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Attempt each question on a new page, and attempt all the parts of a question at the same place. Numbers
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1. (a) Evaluate lim
x→0

xex − log(1 + x)

x2
. [2]

(b) Let f : R −→ R be a continuous function such that f(c) > 0 for some c ∈ R. Show that there exists
a δ > 0 such that f(x) > 0 for all x ∈ (c− δ, c+ δ). [2]

2. Find the number of real solutions of the equation x17 − e−x + 5x+ cosx = 0. [4]

3. Let f be differentiable on [a, b]. Show that there exist c1, c2, c3 ∈ (a, b) such that c2 6= c3 and

f ′(c2) + f ′(c3) = 2f ′(c1). [5]

4. Find the intervals of decrease/increase, intervals of concavity/convexity, points of local minima/local

maxima, points of inflection for the function f(x) =
2x2 + 1

x2 + 1
. [5]

5. (a) Let f : [0, 1] −→ R and n be a fixed non-negative integer. Suppose f (n+1) exists on [0, 1] and
f (n+1)(x) = 0 for all x ∈ [0, 1]. Show that f is polynomial of degree less than or equal to n. [3]

(b) Show that for 0 ≤ x ≤ 1,

log(1 + x) =

∞∑
n=1

(−1)n+1 xn

n
. [5]

6. (a) Let f : [a, b] −→ R be a continuous function such that f(x) ≥ 0 for all x ∈ [a, b] and
∫ b

a
f(x)dx = 0.

Show that f(x) = 0 for all x ∈ [a, b]. [4]

(b) Does there exists an integrable function f on [a, b] such that f(x) ≥ 0 for all x ∈ [a, b] and∫ b

a
f(x)dx = 0 but f(c) 6= 0 for some c ∈ [a, b]. [2]

(c) Let f : [0, 1] −→ R be defined as

f(x) =

{
x, x is rational

0, x is irrational.

Evaluate the upper and lower Riemann integrals of f and show that f is not integrable. [8]


