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1. Provide a short proof or answer of the following statements.

(a)

Let A, B € R such that A C B. Then inf B < inf A.
Solution.

Let a = inf A, b = inf B.

— b <z forall x € B.

—b< g forall x € A.

= b<a.

1
Show that lim cos — does not exist.
z—0 x

Solution.
Let z,, = ﬁ Then z, — 0.
But f(zn) = cosnm = (—1)", which is not convergent.

. 1 .
Hence, lim cos — does not exist.
z—0 xT

Find the radius of convergence of series

1o 135 135 4
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Solution.
The radius of convergence R of the series is

13....2n—1)25...3n+2) . 3n+2

= lim =

Find the Macluarin series of the function defined by

671/12, forx #0
fla) = ’
0, for x = 0.

Solution.
Using L’Hopital rule,

671/z2

f/(0) = lim

x—0 T r—o0 et

Similarly, f*)(0) =0 for all k =2,3....
Therefore the Macluarin series of f (for any z € R) is identically zero.

noe 25.. . (3n—1) 1.3...(2n+1) nbse2n+1
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3.

e) Examine the convergence of the integral [~ e_”2 dx.
g g 1

Solution.

. 2 _ 2
Since z? < e” for every z € R, ™% < I%

By comparison test, floo e dz is convergent.
Find the limit of the sequence (2%, eV VRED Hog(1 4 13)) in R%.
Solution.
The sequence % — 0 and log(1 + n%) — log1=0.

ASI—V’H—F :ﬂ%\}m—)():e(ﬁ_ n+1)—>6021.

Therefore, (822 ¢(VP=VFD o0(1 4 +)) — (0,1,0).

n

(a) Let (z,) be a bounded sequence. Assume that zp41 > x, — 27", Show that (z,) is convergent.

Solution.

Let yn = ©n — 57— . Then (yn) is bounded.

1 1 1
Now, Yntl = Tntl — 37 2 Ln — 37 — 37 = Yn-
Hence, (y») is an increasing sequence and hence convergent.

Therefore, (z,) is also convergent.

(b) Let f:[0,1] — R and an := f(+) — f(;57)- Prove the following.
i. If f is continuous, then Z an converges.
n=1
Solution. -
The sequence of partial sums S, of Z an is f(1) — f(n%rl)
n=1
Since, S, — f(1) — f(0), Zan converges.

n=1

ii. If f is differentiable and |f'(z)| < 3, V = € [0,1], then Z an+/n cosn converges.
n=1
Solution.
By Mean Value Theorem, a, = f(1) — f(n%q) = f'(e)(% - n%rl), for some ¢ € (737, 1y
This implies that
lany/ncosn| = |f' ()l — wizllvncosn| < %m\/ﬁ< ﬁ

By comparison test, E |ar+/n cosn| converges, and hence E an\/n cosn converges.

n=1 n=1

[1]

4. The region bounded by the functions y = 22 +z + 1, y = 1 and = = 1 is revolved about the line z = 2. Find the

volume of the solid generated by the shell method.

Solution.

For each x from 0 to 1, we consider a shell.

The shell radius at z is 2 —  and the shell height is 2 + x, see Figure 4.
Therefore, the volume of the solid generated is fol 27m(2 — z) (2 + z) dx = 1371/6.

. Find the length of the curve

:%ﬂxm—L 0<z<1
Solution.
@ = 2\f2m1/2.
dx

The length of the curve from z =0 to z =1 is fol V14 (2)2 de = fol V1+ 8z dz
= 13/6.
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The curve z(t) = 2cost — cos2¢, y(t) = 2sint —sin2¢, 0 < ¢ < 7 is revolved about the z-axis. Calculate the area

of the surface generated.

Solution.

(4]



Observe that «/(t)% +¢'(t)® = 8(1 — cost).
The surface area is

A NI OO

= 87r\/§/ sint (1 —cost)™? dt
0

1287
= =
7. Consider the function
3z2y—y3
flz,y) = 0“2”2’

Answer the following.

(a)

Discuss the continuity of f at (0,0).

Solution.

() — £(0,0)] = L2 =42 < |uBZ8%) | _ 1301 5 0 as (2,y) — 0.

22 +y2 z2+y?

Thus f is continuous at (0, 0).

if (z,y) # (0,0)
if (z,y) = (0,0)

27r/ 2sint (1 — cost) 2v/2v/1 — cost dt
0

(b) Evaluate fy(z,0) for z # 0.
Solution.
. . f(l‘7h)—f($,0)
fuw0) = tim SO i
3a® — h?
= m e T3 1]
(c¢) Is fy continuous at (0,0).
Solution.
_ oy £(0.R) = £(0,0) _
Since fy(z,0) » f,(0,0) as x — 0, fy is not continuous at (0,0).
(d) Find the directional derivative of f at (0,0) in the direction of (%, %)
Solution. The directional derivative of f at (0,0) in the direction of (%, %) is

D(O,O)f(jviz) = lim n
3 1
- im Y2
= Me -5 1]
(e) Discuss the differentiability of f at (0,0).
Solution. f,(0,0) = Jim 2L =F(0.0 _ o
h—0 h
Let H = (h, k) € R% Then the error function is
|| H|
4n*k
= (1]
(h2 + 12)

Take h = k. Then e(h, h) = v/2 -+ 0 as h — 0. Therefore, f is not differentiable at (0,0).

Alternatively

12(0,0) = lim, f(h,0) = f(0,0) _

0.
h

If f is differentiable at (a,b), then D, f(U) = (fz(a,b), fy(a,b)) - U.

Since D(O’O)f(%v %) = %’ but

(£2(0,0), £,(0,0)) - (75, 75) = (0,=1) - (5, 75) = — 5. f is not differentiable at (0,0).

8. Evaluate the following integrals:

(1]
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1t 5
(a) / /2 z2e¥ dy da.
0 T

Solution. See Figure 8(a).

1,1 5
/ / z3e¥ dy dx
0 2

Y et dn 2
z°e’ dx dy (2]

0o JO

1

= /OZeryB dy 1]
1
) i

(b) /// W dx dy dz; where D is the region bounded above by the sphere
p@2+y?+=z

22 + 4% + 22 = 2 and below by the plane z = 1.

Solution.

The given sphere is of radius v/2.

If we allow ¢ to vary independently, then ¢ varies from 0 to /4, see Figure 8(%’).

If we fix ¢ and allow 6 to vary from 0 to 27 then we obatain a surface of a cone, see Figure 8(b).

[7]

1]
[1]

Since only a part of the cone is lying in the given region, for a fixed ¢ and 6, p varies from sec ¢ to v/2, see

Figure 8(b).
Therefore,

/4 2 V2
z cos ¢

——————dr dydz = J 0)| dp db d
I armrammtwe = [ ) [ eotww
/4 27 V2
A x/O x/seccb

/4
= 27r/ (V/2sin ¢ cos ¢ — sin ¢)de 1]

0

- (o

p’sing dp do d¢ 2]

cos ¢
02

[1]

9. Let f(z,y) = (zy?, 2%y + 2z) and C be any square in the plane. Show that the line integral of f along C depends

10.

on the area of the square and not on its location in the plane.

Solution. Let R be a square enclosed by the boundary C. Then by Green’s Theorem

0 0
zyidz + (2%y + 2z)d = // <—m2 +2z) — —=x 2) dxd 1
[ v+ @y + 2y [ (gz@y+2m) - Sav?) deay i

= // (2zy + 2 — 2zy)dx dy
R

o[ "

= 2Area(R). 1]

3]

Thus the value of [ c zy?dx + (2*y + 22)dy around any square depends only on the size of the square C' and not

on its location in the plane.

Find the absolute maximum and absolute minimum of f(z,y) = 222 — 4% + 6y on the disk z% + y? < 16.

Solution.

For the critical points inside the disk, we have f,(z,y) =4z =0 and f,(z,y) =6 — 2y = 0.
Thus the critical point for f is (0, 3).

Also, f(0,3) =9.

If (z,y) is on the boundary of the disk, we have z2 4 4* = 16 and

F(£/16 — 42, y) = 2(16 — y?) — y* + 6y = 32 — 3y* + 6y.

Let g : [~4,4] — R be defined as g(y) = 32 — 3y + 6y.

For the critical points of g on (—4,4), we have ¢'(y) = -6y +6 =0=y = 1.

For y = 1, we have z = +/15.

The values of the function f on the boundary of the disk are as follows:

[12]
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£(0,4) =8, f(0,—4) = —40 and f(v/15,1) = 35 = f(—/15, 1). 3]
The function f has an absolute minimum at (0, —4) while the absolute maximum occurs twice at (v/15,1) and

(=V15,1). 2]



