P1(w)). (B1)

First we claim that azus(w)+agus(w) # 0. Suppose on the contrary that agus(w)+
aguz(w) = 0. Then, az = as, uz(w) + uz(w) = 0 and Equation (B1) becomes

aous(Ps(w)) f (s 0 p1(w)) + aaua(pr(w)) f (P2 © ¢1(w)) + arus (¢1(w)) f (7 (w))

= f(¢1(w))-
As ¢1(w) # 2 (w), ¢1(w) must be equal to only one of @3 o0 ¢1(w) and ¢ 0 ¢1(w),

because if not then one can choose a function f to assume value 0 at ¢?(w), ¢3 o
$1(w), P20 ¢1(w) and 1 at ¢1(w) to get a contradiction. By same argument we
see that ¢1(w) cannot be equal to both ¢3 o ¢1(w) and ¢3 o ¢1(w). Moreover, if
¢1(w) = ¢30¢1(w), then @0y (w) must be equal to ¢2(w). Therefore, suppose that
$1(w) = ¢3 0 ¢1(w), ¢F(w) = d2 0 ¢1(w). The case ¢1(w) = ¢z 0 ¢1(w), ¢F(w) =
#3 o ¢1(w) is similar. Take a function f so that f(é1(w)) = 1, f(¢?(w)) = 0

we will get a3 = 1, a contradiction. Now for a continuous function f such that
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fw) =1, f(¢1(w)) = fl¢s 0 d1(w)) = f(d2 0 ¢1(w)) = 0, then Equation (B1)

becomes
[asus(w) + agug(w)]* + afus (w)ui (¢1(w)) f(¢F (w)) = asuz(w) + aguz(w).  (B2)

#?(w) must be equal to one of w, ¢3 0 ¢1(w) and ¢g 0 ¢ (w). If ¢3(w) = ¢3 0 ¢1(w)
or ¢ o ¢1(w), then f(¢3(w)) = 0. This implies that aszuz(w) + aguz(w) = 1 as
agug(w) + agua(w) # 0. Thus, 1 < ay + az, a contradiction to the fact that
a1 + ag + ag = 1. Therefore, ¢?(w) = w and (B2) is reduced to

[aguz(w) + a2u2(w)]2 + g (w)ur(d1(w)) = asuz(w) + agup(w). (B2

Now, for a continuous function f such that f(w) =0, f(¢1(w)) = 1, Equation (B1)

reduces to

azug(w)+azuz(w)+azuz(dr(w)) f(@zoh1 (w))+azuz(d1(w)) f(d2001(w)) = 1. (B3)

By a similar line of arguments we conclude that ¢;(w) = ¢3 0 ¢1(w) = P2 0 ¢1(w).
So, (B3) becomes

azuz(w) + agug(w) + azus(¢1(w)) + aguz(dr(w)) = 1. (B3)

This implies that ag + as > 1/2. Now Pf(w) = [asus(w) + asus(w)]f(w) +
aquy (W) f(¢1(w)), which implies that |Pf(w)| < |asusz(w) + asus(w)||f(w)| +
a1|f(#1(w))|. Now, consider the following cases:

(a) If all B;’s are closed, then as A is closed, by connectedness of Q2 we have
Q=DBy, Q =DByor Q= DB;g. If Q = By, then 3 wy € Q and f such that
[|fll =1 = |Pf(wo)|, which shows that |asus(wo) + agus(wy)| = asz + az. Thus,
uz(wp) = u2(wp) = 1. From Equation (B2') we get ay > 1/2. Since, ay < 1/2 we
conclude, a3 + ay = a3 = 1/2. From (B3') we get us(w) = uz(w) = uz(¢1(w)) =
uz(¢1(w)) = 1. Similarly is the case when 2 = By or 2 = Bs.

(b) If only one B; is closed, then as any limit point of B; can belong to either B;
or A we get A|J B;j | By is closed and hence either Q = B; or = A|J B, |J B.
Suppose that Bs is closed and Q = A|J By |J B2. The other cases are similar. Since
Bs is not closed there exists w, € B; such that w,, — w and w € A. Note that
d1(w) = ¢2(w) = ¢d3(w) = w. If w € Ay, then uy (w) = ug(w) = uz(w) = 1 and from
Equation (B2') we have [as + a3]? + a3 = ag + a3, which implies that a; = 1/2.
If w € Ay, then aqus(w) + agua(w) + asuz(w) = 0 and Equation (B3') implies
that —aqu;(w) = 1/2 and hence o; = 1/2. Similar argument for By will give us
ag = 1/2 - a contradiction.

Thus, Q # AlJ By U Ba.

(c) If two B;’s are closed then we will have Q = Al B;, for some i or @ =
Bj, i # j. Suppose Q = A|J By, By is not closed. Considering a sequence in By
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and proceeding as above we conclude that a1 = ap + a3 = 1/2 and from Equation
(B3') we get us(w) = uz(w) = uz(¢1(w)) = uz(p1(w)) = 1.
(d) If no B;’s are closed then Q = A|J By |JB2J Bs. Proceeding in the same

way as in case (b), we can see that this case is also not possible.

From previous lemma one can see that none of Cy,C3,C3 can occur to-
gether. Suppose Q@ = AUB1UB2UB3JC:1. The cases in which Q =
AUB1UB:UB3JCi, i = 2,3 are similar. Now, a sequential argument will show
that Bs, Bs and A|JB;|JC; are closed. From connectedness of 2 we get that
Q=DBsorQ=DB;sor AJB; JCi.

Let Q = AU B1 JC1. If By and Cy are closed then Q@ = By or = Cy. If one
of By is closed and C is not, then Q = By or Q = A|JC. If C} is closed and By
is not, then Q@ = Cy or Q = A|J B;. This proves assertions (i)-(v).

It is also clear from previous lemma that for ¢ = 1,2, 3, C; cannot occur with D;.
Also, for fixed ¢ = 1,2, 3, no two or more D;;, j = 1,...,6 can occur simultaneously.

Suppose that @ = A{JB;UDjr. Then o; = 1/3 for ¢ = 1,2,3. So, if B;
and D; are not closed then by a sequential argument as in case (b) above we
will get oy = 1/2, a contradiction. Thus, no B; can occur with Dj;. Assume
Q= AlJD1;UD2; U Dsyg. If some of D;;’s are closed, then by arguing in a similar
way we will get cases (vi)-(ix).

This completes the proof of Lemma 2.4

Completion of proof of Theorem 1.3: For any w € By we have us(w) = ug(w) =
uz(p1(w)) = ug(d1(w)) = 1 and for w € Cr; ug(w) = uz(w) = uz(p2(w)) =
ug(¢2(w)) = 1. Therefore, Tof(w) = Ts5f(w) for all f € C(Q), w € B1|JCh.
So, if Q@ = By, C1,, AU B1, AUC1, or AU B; |JC: we have P = w Similarly
is the case when any one of conditions (i)-(v) holds.

Thus the proof of Theorem 1.3 (a) is complete.
It remains to consider the case when Q = AlJDy;|JD2j | Dsr. We further

assume that i,k < 4,7 > 5. The remaining cases and conditions (vi)-(viii) are
similar. Our aim is to show that there exists a surjective isometry on C(§2) such
that L3 = I and P = % Since P = 1/3(Ty + T> + T3) is a projection we
have P = $(TE 4+ T3 + T3 + ThTo + ToTy + ThTs + T5Ty + ToTs + T3 To).

Using the conditions obtained earlier on u;(w)’s and u;(¢;(w)) we see that for any
wE€ Diy; TEf(w) = TEf(w) = f(w), Tf(w) = Taf(w), TiTaf(w) = ToTy f(w) =
Tof(w), TiTsf(w) = T5T f(w) = T3Ta f(w) = Tsf(w), ToT3f(w) = f(w). That is,

2 2
P = HT3+TC“ and T§ = I. Similarly if w € D19, D13 or Dy4 we have P = HT‘%T‘“’
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2
and T3 = I. If w € Dy5 or Dig, then we get P = I+T§+T3 = I+T2T3J§(T2T3) and

(T2T3)? = I. Similar considerations can be done for Dy and D3. We now define

up(w), if we 4 o1 (w), ifwe Ay

uz(w), if w € Dy, ¢3(w), if we Dy,
u(w) = and ¢(w) =

ul(w)U3(¢1(w)), fwe ng ¢30¢1(w)7 fwe D2j

up(w), if w € Dag ¢1(w), if w € Dy,

Let Lf(w) = uw(w)f(¢(w)). Observe that the limit point of any sequence in D;;

can go only to D;; or A. So, it follows that u is continuous and ¢ is a homeomor-

phism. Hence the proof of Theorem 1.3 (b) is complete.

O
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