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graded.
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4. Use of any electronic gadgets is not allowed.

5. This question paper contains two pages.

1. Let f : [0, 1] → R be a function defined as

f(x) =

{
1
2n

1
2n+1 < x ≤ 1

2n

0 x = 0,

where n = 0, 1, 2, . . .. Show that f is integrable and find its integral value. [6]

Solution. It is clear that f is bounded and increasing on [0, 1]. Hence f is integrable. [1]

By the fundamental theorem of calculus, the function F : [0, 1] → R defined by

F (x) =

1∫
x

f(t)dt

is continuous. So, if xn → 0, then F (xn) → F (0) that is,

F (0) =

1∫
0

f(t)dt = lim
n→∞

1∫
xn

f(t)dt. [2]



Consider xn = 1
2n
. Then

F

(
1

2n

)
=

1∫
1
2n

f(t)dt

=

1
2n−1∫
1
2n

f(t)dt+

1
2n−2∫
1

2n−1

f(t)dt+ · · ·+
1∫

1
2

f(t)dt

=
1

2

{
1 +

1

22
+ · · ·+

(
1

22

)n−1}
=

2

3

(
1− 1

4n

)
[2]

Hence,
1∫

0

f(t)dt = lim
n→∞

1∫
1
2n

f(t)dt =
2

3
. [1]

2. Consider the function

f(x, y) =

{
3x2y−y3

x2+y2
, if (x, y) ̸= (0, 0)

0, if (x, y) = (0, 0).

Answer the following questions.

(a) Discuss the continuity of f at (0, 0). [2]

Solution.

|f(x, y)− f(0, 0)| =
∣∣∣∣y(3x2 − y2)

x2 + y2

∣∣∣∣ ≤ ∣∣∣∣y(3x2 + 3y2)

x2 + y2

∣∣∣∣ = |3y| → 0 as (x, y) → 0.

Thus, f is continuous at (0, 0). [2]

(b) Is fy continuous at (0, 0). [3]

Solution. fy(x, 0) = lim
h→0

f(x, h)− f(x, 0)

h
= lim

h→0

3x2 − h2

x2 + h2
= 3. [1]

fy(0, 0) = lim
h→0

f(0, h)− f(0, 0)

h
= −1. [1]

Since fy(x, 0) ↛ fy(0, 0) as x → 0, fy is not continuous at (0, 0). [1]

(c) Find the directional derivative of f at (0, 0) in the direction of
(

1√
2
, 1√

2

)
. [2]

Solution. The directional derivative of f at (0, 0) in the direction of
(

1√
2
, 1√

2

)
is

D(
1√
2
, 1√

2

)f(0, 0) = lim
t→0

f((0, 0) + t
(

1√
2
, 1√

2

)
)− f(0, 0)

t
[1]

= lim
t→0

t3√
2

t3
=

1√
2

[1]
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(d) Discuss the differentiability of f at (0, 0). [3]

Solution. fx(0, 0) = lim
h→0

f(h, 0)− f(0, 0)

h
= 0. [1]

Let H = (h, k) ∈ R2. Then the error function is

ϵ(H) =
f(h, k)− f(0, 0)− hfx(0, 0)− kfy(0, 0)

||H||
=

4h2k

(h2 + k2)
3
2

. [1]

Take h = k. Then ϵ(h, h) =
√
2 ↛ 0 as h → 0. Therefore, f is not differentiable at

(0, 0). [1]

Alternative Solution. If f is differentiable at (a, b), then the directional derivative
of f at (a, b) in the direction of a unit vector (u1, u2) is

D(u1,u2)f(a, b) = (fx(a, b), fy(a, b)).U .

Now, fx(0, 0) = lim
h→0

f(h, 0)− f(0, 0)

h
= 0. [1]

Since

D(
1√
2
, 1√

2

)f(0, 0) = 1√
2
,

but

(fx(0, 0), fy(0, 0)).

(
1√
2
,
1√
2

)
= (0,−1).

(
1√
2
,
1√
2

)
= − 1√

2
, [2]

f is not differentiable at (0, 0).

3. Let
f(x, y) = x2 + 2bxy + y2, b ∈ R.

Find all the critical points and classify them as point of local maxima, local minima or saddle
point. [10]

Solution. The partial derivatives of f w.r.t. x and y are given by

fx(x, y) = 2x+ 2by and fy(x, y) = 2bx+ 2y

respectively.

The critical points are (0, 0), [1]

(x, x), x ∈ R when b = −1 and [1]

(x,−x), x ∈ R when b = 1. [1]

Now, fxx(x, y) = 2, fyy(x, y) = 2, fxy(x, y) = 2b.

The Discriminant of f at (x, y) is ∆f(x, y) = 4− 4b2. [1]

At (0, 0), fxx(0, 0) > 0, ∆f(0, 0) > 0 if and only if b2 < 1.

Thus, if b2 < 1, (0, 0) is a point of minima. [1]

If b2 > 1, (0, 0) is a saddle point. [1]

If b2 = 1, (x, x) and (x,−x) are critical points and ∆(x,±x) = 0, then the test is inconclusive.

If b2 = 1, then f(x,±x) = 0 ≤ f(x, y) = (x− y)2, ∀ x, y ∈ R. [2]

This implies that (x, x) and (x,−x) are points of local minima. [2]
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4. The region bounded by the curve y =
√
x, the x-axis, and the line x = 4 is revolved about the

y-axis to generate a solid. Find the volume of the solid using Shell method. [6]

Solution. Using Shell method, the volume of the solid generated is given by

V =

∫ b

a

2π (shell radius)(shell height)dx. [1]

Shell Radius = x, Shell Height =
√
x. [1+1]

Thus,

V =

∫ 4

0

2πx(
√
x)dx = 2π

∫ 4

0

x3/2dx =
128π

5
. [1+1+1]

5. Find the length of the curve r = 1− cos θ. [4]

Solution. The length of the curve in polar coordinates is given by

L =

∫ β

α

√
r2 +

(
dr

dθ

)2

dθ. [1]

It follows that

L =

∫ 2π

0

√
2− 2 cos θdθ = 8. [1+1+1]

6. The curve
x = cos t, y = 1 + sin t, 0 ≤ t ≤ 2π.

is revolved about the x-axis. Using this parametrization, find the area of the surface generated.
[4]

Solution. The surface area is given by

S =

∫ b

a

2πy

√(
dx

dt

)2

+

(
dy

dt

)2

dt. [1]

This implies that

S =

∫ 2π

0

2π(1 + sin t)
√

(− sin t)2 + (cos t)2dt = 2π

∫ 2π

0

(1 + sin t)dt = 4π2. [1+1+1]

7. Evaluate the integral [5]

2∫
0

 1∫
y
2

ex
2

dx

 dy.

Solution. The region D of integration (see Figure 2) is given by D = {(x, y) ∈ R2 : 0 ≤

y ≤ 2, y
2
≤ x ≤ 1}. Since the integral

1∫
y/2

ex
2
dx cannot be evaluated in terms of simple known
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functions, we will use Fubini’s theorem and change the order of integration. The region of
integration becomes D = {(x, y) ∈ R2 : 0 ≤ x ≤ 1, 0 ≤ x ≤ 2x} (see Figure 2). Thus,∫∫

D

f(x, y)dydx =

∫ 1

0

(∫ 2x

0

ex
2

dy

)
dx = e− 1. [1+1+1+1+1]

8. Let D = {(x, y, z) : x2 + y2 + z2 ≤ 4a2, z ≥ a}. Evaluate the integral∫∫∫
D

z

(x2 + y2 + z2)
3
2

dxdydz,

using spherical coordinates. [10]

Solution. If we allow ϕ to vary independently, then ϕ varies from 0 to π
3
(see Figure 2). [1+1]

For fixed ϕ and ρ, θ to varies from 0 to 2π. [1+1]

For a fixed ϕ and θ, ρ varies from a secϕ to 2a (see Figure 1). [1+1]

Therefore, the integral is∫ π
3

0

∫ 2π

0

∫ 2a

a secϕ

f(ρ sinϕ cos θ, ρ sinϕ sin θ, ρ cosϕ)|J(ρ, θ, ϕ)|dρdθdϕ

=

∫ π
3

0

∫ 2π

0

∫ 2a

a secϕ

cosϕ

ρ2
ρ2 sinϕdρdθdϕ [1+1]

= 2π

∫ π
3

0

(2a sinϕ cosϕ− a sinϕ)dϕ =
πa

2
. [2]
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