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(b) Let f : R — R be a continuous function such that f(c) > 0 for some ¢ € R. Show that there exists
a 0 > 0 such that f(z) >0 for all z € (¢ — J,c+9). [2]
Solution. Let e = @ By continuity,
356>03 |f(z) - flo)] < f(zc) whenever |z — ¢| < 4. [1]
This implies that f(z) > @ >0 for all z € (¢ — J,c+9). [1]
2. Find the number of real solutions of the equation 7 — e=% + 52 + cosx = 0. [4]
Solution. Let f(r) = 217 — e™® + 5z + cosz = 0.
Observe that f(2) > 0 and f(—2) < 0. [1]
By Intermediate value property, f(x) = 0 has one real solution. [1]
If there are two distinct roots, then by Rolle’s theorem there is some ¢ such that f/(c¢) = 0 which is not
possible since f'(z) >0,V x € R. [2]
3. Let f be differentiable on [a,b]. Show that there exist ¢1,cq,c3 € (a,b) such that co # ¢35 and
f'e2) + f'(es) = 2f'(e). [5]
Solution. By MVT, 3 ¢; € (a,b) such that f(b) — f(a) = f'(c1)(b—a). [1]
By MVT, 3 ¢; € (a, %) such that f(“E2) — f(a) = f'(c2)(552). [1]
and 3 ¢3 € (%52, b) such that f(b) — f(“E2) = f'(c3)(52) [1]
This implies that f(b) — f(a) = [f'(c2) + f'(c3)] (452) 1]
That is, f'(cs) + f'(¢s) = 2f"(cy). 1]



4. Find the intervals of decrease/increase, intervals of concavity/convexity, points of local minima/local

6.

. . . : . 222 + 1
maxima, points of inflection for the function f(z) = PR
x

Solution. f/(z) = (12‘2%)2 — f is decreasing on (—o0,0) and increasing on (0, c0)

and has a local minimum at z = 0.

" _ 2(1-3z?) . 1
f'(z) = =117 — J 1s concave on (—o0, \/5) and (
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and convex on (—%, %)
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and Vi and 5 are the points of inflection.
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(a) Let f : [0,1] — R and n be a fixed non-negative integer. Suppose f(**1 exists on [0,1] and

f D (2) = 0 for all € [0,1]. Show that f is polynomial of degree less than or equal to 7.
Solution. Let z > 0. By Taylor’s theorem, there exists ¢ € (0,x) such that

f”(O)x2 . f(n) (O)x" f(n+1)(c)xn+1

F@) = F0)+ /O + e RCYS )

Since f("*+1)(x) = 0 for all x € [0,1], f(x) is polynomial of degree less than or equal to n.
(b) Show that for 0 < x <1,

o0

log(1+2) = z:(—l)"'H %

n=1
Solution. By Taylor’s theorem, 3 ¢ € (0, z) such that

1 (_1)n+1 (_1)n+2 xn—i—l

log(1 — o a2 n
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Note that |En($)‘ = |((n~)kl) (1+c)n+1| S ‘ n+1 |
Let an:%”. When 2 =1, a, — 0. If z € (0,1), %: Hg_cl — z. Hence a,, — 0.

Therefore, 300 | (—1)"1 £ =log(1 + z).

n=1

3]

(a) Let f: [a,b] — R be a continuous function such that f(z) > 0 for all « € [a, b] and f: f(z)dz = 0.

Show that f(z) =0 for all z € [a, b].

[4]

Solution. Let ¢ € [a, b] such that f(c) > « for some « > 0. By continuity of f, 3 a § > 0 such that

(c—0d,c+9) C(a,b)and f(z) > aon (¢c—d,c+9).

Let P = {a,c— d,c+ 6,b} be a partition of [a, b].

Then fab f(x)dz > L(P, f) > «d > 0, which is a contradiction.
Similarly we can show that f(a) =0 and f(b) = 0.
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(b) Does there exists an integrable function f on [a,b] such that f(x) > 0 for all z € [a,b] and

f: f(z)dz =0 but f(c) # 0 for some c € [a, b]. 2]
Solution. Yes. Let f(z) =0 for all z € (a,b] and f(a) = 1. Then ff f(z)dx =0 but f(a) #0.
(c) Let f:]0,1] — R be defined as
x, x is rational
flx) = o

0, x is irrational.
Evaluate the upper and lower integrals of f and show that f is not integrable. 8]
Solution. Let P = {xzg,z1,...,2,} be any partition of [0,1]. Since there exists an irrational

b

number in each sub-interval [z;_1,2;], L(P, f) = 0, and hence / f(z)dz = 0. [1]



Now,
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For each n € N, consider P, = {O, — =, n , n
n'n n on
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